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Using a three-crystal pair spectrometer with pulse-height selection on the side crystals, absolute and 
relative gamma-ray pair production cross sections were measured in anthracene and sodium iodide, respec- 
tively, by making the center crystal of the spectrometer out of these substances. The experimental data were 
reduced to yield the following pair cross sections (gamma-ray energies in Mev given in brackets) : 


carbon, o(1.17) = (1.16+0.05) x 10-28 cm?, 
iodine, o(1.17) = (1.36+0.05) K 10-6 cm?, 


o(1.33) = (6.03-0.18) X10 cm?; 
o(1.33) = (6.81+0.17) X 10-** cm?, (2.76) /o(1.38) = 15.0-40.8. 


These results are compared with those of other experimenters and with theoretical calculations. 





INTRODUCTION 


N a private communication to the author, Hofstadter 
suggested that one could obtain relative y-ray pair 
cross sections in scintillators by using a three-crystal 
scintillation pair spectrometer in connection with 
radioactive sources in which cascade y rays occur, e.g., 
Co (1.173 Mev and 1.333 Mev) and Na* (1.380 Mev 
and 2.758 Mev).'-* (Hereafter, these y-ray energies 
will be referred to as 1.17, 1.33, 1.38, and 2.76 Mev, 
respectively.) 

The main advantage of this method over previously 
used methods, for relative pair cross-section measure- 
ments, lies in increased efficiency, especially at low 
y-ray energies. In magnetic spectrometers‘ the con- 
verter used to form the pairs must be thin enough so 
that the pair electrons will escape with negligible energy 
loss and scattering. This results in very low intensities. 
However, in the scintillation pair spectrometer a crystal 
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becomes both the converter and the detector and can 
be as thick as desired. 

During the course of the present investigation, it 
became evident that one could also determine the 
detecticn efficiency of the spectrometer and make 
absolute pair cross-section measurements, thus adding 
to the scope of the original suggestion. 


EXPERIMENTAL PROCEDURE 


A collimated beam of y rays was incident on the 
center crystal [anthracene or NalI(T1)] of the pair 
spectrometer (Figs. 1 and 2). Pair pulse-height distri- 
butions were obtained as described below (Figs. 3, 4, 
and 5). With a few small corrections these yielded 
relative pair cross sections. For absolute measurements 
it was necessary to determine the detection efficiency 
for positrons in the center crystal using coincidence 
techniques and to measure the y-ray flux into the center 
crystal utilizing the exponential absorption law. This 
procedure will be amplified in the following sections. 


Y-RAY SOURCES 


An ideal y-ray source for the relative pair cross- 
section work would have two or more y rays of more 
than 1.022 Mev in cascade and be relatively long-lived. 
Furthermore, for absolute cross-section determination 
it is desirable that any 6 rays be of low energy because 
bremsstrahlung is troublesome in source-strength meas- 
urements, as will be shown later. 
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Fic. 1. Experimental arrangement. 


Co® has these properties.® Its two 7 rays of 1.17 Mev 
and 1.33 Mev follow a 0.31-Mev £6 ray and its half-life 
is 5.3 years. In the present experiment a 5-mC source 
in the form of a wire ;¢ inch in diameter and 3 inch 
long was used. 

Na™ has two y rays of 1.38 Mev and 2.76 Mev in 
cascade.* The 1.4-Mev 8 ray feeding the y rays produces 
a large amount of bremsstrahlung, making Na™ un- 
suitable for absolute measurements. Since the half-life 
of Na™ is 14.9 hours, several sources were required in 
the present experiments. Two sources (approximately 
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10 mC each) were obtained by cyclotron deuteron 
bombardments from the Crocker Radiation Laboratory, 
University of California. Several weaker sources (ap- 
proximately }mC) were made in the Stanford 26-inch 
cyclotron. 

The y rays from these sources were collimated by 9 
inches of lead, the collimating channel tapering from 
js inch at the source end to 3; inch at the crystal end. 
In addition, the edges of the exit slit were rounded to 
prevent differential penetration of the two different 
y rays through the slit edges. 


SPECTROMETER 


The three-crystal scintillation spectrometer has been 
described elsewhere’ so that only a brief mention will 
be made here. 

A block diagram of the spectrometer is shown in Fig. 
2. The spectrometer operated in the following way. 
The beam of + rays was incident on what is called the 
“center crystal” which in the present experiment was 
either NaI(T1) or anthracene. In order to select the 
pair events from the photoelectric and Compton events, 
two large Nal(T1) crystals were placed on either side 
of the center crystal so that all three were in line. The 
annihilation of the positron accompanying the pair 
event in the center crystal gave two 0.511-Mev quanta 
going out in opposite directions which could then be 
detected in the side crystals. In earlier spectrometers 
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Fic. 2. Block diagram 
of the scintillation pair 
spectrometer. 
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* Nuclear Data, National Bureau of Standards Circular No. 499 (U. S. Government Printing Office, Washington, D. C., 1950), and 


supplements. 


‘H. I. West, Jr., and L. G. Mann, Rev. Sci. Instr. 25, 129 (1954). 
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of this type*“" a triple coincidence between the three 
crystals was considered sufficient to indicate a pair 
event in the center crystal. In our early work with this 
type of spectrometer, a large low-energy background 
was encountered when y rays near pair production 
threshold (1.022 Mev) were used. This background 
was attributed to multiple scattering and double 
Compton effect. To eliminate this background, pulse- 
height analysis was employed on the side crystals 
(using a cathode-ray tube differential discriminator with 
the window extending from 450 to 550 kev) so as to 
admit only the photopeaks of the 0.511-Mev distri- 
butions. This technique was very successful in reducing 
the background. The side crystals were moved to ap- 
proximately ? inch from the center crystal, beyond 
which no further reduction in relative background 
occurred. 

The analyzed pulses from the center crystal were 
displayed as dots on the face of the cathode-ray tube. 
A 1-millisecond random sweep was used on the cathode- 
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Fic. 3. Pair distribution in NaI(T1) for the y rays of Co™. No 
background has been subtracted. The points have been fitted with 
Gaussian curves. 
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ray tube so that while photographing with a plate 
camera no pileup would occur.’ 


PULSE-HEIGHT DISTRIBUTIONS 


Figures 3 and 4 show the pair pulse-height distri- 
butions for the y rays of Co in NaI(TI) and anthra- 
cene. Figure 5 shows the pair pulse-height distribution 
in NaI(T1) for the Na™ y rays. No background was 
subtracted before plotting the curves. In all cases, the 
peaks have been fitted with Gaussian curves. 

The tail below the 2.76-Mev peak in Fig. 5 is due to 
bremsstrahlung and electron escape from the converter 
crystal. This tail constitutes 11 percent of the pair 
pulses due to the 2.76-Mev y ray. Theoretical con- 
siderations’ indicate that 8 percent of the tail is due to 
bremsstrahlung escape and 3 percent to electron escape. 


8S. A. E. Johansson, Nature 166, 794 (1950). 

® J. K. Bair and F. Maienschein, Rev. Sci. Instr. 22, 343 (1951). 

1 R. S. Foote and G. Kamm, Phys. Rev. 87, 193 (1952). 

1G, M. Griffiths and J. B. Warren, Proc. Phys. Soc. (London) 
65, 1050 (1952). 
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Fic. 4. Pair distribution in anthracene for the y rays of Co®. 
No background has been subtracted. The points have been fitted 
with Gaussian curves. 


BACKGROUND MEASUREMENT 


Although pulse-height discrimination on the side 
crystals reduced pair background greatly, double 
Compton effect” and other causes, perhaps not com- 
pletely understood, could produce a background which 
had to be taken into account. With the counting rates 
and the resolution of the coincidence circuits used, 
chance coincidences were completely negligible. 

In order to evaluate the background, the procedure 
of Dayton" and of Hahn et al."* was followed and one 
of the side crystals was rotated out of line, in this case 
90°. The triple coincidence background obtained in this 
way amounted to about 3 percent of the total recorded 
pair counts. Because of the close geometry, the angular 
dependence of the background could not be evaluated 
so that an additional error of about 1 percent was 
assigned to the final cross section to allow for this. The 
background procedure is consistent in that, together 
with a calculation of bremsstrahlung and electron 
escape, the very low energy pulses in the pair distri- 
butions are exactly accounted for. 


2.758-1022+ 1736 MEV t | 


3 


| .380-L022* 388 MEV 
| 

| 

| 


|| 
| 
| 


COUNTS IN MM CHANNEL 


g 


| ~- SCALED UP BY S 


7 

watleet 

25 wo 35 4045 so 55 
PULSE HEIGHT IN MM 


Fic. 5. Pair distribution in NaI(T1) for the y rays of Na*. No 
background has been subtracted. The points have been fitted with 
Gaussian curves. The tail of low-energy pulses following the larger 
peak is due to escape of pair electrons and bremsstrahlung. The 
solid line is calculated from theory. 








2 F, Mandle and T. H. R. Skyrme, Proc. Roy. Soc. (London) 
215, 497 (1952). Calculations showed that at least part of the 
background was due to this cause. 

3]. E. Dayton, Phys. Rev. 89, 544 (1953). 
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Fic. 6. Detection efficiency along the y-ray beam between the 
two side crystals using a Na® calibration source in the position 
of the center crystal. Correcting for K-capture, sideways and 
vertical variations, etc., gave a final curve only slightly different 
from the curve shown. 


REDUCTION OF DATA 


In order to discuss the further measurements neces- 
sary for reduction of the data for both the relative and 
absolute cross sections, consider the following formula. 
Assume No y rays per unit time are incident on the 
center crystal of the spectrometer. At any point in the 
crystal the number of unscattered y rays is 


(1) 


where wr=total linear absorption coefficient and 
«= distance from the incident face of the crystal. The 
number of pairs produced per unit time in a thickness 
of crystal dx is 

(2) 


where n»=number of nuclei per unit volume, ¢,= pair 
cross section per nucleus. As will be discussed further 
below, the pairs are detected with an efficiency which 
depends on the position in the center crystal. Em- 
pirically, this efficiency E(x) is found to be given by 
the formula 


N=Noe™??, 


aN = Noe™?*no,dx, 


E(x)=Eo—E(x—4}2m)?, (3) 


where 2%m= thickness of the crystal and E,E,=experi- 
mentally determined parameters. 
From (2) and (3) it follows that the pair cross section 
is given by 
op= Npur/Nonf, (4) 


where V,=number of pair counts detected, 
fk (1—eor™)—E,[4xn(1— eT) 
— (%m/ur) (1-7) + (2/ur*)(1—e~*r™)]. (5) 


The detection of the pair counts NV, has already been 
discussed. The absorption coefficient ur was calculated 
from the theory of photoelectric,!* Compton,'® and pair 
processes.'7 Recent total absorption measurements, 

16 Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. 
Soc. (London) A149, 131 (1935). 

160, Klein and Y. Nishina, Z. Physik 52, 853 (1929). 

17 At the energies of interest, deviations from the Born approxi- 
mation calculations of the pair cross section are expected. (See 
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especially those of Colgate’ and of Davisson and 
Evans,” are in good agreement with theory so that no 
error should be introduced in the present experiment 
by a calculation of ur. The evaluation of m and x» are 
trivial, leaving Eo, E,, and No to be considered. 


DETECTION EFFICIENCY 


For the measurement of pair electron detection 
efficiency E(x), use was made of the special decay 
properties® of Na”. This decay consists of a single 
y-ray of 1.28 Mev fed by a 0.57-Mev positron and 
10.5+0.5 percent K-capture.” About 4X 10-* percent 
of the positrons go directly to the ground state, which 
is negligible in the following considerations. 

A thin-walled brass probe (12 mils thick, which is 
just enough to stop the positrons) containing a small 
Na* source was put in the position usually occupied 
by the center crystal of the spectrometer. The positron- 
annihilation radiation was detected in the side crystals. 
Pulses from the side counters were selected as to pulse 
height in the usual way and were detected in coin- 
cidence. The 1.28-Mev y ray was detected in an aux- 
iliary crystal placed above the usual center crystal 
position. An integral discriminator for the auxiliary 
crystal allowed pulses above 0.8 Mev to go into co- 
incidence with the side counter system. The detection 
efficiency for the pair electrons was calculated from the 
number of triple coincidences per y-ray count in the 
auxiliary crystal. Corrections for K-capture and solid- 
angle coincidence pulse addition were made. 

The probe was adjustable so that the whole region 
between the crystals could be mapped for detection 
efficiency. In the actual experiment, the detection 
efficiency was reduced because of the presence of the 
center crystal material. Since this effect is not readily 
calculated, a crystal of the target material was drilled 
through and placed over the probe. The attenuation 
of the probe wall plus crystal was approximately that 
due to the usual center crystal plus its aluminum 
canister. Any differences in attenuation were allowed 
for by calculation. 

Starting from the center position between the 
crystal, which was also the position of maximum de- 
tection efficiency, three sets of data were taken. The 
efficiency was mapped along the beam direction, 
vertically between the side crystals and horizontally 
between the side crystals. The efficiency along the beam 


reference 25.) Nevertheless, Dayton (reference 13), Hahn e¢ al. 
(reference 14), and Schmid and Huber (reference 23) have given 
Z-dependence formulas for the pair cross sections which assume 
that the Born approximation holds in the limit of low Z and hence 
can be used to determine absolute cross sections. The present 
experiment shows this assumption to be justified. Therefore, these 
formulas were used to obtain the pair contributions to yr. 

18S. A. Colgate, Phys. Rev. 87, 592 (1952). 

°C. M. Davisson and R. D. Evans, Phys. Rev. 81, 404 (1951). 

*” R. Sherr (private communication) ; R. H. Miller and R. Sherr, 
Phys. Rev. 92, 848 (1953). 
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could be fitted with a parabola of the form 
E(x) = Eo— Ey (%— 34m)’, 


as shown in Fig. 6. 

To take into account the finite cross section of the 
y-ray beam, the measurements crosswise to the beam 
were used to correct the above curve. This resulted in 
the final detection efficiency curve: 


E(x)=Eo—E(«—4-m)*. 


MEASUREMENT OF y-RAY FLUX 


The y-ray flux incident on the center crystal was 
obtained from a measurement of the total counting 
rate in the center crystal assuming an exponential 
absorption law. A plot was made of counting rate vs 
discriminator setting for several different amplifier 
gains, and the curves were extrapolated back to zero 
pulse height. For a consistency check, two NalI(TI) 
crystals of widely different thickness were used for this 
measurement. 

There were some contributions to the total integral 
counting rate from bremsstrahlung of the source §-rays 
and from y rays which backscattered from the alumi- 
num crystal housing. In the case of Co™, the brems- 
strahlung was effectively filtered out with a 51-mil lead 
filter placed midway in the collimator (see Fig. 1). In 
the case of Na™, it was found that a prohibitive amount 
of lead was necessary for a filter so that no absolute 
measurements were made with this isotope. To correct 
for backscattered radiation, a differential pulse-height 
analysis was made for the Co™® y rays. The back- 
scattered pulse distribution appeared as a peak at about 
200 kev, contributing about one percent to the total 
counting rate. It is interesting to note that with the 
bremsstrahlung filter, the shape of the distribution at 
low energies agreed almost exactly with the theory of 
the Compton effect." The source-strength measure- 
ments made with the two crystals on Co™ were con- 
sistent to within the statistical error of about 0.1 
percent. 

ADDITIONAL EFFECTS 


When positrons were formed near the front and back 
faces of the center crystal of the spectrometer and 
escaped, the pairs were not recorded. Approximate 


Taste I. Experimental ratios of cross sections 
compared with theory. 








Griffiths 
and Born 
Warren approxi- 
experiment® mation 


6.16 
6.16 
18.7 


Present 
experiment 


5.20+0.17 


5.00+0.15 
15.00+0.8 


Nucleus 


Carbon >(1.33)/op(1.17) 
Iodine (1.33) /op(1.17) 
Iodine (2.76) /ap(1.38) 





5.241.5 
14.542.5 








* See reference 11. 


21 Johns, Cormack, Denesuk, and Whitmore, Can. J. Phys. 30, 
556 (1952). 


TABLE II. Experimental pair cross sections for 
carbon and iodine. 








y-Tay 
energy 
(Mev) op 


1.17 (1.16+0.05) X 10-*8 cm? * 
1.33 (6.03+0.18) K 10-*8 cm? 
1.17 (1.360.05) X 10-76 cm?* 
1.33 (6.81+0.17) X 10-6 cm? 


Nucleus 


Carbon 
Carbon 
Iodine 
Iodine 


o,/oB 


1.19+0.05 
1.01+0.03 
1.79+0.07 
1.46+0.04 











* Determined from the ratios given in Table I and the absolute measure- 
ments of op at 1.33 Mev. 


calculations of this effect were made by a procedure 
previously reported.’ These calculations were based on 
the assumptions that (1) the differential pair distri- 
bution of positrons for a given y-ray energy is constant, 
(2) the pair electrons move forward in the crystal, and 
(3) the number of electrons that have penetrated a 
given amount of crystal decrease in a linear manner 
(so-called straggling). For the Co® y rays incident on 
the 1.3-cm thick center crystal of NalI(Tl), the pair 
escape amounted to a few tenths of a percent. However, 
for the 2.76-Mev vy ray of Na™, 3 percent of the pairs 
were not detected because they escaped. 

As a pair positron lost energy in the crystal, there 
was a small probability that it would annihilate in 
flight. In this case, the quanta were not of 0.511-Mev 
energy and were not oppositely directed, and hence 
most of such positrons were not detected. This effect 
has been analyzed approximately using calculations of 
Bethe” which give the probability for a positron of a 
given initial energy to annihilate in flight. Again it was 
assumed that the differential pair distribution of 
positrons for a given y-ray energy was constant and 
this distribution was averaged over the above proba- 
bility for annihilation in flight. For the Co y rays, the 
effect was negligible; however, for 2.76-Mev y rays it 
amounted to a 3.6 percent loss in pair detection. 

Some + rays scattered forward in the center crystal 
were of sufficient energy to produce pairs. In such a case, 
the resultant pulse height was practically the same as 
for the primary y rays. Hence a slight error is introduced 
by assuming an exponential depletion of the y-ray beam. 
This effect was calculated using the differential form 
of the Klein-Nishina formula to give the number of 
7 rays scattered into a given solid angle. The energy 
dependence of the pair cross sections was used for 
numerical integration of the effect. For 1.17-Mev y rays 
on a 1.3-cm NalI(TI) crystal 0.6 percent (and for 2.76- 
Mev y rays, 2.1 percent) of the pairs were found to be 
formed by forward-scattered y rays. 

Cross sections were obtained in these experiments 
using anthracene and NaI(T]) crystals. To obtain the 
cross sections for carbon and iodine, correction had to 
be made for the hydrogen contribution in anthracene 
and the sodium and thallium contribution in NalI(TI). 
It was assumed that thallium was present in the crystal 


2H. A. Bethe, Proc. Roy. Soc. (London) A150, 129 (1935). 
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Fic. 7. The parameter a in the formula ¢,=08(1+Z*) obtained 
from various sources. Data taken from Table III. It is a doubtful 
procedure to use this curve in the region of points (b) and (c) 
because of the results on carbon at this energy. 


in the form of TII to the extent of 0.4 percent. Z- 
dependence formulas given by Dayton,” Hahn et al.,"4 
and Schmid and Huber* were used to make the cor- 
rections which amounted to 2 percent for hydrogen, 
3.6 percent for sodium, and 1.2 percent for thallium. 


RESULTS AND DISCUSSION 


The results of the present experiment for the relative 
measurement on carbon and iodine for Co® y rays, and 
on iodine for Na™ y rays, are given in Table I. The 
absolute measurements on carbon and iodine for the 
Co® y rays are given in Table II. The absolute values 
at 1.17 Mev were determined from the absolute meas- 
urements at 1.33 Mev and the experimental ratio 
o,(1.33)/o,(1.17). 

Griffiths and Warren" have made relative measure- 
ments on iodine with Co™ and Na™ ¥ rays in a manner 
similar to the present experiment (see Table I). Their 
results are in excellent agreement with the present 
experiment. 

In Tables I and II, the results have been compared 
with the theoretical Born approximation value of Bethe 
and Heitler,“ using Hough’s* approximation formula. 
The condition for applicability of this calculation is that 
2nZ/1378,<1. (Here 8, equals the velocity relative to 
light of the positron or electron when formed.) For the 
energies and materials in the present experiment, the 

23 P. Schmid and P. Huber, Helv. Phys. Acta 27, 152 (1954). 

* H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 


(1934). 
2 P. V. C. Hough, Phys. Rev. 73, 266 (1948). 
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following average values were obtained (assuming a 
parabolic distribution of positron energies) : 


Carbon Iodine 


0.76 6.8 
0.48 4.2 
0.30 2.7 


Energy (Mev) 


1.17 
1.33 
2.76 


The present experimental result for carbon at 1.33 
Mev is in good agreement with the Born approximation ; 
however, at 1.17 Mev, wide deviations are found as 
might be expected. At 1.17 and 1.33 Mev in iodine, 
wide deviations are found in the present experiment, as 
expected. At 2.76 Mev in iodine, deviations occur, 
though not as large as one might expect from the 
validity criterion. 

Dayton and Hahn ef al.* have given experimental 
pair production Z-dependence formulas for Co™ and 
other + rays in the form ¢,=¢,(1+<aZ*). Here a is the 
experimentally determined parameter and og the Born 
approximation value. Schmid and Huber* have ex- 
tended the work of Dayton and Hahn et al. for the Co® 
y rays. In fitting their experimental results to the above 
formula, they have assumed that the Born approxi- 
mation is correct in the limit of low Z. The result of the 
present experiment on carbon at 1.33 Mev substantiates 
this assumption. 

The combined result of the Z-dependence parameter 
a given by Schmid and Huber for Co™ y rays is 
a= (15.5+1.0)X10-*. This value, however, is for the 
combined effects of the 1.17- and 1.33-Mev y rays. 
Using the result of the present experiment of 7,(1.33)/ 
o,(1.17) for iodine, the above a was corrected for the 


TABLE III. The factor a in the formula ¢,=0,(1+<aZ") 
from various sources. 








y-ray energy 
(Mev) aX105 


+140.0 
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* The present work on carbon appears to discredit the use of the empirical 
formula at these energies. 

* Present experiment on carbon. 

> Present experiment on iodine. 

* Schmid and Huber (reference 23) corrected for the 1.33-Mev contri- 
butions using the results of the present experiment. 

4 Z-dependence formula of Dayton (reference 13); errors assigned by 
present author. 

e Z-dependence formula of Hahn et al. (reference 14); errors assigned by 
present author. 

f Z-dependence formula of Schmid and Huber (reference 23). 

® Absolute value in iodine, present experiment. 

» Schmid and Huber (reference 23), corrected by present experimental 
ratio op(1.33)/ap(1.17). 

i Exact calculation of Jaeger at Z =50, 65, 82 (reference 26). 

i Exact calculation of Jaeger at Z =82 (reference 27). 

* Exact calculations of Jaeger and Hulme at Z =82 (reference 28). 
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contributions from each y ray to get two new a’s. For 
1.17 Mev, a=(25.5+1.9)X10-5; and at 1.33 Mev, 
a= (13.8+1.0)X10-*. Based on single experimental 
points, a’s may be obtained independently from the 
present absolute measurements. At 1.17 Mev for carbon, 
a= (530+ 140) X 10°; and for iodine, a= (28+3)X 10-°. 
At 1.33 Mev for iodine, a= (16.4+1.4)X10~-°. The 
comparison of the Z-dependence values to the present 
results on iodine is completely satisfactory; however, 
the results for carbon at 1.17 Mev cast doubt on the 
use of the Z-dependence formula at these energies. 
Jaeger and Hulme**-** have made exact calculations 
of y-ray pair cross sections at various energies and 
atomic numbers, using spherical Coulomb wave func- 
tions. Their values can be fitted to the Z-dependence 
formula of the above type to obtain the cross sections 
for iodine. The results are listed in Table IV and are 
plotted with the present experimental values in Fig. 8. 
Excellent agreement with the present experiment is 


TABLE IV. Pair cross sections in iodine derived 
from various sources. * 





y-Tay energy 


(Mev) op(10~26 cm?) op/oB Source 


6.614 0.13 1.39 +0.03 
8.77+ 0.46 1.37 +0.07 
9.174 0.46 1.44 +0.07 
19.6 + 0.95 1.41 +0.067 

1. 

1. 

2 

1, 





1.33 
1.38 


1.53 
1.80 41.1 + 0.8 +0.02 
106.0 +11.0 +0.1 

122.0 + 2.0 +0.02 
128.0 + 5.0 5 +0.03 
255.0 +11.0 0. 06040.04 
337.0 + 8.0 1.03 +0.02 
368.0 415.0 0.958+0.04 
582.0 + 9.0 0.963+0.009 





* For application to Nal(T1), see biilniies 29. 

* Schmid and Huber (reference 23), Z-dependence formula corrected by 
present experiment. 

> Assumed Z-dependence formula of Dayton (reference 13) at 2.62 Mev 
holds with little error at 2.76 Mev. op(1.38) follows using present experi- 
mental value of op(2.76)/ap(1.38). 

© Same as }, using the formula of Hahn ef al. (reference 14). 

4 Exact calculation of Jaeger (reference 26) extrapolated using Z- 
dependence formula. 

e Z-dependence formula of Hahn et al. (reference 14). 

‘Exact calculation of Jaeger (reference 27) extrapolated, using the 
Z-dependence formula. 

« Z-dependence formula of Dayton (reference 13). 

b Z-dependence formula of Hahn et al. (reference 14). 

i Colgate made total absorption measurements at this energy from which 
he obtained pair cross sections by subtracting other effects. Values of op/Z? 
obtained show no Z-dependence. Average of op/Z? for Al, Cu, Sn, Pb, and 
Bi have been used for op(J). Z-dependence work of H. Staub and H. 
Winkler [Helv. Phys. Acta 27, 223 (1954)] at 6.3 Mev substantiates 
Colgate’s results. 

i Rosenblum, Shrader, and Warner [Phys. Rev. 88, 612 (1952)] have 
measured total absorption coefficients for Cu, Sn, , and U. op was ob- 
tained by subtracting other effects. ¢p/Z? at 5.3 Mev shows no Z-depend- 
ence. gp at 10.3 Mev shows an (a—bZ) dependence. 


6 J. C. Jaeger, Nature 137, 781 (1936). 

7 J.C. Jaeger, Nature 148, 86 (1941). 

28 J. C. Jaeger and H. R. Hulme, Proc. Roy. Soc. (London) 
A153, 443 (1936). 
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Fic. 8. Pair cross sections in iodine obtained from various 
sources. Points marked (1) are the experimental values from the 
present experiment (Table I). The rest of the values are from 
Table IV. 


noted. It was considered useful to collect as many 
values of a as possible, both experimental and calculated 
from the work of Jaeger and Hulme. These are collected 
in Table III and plotted in Fig. 7. 

The scintillation pair spectrometer has become a 
useful tool in the analysis of y-ray decay schemes. In 
order to analyze the data obtained, one must know the 
energy dependence of the pair cross section in iodine.” 
Values for iodine obtained from various experimental 
and theoretical sources are presented in Table IV and 
plotted in Fig. 8. 
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The behavior of an ionized plasma is discussed in an approximation in which an individual particle is 
assumed to obey a Fokker-Planck equation, and where its interaction with the environment is incorporated in 
the coefficients of the partial differential equation. It is found that if the interaction of the test particle with 
the medium is divided into a “nearest neighbor” interaction (which manifests itself in “large-angle colli- 
sions”) and an interaction with the rest of the medium, then the latter can be adequately treated by a 
perturbation method. If the nearest neighbor interaction is neglected, the coefficients of successive deriva- 
tives form a rapidly decreasing sequence, provided the average kinetic energy greatly exceeds the mean 
potential energy (which is usually the case). Within the framework of this approximation the coefficients of 
damping (dynamical friction) and diffusion in velocity space are calculated and the higher (small) coefficients 


are estimated. 





I. INTRODUCTION 


HE state of a gas, or any group of particles re- 
garded as a complete dynamical system, is 
governed by the Liouville equation, which expresses the 
conservation of extension in phase, as the system 
proceeds in time according to the equations of motion 
for the individual particles. As the classical mechanics 
involved is deterministic, the only stochastic element 
embodied in the solution of the equation is an un- 
certainty about the initial conditions. In principle, the 
distribution function for a single particle is derivable 
from this equation, together with some assumption 
concerning the probability distribution for various initial 
configurations. In the study of actual problems as- 
sociated with gases, one generally assumes that this 
exceedingly complicated equation may be replaced by a 
simple one in which not only the initial conditions, but 
also the dynamical process itself, as viewed by a single 
particle, is of a stochastic nature. The Boltzmann 
equation represents one method of specifying the latter. 
It proceeds on the assumption that the dynamical 
history of a molecule may be analyzed in terms of a 
series of discrete, relatively rare events (collisions), 
involving only one other member of the system, using 
the rigorous solution for the motion of two particles 
which are only interacting with each other, and not 
with the remainder of the system. This picture, corre- 
sponding closely to a stochastic process of the Poisson 
type, appears to be quite adequate when the gas is of 
low density and the range of the forces between mole- 
cules is quite short, so that such idealized two-particle 
interactions closely represent the physical system. 

In an ionized plasma, however, the latter condition 
does not obtain and the collision picture is therefore 
much less applicable. The ionized particle is never quite 
free either before or after the collision, and is moreover 
always subject to the long-range force of other ions. It 
therefore seems worthwhile to explore in this connection 
the opposite limit of a stochastic process pictured in 
terms of very frequent (almost continuous) events 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 


which individually are insignificant compared to a 
“collision” but whose cumulative effect may be quite 
large. The very small-angle collisions would presumably 
be included here, but the large-angle ones completely 
left out. It is realized that ideally the two pictures 
should be combined because larger angle collisions are 
not always negligible. To avoid complicating the treat- 
ment, and to bring out more clearly the features of the 
method, however, we have entirely neglected this 
“Poisson aspect” of the problem. 

The problem of treating particles which undergo 
numerous weak interactions has been extensively de- 
veloped in connection with the Brownian motion of 
macroscopic particles interacting with microscopic ones. 
For this treatment the Fokker-Planck (F.P.) equation 
was developed, and we feel that this equation gives a 
natural starting point for the present investigation. In 
choosing the F.P. equation to describe an ionized 
plasma, the assumption is implicitly made that the time 
variation of the one-particle distribution function is 
approximately a Markovian process (one in which only 
the present and not the past determines the future 
distribution). The most general form of the F.P. equa- 
tion may be considered as a differential characterization 
of such a process, in which there are an infinite number 
of coefficients dependent only on the instantaneous 
state of the system. These coefficients are in principle 
deducible from the solution of the Liouville equation if 
the motion of a single particle is indeed Markovian. 
However, there is no reason to believe that this is 
rigorously true, and in any case it is not possible in 
practice to solve the many-body problem. The F.P. 
equation must therefore be regarded as a new point of 
departure for treating the specific problem of an ionized 
plasma, and the coefficients must be arrived at from 
physical considerations. This paper is primarily con- 
cerned with the determination of the F.P. coefficients, 
on the basis of a certain physical picture of the stochastic 
elements that enter into the dynamics of an ionized 
particle. That the physical picture is adequately ex- 
pressed by the approximation scheme will be seen from 
the fact that the higher order coefficients calculated 
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according to the scheme are relatively small. From this 
one must not infer, however, that the method itself, 
which is limited to the weak, frequent interactions, is 
entirely adequate, and that the effect of the large-angle 
collisions is negligible. It is precisely their exclusion that 
produces the extremely rapid convergence. 

In spatially uniform systems, with which we shall be 
dealing in this paper, the F.P. coefficients take the form 
of “averages” of successive powers of the change in 
velocity Av, in an infinitesimal time interval r. In Sec. I 
of this paper, the coefficient of damping, (Av)/r(=a), 
is calculated. This damping (commonly called “dynami- 
cal friction’’) is considered as coming from two sources. 
First, as a result of the interaction between the particle 
under observation (“test particle”), whose distribution 
function we wish to calculate, and the rest of the 
particles of the system (“field particles”) the average 
velocity of that particle relative to its environment goes 
to zero. This is a statistical effect resulting from correla- 
tions of the forces on the test particle at different times, 
even if the average force is zero. Secondly, because of 
the reaction of the test particle on the field, which 
modifies the distribution of the field particles so that the 
average force is not zero, an additional effective damping 
occurs. This “polarization” effect is calculated in Sec. 
ITA, while the statistical effect is calculated in Sec. ITB. 
In Sec. III, the diffusion coefficient ((Av)*)/r(=a™), is 
calculated, and the higher moments are examined. To 
order +, the polarization of the medium does not affect 
the rate of diffusion or any of the higher terms, so that 
all coefficients from the second on are of a purely 
statistical origin. Certain formal divergence difficulties 
occur in these estimates of the higher coefficients, and in 
Sec. IV a method for circumventing these difficulties by 
a slight reformulation of the expressions for the higher 
moments (based on a closer examination of the physical 
effects involved) is suggested. The higher F.P. coeffi- 
cients are then estimated, and are found to be small 
within the framework of the physical assumptions made. 

The polarization calculation, which only enters in the 
damping coefficient, differs fundamentally from our 
treatment of the statistical effects in that the former 
explicitly takes into account the average effects of the 
many-body forces and thus leads directly to the exist- 
ence of a long-range cutoff in the two-body force. On the 
other hand, the statistical effect is treated by a method 
of successive approximations about rectilinear motion in 
which effectively only two-body forces contribute. 
Effects of many-body forces are included in the sta- 
tistical treatment only insofar as they produce a long 
range cutoff in the two-body force and provide a natural 
mechanism for avoiding the formal divergences in the 
higher moments. 


II. DYNAMICAL FRICTION 


The Fokker-Planck equation describing the one- 
particle distribution function w(x,t|o,to) in phase space 


IONIZED 


MEDIA 
is! 
Ow (x,t| x0,t0) ca (—1)" d” 


- z —[a™ (x,A)w(x,t| x0,lo) J, (1) 
n=i mn! dx” 


where the a” are quantities of the form ((Ax)")/r 
[where Ax= (Ar,Av) is the “displacement” in time r]. 
Now the position of a particle can change only through 
its velocity, and therefore for times r short enough so 
that higher order terms in + may be neglected, the 
coefficients of the derivatives with respect to position 
are trivially zero (except for n=1 where the usual 
streaming term obtains), so that we may restrict our- 
selves to the velocity coefficients. In this case, a is 
generally known as the coefficient of dynamical friction, 
and a as the coefficient of diffusion. Since the dynami- 
cal friction is thus defined to be the average change in 
velocity, over a short time, of a particle resulting from 
its interaction with the field particles, it may be ex- 
pressed by the relation 


(avy/r=(rf “Le Ht) =(FLa()), 


where F[z(¢)] is the force on the test particle as a 
functional of its orbit, ( ) denotes the ensemble average 
over the initial conditions, and (( )) represents both 
time and ensemble average. It is to be noted that the 
ensemble average must be carried out over the initial 
conditions since when the test particle is singled out by 
having its velocity specified, the remaining system is no 
longer in equilibrium.’ The time interval must be chosen 
short enough so that the motion of the particle is 
effectively unchanged, yet long enough to allow the 
particle to undergo many interactions, so that fluctua- 
tions about the average damping force are effectively 
eliminated. Now 


FLa(o]=F| not vat far’ f ae"mta(e}} 


and since we are interested in times for which the change 
in velocity is small, we may expand about the free- 
particle motion, so that® 


((FL2 (2) }))=((FL 20+ vor })) 


(fal dt" FL to+vot"’] 
-VFL20++vel])). (2) 


‘For a discussion of the assumptions involved in using this 
equation, see Appendix A. 

2 J. G. Kirkwood, J. Chem, Phys. 14, 180 (1946). 

* After the expansion of F[x(t) J, the dependence on the initial 
values appears explicitly, and one is then able to interchange the 
time averaging with the ensemble average (integration over the 
distribution of initial values). 
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We shall first calculate the term ((F[zo+vol])). This 
force is not zero because the distribution of the field 
particles is modified by the test particle. 


A. Polarization Effect 


As a particle moves through the distribution of 
particles, the latter becomes polarized because the test 
particle attracts the field particles, so that they tend to 
concentrate behind it, and thus the force from particles 
behind is larger than the force due to those in front, 
with the result that the test particle is slowed down.‘ 
Since we are here concerned with the effect of the test 
particle on the field particles, we need an equation for 
the distribution of the latter. For this purpose, we use 
the integrated Liouville equation, 


of 
he ft Fe Whi 


1 
=— faravv.U(e)-Vehley: r’,v’), (3) 
m 


where /; is the single-particle distribution function for a 
member of the field, f2 is the two-particle distribution 
function, and U is the interparticle potential. F¢ here is 
the Coulomb force due to the test particle. Although we 
deal with a medium of one type of particle only, the 
tacit assumption is made that a uniform static charge 
density of opposite sign is present. It is of a magnitude 
such as to neutralize the whole medium on the average. 
Results taking both types of particle explicitly into 
account can be obtained by a simple extension of this 
work, and are stated later. 

To proceed, we now make the approximation of 
neglecting the correlations between pairs of particles, so 


that 
v)=filt,v) filr’,v’), (4) 


and further, that f:(r,v) departs only slightly from the 
equilibrium distribution due to the presence of F*, so 
that we write 


filt,v)= fi® (v) + fr® (4,y), (5) 


where /;(v) corresponds to the Maxwellian distribu- 
tion at temperature 7. In addition, instead of “testing” 
the field by means of a particle with a fixed velocity v, 
we find it more convenient to allow the field particles to 
stream by the stationary test particle (located at the 
origin), with average velocity — v. Substituting Eqs. (4) 
and (5) into Eq. (3), we get, to first order, 


(Ofi®/dt)+Vv- Vi fi%+ (1/m)(F*—V¢)-Vfi=0, (6) 


where ¢(r) is the potential energy at the point r due to 


fo(t,v; 4’, 


*For repulsive potentials, the force from particles in front, 
which now tends to decelerate the test particle, is larger than the 
accelerating force due to the particles which have been dispersed 
behind it. 
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the field particles. Thus, 
o(t)= f O(e,2) fi (e,w/)drav 
Since U(r,r’)=e/|r—r’|, we have 
Vo(r)= —4re f f(r) (8) 


We are interested in the steady-state solution of Eq. 
(6), which would suggest setting 0/;/dt=0 there. 
However, as has been pointed out by Landau, it is 
more convenient to perform a Laplace transformation 
with respect to the time coordinate, which helps to 
define unambiguously certain contours arising in inte- 
grations appearing later on. The velocity v appears only 
as a parameter in f;, and it is therefore sufficient to 
perform a Fourier transform with respect to the coordi- 
nate r only. After transformation, Eqs. (6) and (8) 
become 


(s+-ik-v)g(k,v,s)= — (i/ms) [Bev fieredr 


+ (i/m) (Vf , k)(k,s), 


and 


k*b(k,s) =tne f g(k,v.)dv, (10) 


etkv.s)= f dren f dte—** f,™ (r,v) 
0 


and (k,s) is the Fourier-Laplace transform of (r,t). In 
Eq. (9), the contribution of the initial value of g(k) has 
been omitted. The justification for this is that the final 
(“polarized”’) equilibrium distribution is reached in a 
time very short compared to a Debye period.’ The 
resulting algebraic equation for g(k) may be solved, and 
the result substituted into Eq. (10). One then obtains 


where 


1 /4re*\? 4re* 1 
(ks)-—(—) 1(ks)| 1-749) , (tt) 
ms \ k? mk? 


where 


(12) 





k: Vvof1 (vo—v) 
I (k,v) = (u,v) )=i fd ) 


+ik-vo 


where u is the cosine of the angle between k and v, and 
use has been made of the fact that the Fourier transform 
of F* is just —4ie’k/k*. To obtain the steady-state 
solution, we compute the residue of &(k,s) at s=0, 


*In this equation only the quantity fi; appears under the 
integral, since f: does not contribute in a medium of total charge 
zero. 

*L. D. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946). ; 

7 See reference 6. Although the small k waves are not rapidly 
damped, they contribute but little to the force. 
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making sure, however, that s approaches zero from the 
positive direction.® 

Using this steady-state solution, we are able to com- 
pute the force on the test particle due to the polarized 
field. This force is 


(—Vy)nco=i(2e) f keb(k)dk. (13) 


Clearly, the only nonvanishing component of this force 

lies in the direction of v, and its value is 

F-vy 2ie 7 - 4re* — 

— = — du pl tus) f dk ile —I iw0)| .(14) 
0 m 


|v| m 1 


The integration over & is divergent for large k, which 
corresponds to small distances. This divergence reflects 
our inadequate treatment of dynamical correlations 
between two particles when they get close together. To 
secure convergence, we will cut off the integral at 
kinax™1/d, where d is the interparticle distance. This 
cut-off procedure essentially excludes from consideration 
the region about the test particle containing one nearest 
neighbor. In this excluded region, the test particle 
effectively feels only the force due to its nearest neigh- 
bor, and here a two-body collision treatment is indicated. 
Carrying out the & integration, we get 


2 kmex*— (4re*/m)I (u,v) 
— (4ne?/m)I(u,2) 





ie 7 
Fy=— 7 du pl (u,v) og| 
m —1 


Here the u integration has to be carried out numerically. 
It is possible, however, to make an approximate evalua- 
tion of this term. It is easily seen that the force is a real 
quantity here, and it is therefore sufficient to take only 
the imaginary part of the integrand into account. 
Writing J (u,v) = R(u,v)+7J (u,v), we have approximately 
(since Rmax*>4re?BnS4re*|I|/m for cases of interest) 


le 
Fy=— f du u{ Jus) 
m and 





| ae 
= +R tan-/R}. 
(4re?/m) (R?+J?)4 


Now, from Eq. (12), we find that 


R(y,v) = smn —vp(m/2axT)' 
°  exp[—Smu?/2 ] 
xp f du —— = | 


o u+op 
and 


J (u,v) =Bmnx(m/2xxT) op expl —Bmr*u?/2], 


where B= (x7)~. For large uv, we see that R~(m)~, 
and so for large ou, JR. This also turns out to be true 
for small yu[ou<«(8m)+=vr ], so that we assume that 
we can always neglect J in comparison with R. Then we 
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can write 


Fy = (2e2/m) J dy wT (u,v) loglRmax?/(4re*| R| /m)]. 


Since J (u,v) provides a sharp cutoff for large uv, we can 
use the small yv limit of R in the logarithm. Defining 


Ap*= (4me*Bn)™, 
we get 


2e 
Fy=— log(FmastAp®) f batigss 
m —1 


4rre? ° 
SE eee eee (0) 
—(f fi (w)du / 


J Haan) togbamrs). (16) 
0 


This friction coefficient must be added to a similar 
coefficient coming from the statistical effect, which is 
calculated in the following section. Before going on to 
this calculation, however, we would like to point out an 
additional consequence of the polarization, namely the 
well-known Debye screening of the Coulomb force be- 
tween two charged particles in the medium. 

If for simplicity we consider only the »=0 limit, then 
I (u,0) = —Bmn, which gives [Eq. (11) ]: 


1 /47e*\? Bmn 
Sen Fy oa 
ms\ k® / 1+ (4re?Bn/k?) 


This is the Fourier transform of the potential due to the 
polarization (charge separation) of the plasma, as is 
clear from Eq. (8). To obtain the total potential due to 
a charged particle in such a plasma, we must add the 
unmodified Coulomb potential due to a point charge. 
Thus 


4rre? 1 4re? 
bt (k,s) =—— 


s B4+4ne@n 5 B4Ap? 





(18) 


ie., the potential in this limit has the Yukawa shape 
e~"/D/y, If the velocity » does not go to zero, the 
screening will be modified by velocity-dependent terms. 


B. Statistical Effect 


In the preceding section, we calculated the average 
force on a test particle due to the modifications it makes 
in the motion and, thus, in the distribution of field 
particles. In the present section, the modification which 
the random fluctuations in the distribution of field 
particles makes in the motion of the test particle is in- 
vestigated. That a damping may arise as a result of the 
interaction of the test particle with the fluctuations is 
clear when one notes that the test particle starts out 
with a definite velocity and as a result of random 
interactions its direction will be changed so that its 
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average velocity with respect to the medium decreases 
with time. Although the modification in the distribution 
function as calculated in Sec. IIA acts to produce a 
potential, as far as the average density is concerned, it is 
negligible.* We can therefore confine our discussion to 
the case of a uniform average density po; deviations of 
the density from po have as their sole consequence the 
polarization force calculated in the last section. As just 
indicated, there exists a damping force even in the case 
of uniform average density. This force arises as a result 
of correlations between the motion of the test particle 
and fluctuations in density about the mean [e.g., as 
taken into account by the second term in Eq. (2) ], so 
that an additional change in velocity is obtained. The 
leading term of this damping force is just 


t t’ 
(«Cf ar f dd"FLact+vol"}-VedFLto+¥o])) 
0 0 
=(7 f dt f dt’ f dt!’ FL to+vot'’] 
0 0 0 


‘VaaFLau+vol]). (19) 


To perform the ensemble average, we need a probability 
distribution function for the forces due to a system of 
particles distributed in space with a constant average 
density po, and having a given distribution in velocity 
space. Such a distribution has been obtained by 
Holtsmark® on the assumption of equal a priori proba- 
bility for finding a field particle anywhere in the total 
volume 2. However, since the effect of the nearest- 
neighbor interactions is to be treated by collision 
methods (which are outside the considerations of this 
paper), we wish to disregard these interactions and thus 
we need a modified probability-distribution function 
that excludes nearest neighbor effects. If this separation 
is not carried out, difficulties appear because the 
Holtsmark distribution has divergent second and higher 
moments, reflecting singularities at short distances. 

We outline here a simple derivation of this modified 
Holtsmark distribution for the case of one nearest 
neighbor.” Since the argument is independent of the 
velocity distribution, we ignore that aspect of the 
problem. In terms of the probability distribution for a 
set of particles W (x1,%2,%3,---*y), the probability dis- 
tribution for the forces is 


WLR) =F]= f dx: --dxyW[xi- + -xw ] 


x6F-L' F(x), (20) 


8 As can be verified using the results of Sec. IIA, the density 
change is of the order of poSe*kmax, which means that in most 
plasma problems, 6p/po1. 

® See, e.g., S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 

1 A general discussion of the modified Holtsmark distribution 
excluding m nearest neighbors appears in Appendix B. 
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where the prime denotes the exclusion of the particle 
nearest the origin. We assume that 


N 
W[a-+-«v]=TI o(x,), 

i=] 
where w(x,) is the probability of finding a particular 
particle at x;. In the light of the work of the preceding 
section, this assumption is equivalent to the statement 
that except for providing the screening of the Coulomb 
force between particles, the interparticle correlations are 
negligible. Since the integrand is symmetric in all its 
variables, we may arbitrarily label the particles in order 
of their distance from the origin, so that the nearest 
neighbor is the one at x. The characteristic function, 
defined by 


o(k)= f dF exp(—ik-F)W[F(0)=F], (21) 


therefore is 


Cs) Co) N-1 
vf dro(x)( dx'w(x’) expl—ik-F(x’)}) : 


Ix:il 


where the factor N comes from the number of ways in 
which the nearest neighbor can be chosen from the V 
particles, and the lower limit on the integrals for the 
“external” particles insures that particle No. 1 is nearest 
to the origin. Now 


( f ; dx'w(x’) exp[—ik-F wy)" 


xi! 


«© 


=|1- f oY ola)dx!-+ dx'w(x’) 


|x] 
X (expt —ik-F(a’)]~1)} iN 


since fo” dx’w(x’)=1. Writing w(x’) =po/N, where po is 
the particle density (which for the purpose of this 
derivation need not be taken as constant), we can let 
N-, and using limy.,.(1+a/N)% =e* we obtain 


«© |x| 
¢(k)= f podx exp | f podx’ 
0 0 


-f podx’{exp[ —ik-F(x’)]—1}}. (22) 
|x| 


Actually for the calculation of the average in Eq. (19) we 
need the joint probability W[F(x:) = Fi; F(x2) = F.] for 
the force to be F; at x; and F, at x2, the force at x2 being 
due to the “external” particles, and that at x; being due 
to all particles. By including the nearest neighbors in 
F,, we take approximate account of the fact that in 
Eq. (19) the term F[/z9+-vot’’] represents the accelera- 
tion of the test particle that is due to the action of all the 
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particles. This generalized distribution function has as 
its characteristic function 


e(v.a)= fut exp[ — ip: F(x—x:) ] 


xex( f poly—m)dy ) 
SI 


xexp( dypo(y—x2)Lexp(—ip-F(y—x:) 
So 


-iq:F(y—x)-1}), (23) 


where S; and So are the regions interior and exterior, 
respectively, to a sphere of radius x about the point Xe. 
Since this function is the Fourier transform of W[F(x:) 
= F,; F(x.)=F,], the averages are directly obtainable 
in terms of the derivatives of the characteristic function 
with respect to p and q evaluated at p=q=0. For 
example, 


(F (x1) F j(x2)) = —[(0/0p;) (8/9q;) ¢(p,4) ]p—q=0- 


The quantity in Eq. (19) to be calculated is 


((Pts)—Fi(e9)) 


=po{ dx expl—aa¥ (a) — oof dx’ F ;(x’—r) 


0 - ce) 
X—F;(x") — pol «(x— 1) f dx'—F,(x’) 
Ox,’ |x| Ox,’ 


i) ce) 


rs) 
-et f dx'F ;(x—r) dx’ — F(x") (24) 
|x| |x| 


Ox; 


where r=Xx;—X2, V(x)=42x*/3 and a constant po is 
being used. We notice that in the last two terms 
Six” dx’ (0/dx,')F ;(x’) occurs. The angular integration 
yields zero unless i= j, in which case the integral be- 
comes 4fx)* V’- F’dx’. When F is replaced by —V¢, 
where ¢ is the screened potential (taken in the static 
limit for simplicity) V-F becomes — V?¢= —Ap~“¢, the 
contact term not contributing because of the finite 
lower limit on the integral. These terms are eventually 
to be integrated over time. On interchanging the final 
J dx and jdt, one finds that only the force in the 
direction perpendicular to the relative velocity does not 
disappear on integrating over time. The final dx, 
however, then gives zero on grounds of symmetry. Thus 
we need only calculate 


” ) 
oof ax exp[—poV (x) ] dx’ F ;(x’— PO al 
|x| vi 
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which upon interchanging of order of integration gives 
I (xX1—X2) = —oof dx 1 —exp[ —poV (x) J} 


te) 
X F 5(x—xi1+x2)—F;(x). (25) 


Ox ‘ 


The exclusion of the nearest neighbor results in the 
appearance of the cutoff function [1—exp(—poV (x)) ]. 
To avoid complicated numerical integrations, we shall 
approximate its effect by using a more tractable func- 
tion, which also has the feature of approaching unity for 
x>po? and vanishing for xpo-t. Finally, the total 
expression to be evaluated is 


t t’ 
g -f at f dt IC u(t’’—t)] 
0 0 


t 
-f dt” (t—t’’)ILu(t’’—2)], 
0 


where u is clearly the velocity of the test particle relative 
to the field particle under consideration. To evaluate 
this integral, we Fourier-transform with respect to x to 
obtain 


21 t kmax 
-= f (—eyae” f dkk?k ;(k?+- yu?) 
wu 0 
Xexp[—ik-u(/’”—2)], 


where n=Ap', and where the effect of the nearest 
neighbor exclusion is taken to introduce a cutoff in the 
k-integration at kmax~po’. Performing the time integra- 
tion, we get 


2 phx BR; d 
+ eer 
ro (k?+p?)? 


where P stands for principal value." The angular 
integration shows that a nonzero contribution appears 
only in the case for which &; is parallel to u, and only the 
6 function has a nonzero integral. Thus one gets, for the 
component of the force parallel to u, 


J=— (2x/w’)[2 log(A pkmax) 
songs (RmaxA p)?/(A +Rmax2A\ p’) |. 


1 
 =30)-+iP-] , (26) 


A=k-u 


(27) 


In most cases of interest, the second term may be 
neglected. 

Finally, we recall that the velocity distribution of the 
field particles was ignored, since all effects leading to the 
expression for g were independent of it. However, to 
obtain the complete statistical effect, the ensemble 
average must be extended to include this distribution, 


Tn performing the time integration we have taken the limit 
of t+, This corresponds to taking 7 large enough so as to 
average over the fluctuations (see Appendix A). 
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so that we want 


2mpoe* 
<-— 


m 


log (A DRmax)* 


ie RE a I 
em ve , 


where v is the velocity of the test particle, V is the 
absolute velocity of the field particle, and (v—V)/ 
|v—V| appears because the forces due to the various 
members of the distribution in velocity add vectorially. 
If f(V) is spherically symmetric, the angular integra- 
tions can be carried out. In this case only the component 
of F parallel to v remains, and yields 


J see f(V)aV 


” *W)aV 





(28) 


_ 4re'po 
aie log (A pRmax)—— 
mv? 


(Fy))= 


0 


In the limit of |v|>>(V*)! the integrals in Eq. (29) 
cancel, and we are left with the result 


drre‘po 
(FP 2 laine ee aN log (A Dkmax), 
mv 


independent of the form of the distribution. Assuming a 
Maxwellian distribution, we can also calculate the low- 
velocity limit or: 


4e4 0 v 
— log(A pRmax)- 


KL Ur 


((Fy))= — (2xr)* 


Combining the results of Eq. (29) with those obtained 
in Sec. IIA [Eq. (16) ], we get the total dynamical 
friction: 


fe 4rrepy 1 1 
Yale "(—+—) 


v me My 


0 
x log (rv phox) 


We have distinguished by labels ¢ and f the masses of 
the test and field particles, the former appearing in the 
contribution from the statistical effect, and the latter in 
the polarization damping. 

Before closing this section, we might remark that, 
strictly speaking, this result is limited to a case in which 
there is only one type of particle present, so that 
m,=m,. However, if two kinds of particles are in the 
field, the preceding analysis goes through for both the 
polarization and the statistical effects, so that the total 
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force is given by the sum of two terms, in each of which 
m, and f(V) correspond to the different field particles. 
It is to be noted that in this case \p= (42re*Bn’)', where 
n’=electron density+ | ionic charge density |. 


Ill. HIGHER MOMENTS 


To proceed with the calculation, we must now calcu- 
late ((Av)*) and examine the higher F.P. coefficients to 
see whether the sequence of a‘ converges rapidly 
enough so that the general F.P. equation may be ap- 
proximated by a diffusion equation. The diffusion coeffi- 
cient is given by 


aij = rAv,Av;) = (1/m?*r) 


x f at f ae(P Lat) Fae’), (31) 


where, as before, the limit of p> is to be taken. Using 
the Holtsmark distribution and the rectilinear motion 
approximation, we can write a;;” as” 


ay?) = (oo/mi) f ar f dt’’ 
0 0 
x fdr (xe 


where u is the velocity of the test particle relative to the 
field particle. Taking the Fourier transform, we find that 


— Zo—ul’)F(xo—z—ul’’), (31) 


2e‘po | ad 
a,j?) =—— - at 
mn 


fa a exph th. )}. (32) 
x | dk——— exp[ik-u(t’—1’)]. (3 
(k?+-p?)? 


Introducing the relative time s=/’’—?’, we notice that 
Jo’ dt becomes {7 ds, which, as r>%, and for 
t>>t'>>0, can be replaced by £,.” ds. The remaining /’ 
integration cancels the r in the denominator, so that we 
get 

2e‘ 


ajj=— 
mr 


dkk ,k;(k?+-u?)*6 (k-u). (33) 


Clearly only the components of k& perpendicular to u 
contribute. If we choose u in the z direction, only a); 
and a2” do not vanish: 


4rre'po 


r"Tlog (A DR max) 
mu 
—} (A DRmax)?/ ( 1 +x phn) |. 


an = a9 = 


(34) 


(Again we shall neglect the second term.) 


2 As previously, the effect of nearest- neighbor exclusion is 
expressed as a short-range cutoff, and again we do not take the 
velocity distribution of the field particles into account until the end 
of the calculation. 
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To perform the velocity distribution average, we must 
transform the tensor a;; to the coordinate system of 
the test particle. We find that the coefficient obtained 
above, 6;;(1—5;3), becomes 5;;—u,u;/u*. Taking », the 
absolute velocity of the test particle, to be in the z 
direction, we find that if the velocity distribution f(V) 
is spherically symmetric, the azimuthal integration 
removes all off-diagonal terms, and leaves 


a,j (v) = (41e4po/m?)® ;;(v) log (r Pe ee ’ (35) 


where 


1 4 1 , 
ula) =bu(- sf f(V)dV-— f f(V)V%4V 
v6 3° 0 


+3 f (nMy/V)aV), i=1,2 


1 t 
-¥.(- f f(vyveaV 
+ f W/V), i=3 (35" 


and f<® f(V)dV=1. For large », this reduces to 


4rre‘po 
a;;? Se 6 (5 1 +6 52) log (A pRmax), 


9 
mv 


(35a) 


while for a Maxwellian distribution we can also compute 
the low-velocity limit 


16(2)*e4po 
a ij? = ——__—___§ ul log (A DRmax) }. 
3m*n 7 


(35b) 


As in the treatment of the dynamical friction, these 
relations are strictly valid only for one type of field 
particle. However, it is clear from the derivation that if 
several types of field particle are present we simply add 
their effects. 

The next coefficient in the F.P. equation, a;;4®, is of 
the form 7r~Av,;Av;Av,). In the exact expression, 
analogous to Eq. (31), we again make the rectilinear 
motion approximation to obtain 


age = (oo/m's) f dt;- . f ats { dxoP x0 Zo— uty) 
0 0 


X Fj(xo— 20— ule) F 4(Xo— Zo— uls) 


~(on/m’) f af at { dxoP (xe) 


X F(xo’ —ul)F .(xo’—ul’), 


where we have used relative times as before, and one of 
the time integrations has been cancelled against 77. 
Taking the Fourier transform as before, and performing 


IONIZED MEDIA 


the remaining time integrations, we get 


6 
ay, =— 
arm 


XK Ri skojae(hy ty) (ke? +?) ke +?) 


dk dk odk36 (Ki t+-ko+k;)6 (ky -u)d(ko-u) 


(36) 


Since k;, k2, ks are constrained to lie in a plane perpen- 
dicular to u, if we choose u as z axis, a,j, =0 unless 
i, j, k#~3. Also, since kj, ke, and k; form a triangle, only 
two azimuthal angular integrations are involved. If 
these are carried out, one readily sees that a;;«=0 in 
all cases. When corrections to the rectilinear motion 
approximation analogous to those in Eq. (2) are made, 
aijk® no longer vanishes, but involves the correlation 
between forces at four different times, and thus is of the 
same order as ((Av)*).'® Thus, instead of calculating the 
modified a;;., we shall examine the next coefficient. 
This can be set up as before, and if the same manipula- 
tions are carried out, we find that for a particular rela- 
tive velocity u, 


4poe® 
ayn = asi fees " kb (ky + eee +k,) 


ruim4 
X65 (cos62)5 (cosO3)5 (cos@,) 


Kis: % kal(kP+p) we (ke+p?)- 1 (37) 
The integral is just a function of p=Ap~ and Rmax, and 
therefore a;;x;, when averaged over the velocity dis- 
tribution of the field particles, diverges logarithmically 
for small relative velocities. Physically, the reason for 
this divergence is that, in a rectilinear-motion approxi- 
mation, particles of small relative velocity interact 
with each other over long periods of time, thus producing 
a very large effect. In the complete system, however, 
two such particles do not stay together indefinitely but 
rather diffuse away from each other, as a result of 
interactions with other members of the system. To 
obtain a more realistic result this effect has to be taken 
into account. This is done in the following section, in 
which it is shown that the effect of the spatial diffusion 
is to introduce an effective cutoff at low relative veloci- 
ties. Using this result, one can make an estimate of the 
higher coefficients, and one finds that, apart from 
numerical and logarithmic factors (which cannot amount 
to more than one order of magnitude), the coefficients 
decrease in the ratio (e*pot/x7)?, i.e., mean potential 
energy/mean kinetic energy,” which for most physically 
interesting conditions leads to extremely rapid con- 
vergence. 


IV. HIGHER APPROXIMATIONS 


Generally speaking, the determination of the F.P. 
coefficients hinges on the determination of the values of 


8 This is equivalent to the result that the statistical part of the 
dynamical friction is of the same order as the diffusion coefficient. 
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expressions of the type ((F[a:(t:) ]---Flan(tn) ])). The 
work of the last section indicates that the rectilinear 
motion approximation fails for m>2 (and even for n=2 
in the case of a gravitational potential, for which there 
is no Debye shielding). It is thus necessary to depart 
from the rectilinear motion approximation in the direc- 
tion of taking into consideration the correlations of the 
test particle with more than one field particle. Clearly, 
as long as one considers correlations with only one field 
particle, the motion is determined completely by the 
initial conditions, whose indefiniteness introduces the 
stochastic element into the theory. This determinacy is 
present whether the motion is expanded about some 
unperturbed path, or whether an exact solution of the 
two-body problem is obtained. However, as soon as one 
considers these two particles (both of which are now 
considered to be “test particles”) to be in the fluctuating 
force-field due to the remainder of the field particles, 
their motions no longer are determined, and the “path” 
of a test particle is now to be considered as a stochastic 
variable. Since the forces in ((F[z:(t:) ]-- - Flan (tn) J)) 
are obtained additively from forces between pairs of 
particles, the distribution required to calculate such 
averages is the joint probability distribution for the 
paths of a pair of interacting particles. This distribution 
is assumed to be governed by a generalized F.P. equa- 
tion, in which the coefficients serve to eliminate the 
interaction with the remaining field particles. Since 
these coefficients are calculated from expressions of the 
type ((F[z:(t:) ]---Flaa(tn)])), ideally this presents a 
complicated set of equations for the coefficients, which 
must be solved in a self-consistent manner. Such a 
generalized two-body F.P. equation represents a rather 
complicated picture of the diffusion of two particles 
interacting with each other in a common random field. 
If, as is the case in most problems of interest, the 
“mean” kinetic energy greatly exceeds the “mean” 
potential energy, one expects that the mutual interac- 
tions will play a small role in the diffusion (the particles 
behave essentially as if they were free), and under these 
circumstances it will be a good approximation to 
decouple the “paths” of the two test particles by 
neglecting the effect of their mutual interaction on their 
motion. Thus, the probability distribution for the 
“path” of each particle is given by the solution of the 
one-body F.P. equation. In this case, the mth F.P. 
coefficient obeys an equation of the form 


a” = f,(a---a-++), m=1,2, +: 
As can readily be seen by cutting off the divergent 
integrals in the previous section, a‘” decreases rapidly 
with increasing m, so that such an equation can be 
solved by successive approximations. 

Since a;;® as calculated in Sec. III is small, and 
suffers from no divergence difficulties, higher corrections 
to it are small. On the other hand, all higher coefficients 
are divergent if a®) is set equal to zero, and to prevent 
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such difficulties it is necessary to include a® #0, which 
(as will be indicated) removes the divergences. Replace- 
ment of the rectilinear motion by the “diffusing” 
motion, calculated in Appendix C, in the expression for 
aijxi results in a very untransparent expression. Since, 
however, the same convergence-producing modifications 
arise in a second-order calculation of a;;”, for the sake 
of clarity we shall illustrate these features by a calcula- 
tion of the latter. 

If the motions of the particles are now to be governed 
by a probability distribution, Eq. (31’) is generalized to 


(F (a(t) WF i[a(te) }) 


= f exuirdesdnds, 
X F (a1 —x1) Fj(t2—X2) 


X P[x0,X1,X2; Z0,%Z1,Z2; tite |, (38) 


where P[_X0,X1,X2} Z0,%:1,22} 1,2] is the joint probability 
that the field particle (which is also a “test” particle 
from this point of view) initially is at xo, and at x; and x2 
at times ¢, and ¢2 respectively, and similarly for the test 
particle. Decoupling the “paths” corresponds to writing 


P[Xo,* ++; Z0,*** ; tite] 
= Px1| Xo; ty |PLxe| x1; to—t | 
X Pl 21| Zo; t |P[z2| 11; te—t |PLxo], 


for t2>t,, and a similar expression if f2<¢,.4 Here 
P(x:| Xo; ¢:) is the conditional probability that a particle 
arrives at xX, after a time 4, given that it started at Xo. 
Strictly speaking, all these probabilities should involve 
the velocities, but since the dynamical friction and the 
diffusion in velocity space cause extremely small changes 
in the velocity over the time intervals of interest for 
diffusion in coordinate space, we can neglect such 
changes, except insofar as they cause spatial diffusion. 
As before, one time integration in the expression for 
aij” can be removed, and if relative coordinates are 
introduced, two spatial integrations can be carried out 
immediately to yield 


2p0 ¢°* 
a= — f at fas dx,dx2P(_2|0; ¢] 
m Jy 


X Plx2—x:|0; HF [—x: JP [z—x2]. 


Taking the Fourier transform, and introducing the 
solution of the diffusion equation (Appendix C) we get, 
after carrying out the x integrations, 


4e‘po f® 
: f at fd sh (k?+-p?)? 
t Xexp{ik- (v—V)i—3ak4}, 


“Tf no diffusion is taken into account, the probabilities are 
replaced by delta functions; in particular, for the rectilinear 
motion approximation, 

P{x| xo; 4, ]=6(x1—Xxo—w/). 


(39) 


aj? = 
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where @ is taken to be the low-velocity limit of the 
differential coefficient in Eq. (35b). Performing the 
angular integration, we find 


Apoe* co) kmax 
au =——by f asf dkk*(k?+-y?)~? 
m?* 0 0 


1 
x f d(cos@) exp[ikt| v—V| cosd— Fak? ] 
7 in1,2 
1=3 


sin? 
| (40) 


2 cos’6. 


If & were zero, the integral with cos’@ would vanish, and 
for small & it will be small. Therefore, for the purpose of 
discussing the integral, we replace sin’? by 1—cos’@ and 
neglect the integral of the second term. The angular 
integration then yields 


Spoet ve k* — sinkt| v—V| 
=f af 4 — exp(— Zak?) 
Pe e+ ki|v—V| 





Spoe* 


.: cone Rk sing 
lh AS an 
—V| 45 0 ‘ete Y ¢ 


Xexp pe ded (41) 
“kiv—V|3} 


An examination of the integral over ¢ shows that for 
&@>k|v—V|* the integral goes to zero, whereas for 
a&Kk| v—V]|* it approaches 2/2.'* This provides a cutoff 
in the k-integration, i.e. k>&|v—V|-, in order that the 
integrand in the k-integration not vanish. To estimate 
this integral, we replace the ¢ integral by a step func- 
tion, and obtain approximately 


Rimax? +p" 
Sa Te. | v= V| % Ritts 


| v—V |b 
0 for &|v—V|—*> imax. 


Ampoe* 


m?|v—V| 
(42) 


Thus, the spatial diffusion provides a natural cutoff in 
the velocity integrals. This feature persists for higher 
order F.P. coefficients. It is to be noted that in the above 
expression, u, the large-distance (Debye) cutoff, may 
actually be set equal to zero without destroying con- 
vergence. This is of interest in astronomical problems, 
where all forces are attractive and no natural “screen- 
ing” distance exists. In such a case, one would assume 
the existence of an unknown diffusion coefficient a, and 
solve the implicit equations obtained above for this 
unknown a. 


Vv. CONCLUSION 


In this investigation a form of perturbation theory 
(p.t.) was used in a treatment of the dynamics of an 


16 The ¢ integral can actually be done exactly in terms of Bessel 
functions of order } and related functions. 
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ionized medium. Although for the purpose of calculating 
higher order F.P. coefficients a departure from the 
original p.t. was necessary to avoid formal divergences, 
this departure merely indicated a natural minimum 
relative velocity cutoff, which could then be used to 
make the p.t. convergent. That the p.t. is well suited to 
the examination of effects on a particle due to the 
medium, excluding the nearest neighbor, is evident 
from (i) the smallness of the corrections to a particular 
F.P. coefficient, and (ii) the rapid convergence of the 
sequence of successive F.P. coefficients which for practi- 
cal purposes reduces the general F.P. equation to an 
ordinary diffusion equation. Of course, to obtain the 
correct expressions for the F.P. coefficients, the effect of 
the nearest neighbors must also be considered by a 
collision treatment, which contains the exact dynamical 
path of the two (nearest) particles in interaction. One 
can however extrapolate the p.t. so as to include the 
nearest neighbors, which corresponds to working with 
the unmodified Holtsmark distribution (cutoff at the 
distance of “nearest approach’’). It turns out that this 
extrapolation corresponds to replacing kmax~po! by 
~xT/e*, the minimum impact parameter. When this is 
done, the results can be compared with the calculation 
of these coefficients using the exact solutions of the two- 
body equations in a Boltzmann type treatment which 
was carried out by Judd, MacDonald, and Rosenbluth.'® 
The “extrapolated” p.t. coefficients agree with the 
results of this calculation, from which one can conclude 
that the perturbation approach is valid over wide ranges 
of relevant parameters, and its ease of handling may 
make it particularly useful in more complicated prob- 
lems, such as that of an ionized medium in a strong 
magnetic field, where the smallness of the Larmor 
radius relative to the other “lengths” would make a 
collision treatment very difficult or even meaningless. 
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APPENDIX A 


To clarify some aspects of the use of the Fokker- 
Planck equation in this paper, we now give a formal 
derivation of that equation. Let W[x,t}2,to] be the 
conditional probability that the system be in a state 
x{q1,°**,Qn}3 Pi,°**,Pw} at time ¢, if it is known to have 
been in the state x at time fo. Since Hamiltonian dy- 
namics represents a Markovian process, W[x,t|« ,to | 
satisfies the Chapman-Kolmogoroff equation, 


WLa, t+7] 2, to] 
= f WLa, t+r7| 2’, t]dx’W[x’,t|2 to]. (A-1) 


16 Judd, MacDonald, and Rosenbluth (to be published). See also 
S. Chandrasekhar, Astrophys. J. 97, 255 (1943). 
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If we write 
WLa, t+7| 2’, 1]}=8(a—2)+K,(x,x’; 0), (A-2) 


where by definition 


[Rees t)dx=0, (A-3) 


this becomes 


A,W[x,t| x to J=WLe, t+7| 2, to |—WLx,t| x to] 
= f Kolo’; QWLe | foe. (A-4) 


It is convenient to separate K,(x,x’; ¢) into a diagonal 
and a nondiagonal part, 

K,(x,x’ ; 2) = —8(x—2’)0, (x +7, (x,x’ ; t), 
where, from (A-3), 


fre t)dx=0, (x’,t). (A-3’) 
If v, (x’,t)=0, then 


freee t)dx=0, 


and we can proceed by expanding 7, (x,2’ ; /) in terms of 
the elements of the set of improper functions 


(A-3”) 


n 


¥a() = (2), 


nN: 


(m=1,2,---)  (A-5) 


that satisfy the requirement (A-3’’), and which together 
with the set 
Vn(x)=2", 


form a biorthonormal base, 


(n=1,2 ---) (A-6) 


(A-7) 


fi (X)Wm (x)dx = Bua: 


Thus, writing 
wo (—1)* 
T,(2z,x' ;)=> ——* (x—x’)v,(™ (x’,t), 
n=1 nm! 


(A-8) 


where by (A-7) 
».((a!,f) = f dee(x—x!)*T (x2! 58), 
we find that 


e (—1)* da” 
A,W[x,t]x,tJ= 5 
dx" 


n=1 n! 
X[o,'™ (x; )WLa,t|x,to J). (A-9) 


We may remark that if 7-0 the difference equation 
becomes a differential equation, and furthermore, as 
long as we are dealing with the complete system subject 
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to the laws of Hamiltonian dynamics, v,°"~7", so that 
only the first term in the summation remains and we 
obtain the well-known Liouville equation. To obtain a 
corresponding equation for w(%1,t|2:,to), the con- 
ditional probability for one particle to be found at 
x1{¢:,p1} at time ¢, given that it was to be found at 
41{qi,p:} at time to, we integrate the whole equa- 
tion over d§dé (=dxe- + -dxydx2---dxy) after mul- 
tiplying both sides by WLE | 2, ; to], the conditional 
probability distribution for the configuration ©, given 
a certain value x; at time f. Then 


2 (—1)" a" 
Awo(ait| 21 fo) = DO 

n=1 mn! dx" 

XW[a1,€,t] 2 ,£€© to WLE® | 21 ; to] 


= (-1)* d* 
=) — | dt," (1,0) 
n=1 mm! dx" 


xX W[x1,£,t | ay £0,lo ]. 


faeazoo,c (x1,€,2) 


For small r, »,‘” (%1,£; ¢) depends very strongly on ¢, and 
will exhibit large fluctuations. It is expected, however, 
that as r is increased (but still kept small enough so 
that no large changes occur in the system in that time 
interval), a secular component in v,“ tends to become 
dominant compared with the fluctuations, and over that 
range (the “plateau region’”) v,'” (x1,¢,l)~7ra™ (x,t) 
+smaller terms of O(7?) depending on é for the physi- 
cally interesting distributions in . Equation (A-9) then 
becomes 
= (—1)" a 
TA o(1,t| 21 to) = 


n=l nm! dx," 


X La (a1,f)o(vyt]21 fo). (A-10) 


Since we have specified 7 small enough so as to preclude 
significant changes in the distribution, the left-hand side 
can be replaced by the time derivative. It is this equa- 
tion that forms the starting point for the approach to the 
problem of ionized media used in this paper. 

Note that if in Eq. (A-3’), 0, (x’,t) does not vanish, 
condition (A-3’’) is no longer satisfied, and (A-5) 
no longer forms an appropriate base for expanding 
T,(x,x’;t). A differential representation of form (A-9) 
is then no longer possible. Since v, (at least as r—0) 
may be interpreted as the rate of depletion of the initial 
state, a nonvanishing v7, suggests finite discontinuous 
changes in the system, which may better be described 
by a collision treatment. Thus, if one writes 


, , _ ap 1)" 
K,(x,x'; 1) = —8(x—x’)0, (x’ + - 
n=1 mn! 


Xd (x—2’)0,( (x’; +R (x,x’; 0), 


the first and last terms of this expansion correspond to 
direct and inverse collisions, respectively. 
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APPENDIX B 


We shall now derive the probability distribution 
function for the force F on a particle located at the 
origin of the coordinate system whose action is due to its 
distant neighbors. The » particles located closest to the 
origin are regarded as close neighbors. The positional 
probability of all particles (both close and distant 
neighbors) is governed by a Poisson distribution func- 
tion. This choice of a function is intended to reflect the 
fact that 

(1) the gas is rare. As the volume element dV (r) 
shrinks to zero the number of particles dN (r) contained 
in it also approaches zero. 

(2) the total number of particles contained in dV (r;) 
is statistically independent of that in dV (r;) (i# 7). 

The distribution function for the force W(F,v) is 
readily expressed in terms of the joint distribution 
function 


W (dN (111) =a, °° -dN (ry) =Niy; 


dN (ty1) =ny,** dN (tyy)= Nuu)s 
for the position of the distant neighbors by means of the 
equality 
WLF,v]= »¥ 6(F-—é 2 N ial ia/T ia®) 


(nia) 


XW, [nu,:: * Mip; N21,° +]. (B-1) 


The index i in this expression is intended to designate 
the radial distance of various volume elements from the 
origin ; a denotes the angular parameters of the volume 
element in some chosen coordinate system. The letter 
Nia iS a possible value of the stochastic variable 
dN (ria) restricted to positive integers or zero. To 
simplify the notation, we employ the value of the 
stochastic variable 1,4 to designate the distribution. We 
also define: 


ni=> nia, IN(r)=> dN (ria), 
where the bar in the last expression designates the mean 


of the variable dN (r). For an isotropic distribution— 
which will here be assumed—we also have 


ON (ria) = (44)—'dQ..dN (r;). 


It follows from this assumption together with the fact 
that the underlying distribution is of a Poisson type that 
the conditional probability W[{nia}|{n:}], defined by 


WL {nia} J=WL{nia} | {ns} Wn} ], (B-2) 
may be expressed as 
W[iar,: ++ M1; Mer,* + Moy; +++ | mame] 
og es 
(dN (ria) *'* n;! 
- [aN (rn) 





ia Nia! 
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The statistical dependence arising from the neglect of 
close neighbors is then reflected in the structure of 
W,(nn2---) alone. 

Combining (B-2) with (B-1) and employing a Fourier 
representation for the delta function, we readily obtain 


WLE,»]= (2")-3 f dk exp(—ik-F)y(k), (B-4) 


where 


(k) =F e(me(n):-- Wel) (B-5) 


> dv (ria) exp(ikia) ]* 


a=) 


? dN (r,) 
The unfamiliar symbol in (B-6) is defined by 


ée k-ria 
kieg=— 


4a |i]? 


(B-7) 


We now decompose the sum in (B-5) into summands: 


(=> Si; 


i=] 


where 


S\= ‘= dX Dd ---e(mp)e(me)---W1,(m1,me,-- +), 


ni>0 n2e>0 ng>0 


S2= e xX DX ---e(me)e(ns)--- 


na>0 n3>0 n4>0 


(B-8) 
X W2,(0,2,03,---), 


S3= > » > os -e(m3)e(m4)° a W3,(0,0,3, ° . -). 


ng>0 n4>0 ngp>0 


Because of the restriction on the summations of the 
right member of (B-8), the quantities W ;,(0,0,---0,n, 
Ni+1,°**) may be factored as 


W y= W1(m1)Pno(dN (12) )Pn3(dN (13) )- sr 


B-9 

Woy= W2(0,n2) Png (dN (13) )Png(dN (14) )- aS ( 
Equations (B-9) are expressions of the obvious fact that 
once a distant neighbor has made its appearance, in 
dV(r;), the distributions of distant neighbors in 
dV (ri414g) are statistically independent of the particles 
in the remaining elements of volume. In accord with our 
assumptions, 


dN (r,) ]* 
Pada nexpl a (01, 


n;! 


(B-10) 
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we obtain 


W1(m) = P.+ni(dN (11) ), 


W2(0,n:)= 5 P,(AN'(11))Pr+-no—+(dN(13)), 
- (B-11) 
W3(0,0,n3) = © P.(AN (11) +€N (x,)) 
oe a 


The elementary but somewhat tedious summations may 
now be carried out, yielding the result 


vl 


8] ; 
o(t)= f sl Coeaeres exp[—M(1)] 


xexn| f dN (r’) 


x {en(<k-v/iei*)-1}] (B-12) 


APPENDIX C 


In this Appendix, we outline a method of solving the 
constant-coefficient diffusion equation which is used in 
Sec. IV. The present method yields the solutions in a 
form more amenable to further integrations than those 
obtained by Chandrasekhar. The equation to be solved 
is 


af 
ath Vie WA)—avetf=0. — (C-1) 


f= fea exp(ik- r+-il- v)dkdl, 


NEUMAN, AND RIDDELL 


we obtain 


dg(k,l) 
hia k-Vig(k,l)+21- Vig(k,l) +al%g (k,l) =0. 


This equation is easily solved by the method of charac- 
teristics'’ for which 


dt/dS=1, dl/dS=Bl—k, dg/dS=—al’g. 
On integration, these give 
In(g/go) = —a (lo—k6*)? (e*— 1) /28+-2 (lo— ks) 
“k(e*"—1)/B +28} 
lh=ke'+ (I—kp)e**. 
Since we require 
I (x,v,0) =6(x—xo)5(v—Vvo), 
go= (2r)—* exp(—ik-xo—il-vo). 


and 


From these equations, a complete solution is obtained. 
If #81, i.e., little damping has taken place, 


g~ (2r)~* exp[ —ik- (xo+vol) —il- vo | 
Xexp[—a(Pt-+lke-+4k) ]. 


In this case, 


ptxd= f dvstays) 


= (Qn)! f e(k,0,i)e%*-<dt 


has the Fourier transform 
(2r)-* exp[ —tk- (xo+vol) ] exp[—}akF], 


which is the expression used in Sec. IV. 


17 See, for instance, R. Courant and D. Hilbert, Methods of 
Mathematical Physics (Interscience Publishers, Inc., New York, 
1953), Vol. IT. 
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The conditions for the glow-to-arc transition at moderately high pressures (50 to 1300 mm Hg) have been 
studied experimentally. It is found that over the whole pressure range the transition is certain when the 
field at the cathode reaches a critical value. This result is shown to be consistent with a field emission mecha- 
nism for the transition. Calculations of the critical field based on this process are found to be in good agree- 
ment with the fields which are determined experimentally. 





INTRODUCTION 


T is quite certain that there is no single mechanism 
I which can account for all the experimental condi- 
tions under which a glow discharge changes abruptly 
into an electric arc. Druyvesteyn,' for example, has 
shown that thermionic emission from the cathode of a 
discharge can lead to a continuous transition. The 
thermionic emission may be produced by direct heating 
of the cathode by positive ion bombardment or the 
same effects may be achieved by raising the temperature 
of the cathode with an auxiliary heater. There are 
many experiments, however, which show that a 
transition can take place in such a short time that all 
gross heating effects are precluded, and moreover this 
mechanism cannot operate with a cathode which has a 
low melting point. The number of possible alternative 
mechanisms which have been suggested is unfortunately 
large.2 Many of these involve extraneous effects, i.e., 
loose particles or various impurities on the cathode. 
Perhaps these should not be considered as fundamental 
mechanisms for a gas discharge. Mackeown’ has 
suggested that the high fields at the cathode of a glow 
discharge may induce field emission and that this may 
lead to an instability in the glow. It is the purpose of 
this paper to develop this field emission theory on a 
semiquantitative basis and to show experimentally 
that it is responsible for the transitions observed in 
moderately high-pressure discharges as described below. 

The normal glow discharge in air between noble 
metal electrodes is quite stable over a wide range of 
pressures. When the cathode has been cleaned by 
sputtering, it is only by restricting the area of the 
cathode and increasing the current so that discharge 
becomes an abnormal glow that a transition to an arc 
takes place. The field at the cathode increases in the 
abnormal glow and it will be shown that the glow to arc 
transition is certain only when this field has reached a 
critical value, and that this transition field is the same 
over the whole pressure range investigated. 

This in itself is not sufficient to establish the field 
emission mechanism. Further measurements, however, 


1M. S. Druyvesteyn, Z. Physik 73, 727 (1932). 

2J. M. Meek and J. D. Graggs, Electrical Breakdown in Gases 
(Oxford University Press, Oxford, 1953), p. 472. 

3S. S. Mackeown, Elec. Eng. 51, 386 (1932). 


on field emission currents from similar electrodes 
establish the field emission constants for this surface. 
When these constants are used in the field emission 
transition theory which is developed below good 
agreement between the calculated and observed critical 
fields is obtained. 


THEORY 


The process by which a small field emission current 
from the cathode can lead to instability in the glow 
discharge is described as follows. Because of the large 
fields in the cathode fall region, every electron liberated 
from the cathode produces a small Townsend avalanche. 
The positive ions from this avalanche increase the field 
at the cathode by their space charge. This increased 
field at the cathode may, if there is a large field already 
present, extract another field emission electron and an 
unstable cycle results. The criterion for this process 
to lead to breakdown has been developed in a recent 
paper and its extension to the glow discharge is 
presented in the second part of this section. The first 
part immediately below presents the method used in 
calculating the field at the cathode of the abnormal 
glow. 

It is well established experimentally that the field 
in the cathode fall region decreases approximately 
linearly® with the distance from the cathode, becoming 
zero at the edge of the negative glow.® It follows then 
that 


is=(Ve/2md2)uy, (1) 


where j; is the positive ion current density at the 
cathode, V. the cathode drop, u, the ion velocity at the 
cathode, and d, the thickness of the cathode fall. The 
space charge effects of the electrons have been neglected 
because of their high mobility. 

The drift velocities of ions in oxygen and nitrogen 


have been measured by Varney’ and he obtains 
uy=1.23X10* (E/po)®® for Ort, and u,=0.94X 104 


‘W. S. Boyle and P. Kisliuk, Phys. Rev. 97, 255 (1955). 

5L. Loeb, Fundamental Processes of Electrical Discharges in 
Gases (John Wiley and Sons, Inc., New York, 1939), p. 581. 

® Roger Warren [Phys. Rev. 98, 1658 (1955) ] concludes that 
the field varies as the ¢ power of the distance from the negative 
glow. Such a variation changes only the constant of Eq. (2) 
below, increasing it by about 9%. 

7™R. M. Varney, Phys. Rev. 89, 708 (1953). 
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Fic. 1. Solution of the equation for the critical field E, plotted 
as a function of the coefficient of Z,~4 on the right-hand side of 
the equation. 


(E/po)°* for N+. Substituting this expression in (1) 
and eliminating d, from the fact that the field at the 
cathode E, is equal to 2V./d. for a linear variation in 
field, one obtains in practical electrical units and mm 
Hg, for either O:* or Not, 


E.= 5100 p0°*(V -j4)°*. (2) 


In Eq. (2), po is the pressure corrected to standard 
conditions. In the present experiments, a normal glow 
discharge is maintained over the full area of the 
electrodes and then pulse currents are applied to reach 
into the abnormal glow. At the higher pressures the 
normal glow produces considerable heating of the gas 
and the electrodes. It is necessary therefore, to make 
a correction for this heating effect. This is done by 
using the similarity law, i.e., j,/po? is a constant,® 
where j, is the normal glow current density. This 
constant is measured at low pressures where heating 
is unimportant and then subsequent measurements of 
the normal glow current density at higher pressures 
give appropriate values of the reduced pressure fp. 

We now proceed to develop an expression for the 
glow to arc transition due to field emission. The 
electron field emission current density j_ is given by 
the Fowler-Nordheim equation as j_= 1.54 10-*(E*/ ¢) 
Xexp(—6.8X 10" ¢$/E), where ¢ is the work function 
of the surface and E is the field. This may be written 
approximately as j_.=A exp(—b/E). The field E is 
the sum of the field due to the glow discharge Eg 
and the field Z, due to the extra ionization produced 
by the field emission current. Because of the steepness 
of the Fowler-Nordheim equation, it can be assumed 

® Engel, Seeliger, and Steenbeck [Z. Physik 85, 144 (1933)] 
have shown that the reported departure from the similarity 
— with j « p“8 at the pressures used here is caused by the 

eating of the gas. When they allow for this the similarity principle 
is closely followed. One can, therefore, calculate the temperature 
correction with considerable confidence, except for a thin layer of 
gas cooled by the cathode. The effect of the latter is to increase the 
field at the cathode by a small amount above that which is 
calculated here. Further heating of the gas during the pulsed 
excursions into the abnormal glow is estimated to be small. This 


is indicated experimentally by an essentially constant cathode fall 
voltage throughout a single pulse. 
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that E,<Eg up to the point of transition whenever 
Eg is large enough to produce appreciable field emission 
current by itself. The above approximate form of the 
Fowler-Nordheim equation can then be expanded to 


give 
j-=Al[exp(—b/Eg) ]Lexp(bE,/Ec*) }. (3) 


In this expression E,= (dE/dj,)j,’, where j,’ is the 
extra positive ion current density at the cathode arising 
from j_, and dE/dj, is a constant G=approximately 
2X 10° p0°?V .°4/7,°* from Eq. (2). 

Let j,’=6Mj_, where M is the total number of ions 
formed in a single avalanche in the cathode fall and 6 
is the spreading factor giving the ratio of the area of the 
emitting point on the cathode to the area covered by 
the ions as they move back to the cathode. Then 


E,=GM3j_. (4) 


As pointed out in reference 4, the process becomes 
unstable when the quantity bDE,/E,? in Eq. (3) is equal 
to the reciprocal of the exponent of j_ in Eq. (4). This 
instability represents transition into an arc, and occurs 


when 
bE,/E=1. (5) 


Eliminating EZ, and j_ from Eqs. (3), (4) and (5) gives 
an explicit equation for determining the critical value 
of Eg at which a glow becomes unstable and breaks 
down into an arc, 


exp(—b/Eg) = Eq?/A MiGeb. (6) 


The evaluation of each of the parameters b, 6, M, and 
A in Eq. (6) is discussed below: 


(1) 6.—This is determined from the slope of a field 
emission plot taken in vacuum with electrodes which 
had been previously sputtered clean in a glow discharge. 

(2) 6—The diameter of the emitting point is 
assumed to be about 200 A. This is based on measure- 
ments made by Boyle, Kisliuk, and Germer,’ which gave 
approximately the same value of 6 which was obtained in 
the present measurements. It can then be shown that 
the dominant factor in the spreading arises from 
scattering of electrons in the cathode fall. The average 
lateral displacement dy, of electrons in crossing the 
fall region is given by ds=(x/2)d.-(V/V.), where V is 
the average electron energy expressed in volts. This is 
based on the assumption of simple diffusion in the 
linearly decreasing field of the cathode fall. In terms of 


TABLE I. Summary of data when transition is certain. 








E.(105 v/cm) 
(exp) (calc) 


0.122 25 123 730 9.3 9.3 
0.44 47 118 575 9. 
1.90 98 117 460 9. 
3.30 129 109 400 9. 
4.50 150 98 9. 


p jn po j Ve 
(mm Hg) (amp/cm*?) (mm Hg) (amp/cm?) (volts) 











® Boyle, Kisliuk, and Germer, J. Appl. Phys. 26, 720 (1955). 








GLOW-TO-ARC TRANSITION 


Ve IN VOLTS 


o © 20 30 40 S50 60 70 80 90 


j IN AMPERES PER Cm2 


100 10 120 


Fic. 2. Typical curves of the variation of the cathode voltage 
drop V. with the current density 7. The point at lowest current 
density on each curve is for the normal glow discharge, and that 
at highest current density is when arcing is certain. 


the radius p of the emitting point the spreading factor 
6 is therefore given by 


5= (p/ds)*=4p°V./a'd 20. (7) 


(3) M.—If the field in the cathode fall were such as 
to give a maximum in value to the ionization coefficient, 
approximately 200 ion pairs would be produced in a 
single avalanche. Because of the nonuniform field the 
value is probably considerably smaller than this, and 
we shall use a value of 100 for our calculations. 

(4) A.—The Fowler-Nordheim equation gives for 
A, (1.54E?/¢)X10-*. The appropriate value of E to 
use is not E, but BE., where 8 is the field multiplication 
due to surface irregularities. The value of 8 can be 
calculated from the 6 value of the field emission plot 
since b=6.8X 107 ¢3/8. 


Inserting the values for A, G, and 6 and eliminating 
8, Eq. (6) becomes 


exp(— b/Eg) 
=2.5X10-*6V (V -j,)°*/po2M Ec*p. (8) 


Since Eg is very closely equal to Z., this expression can 
be further simplified by using Eq. (2) to eliminate the 
product V.j,, giving finally: 


exp(—b/Ea)=(7X10-"0V/M ¢’p*pol) Ec. — (9) 


In deriving this equation several crude approxi- 
mations have been made in determining 6 and M. 
The exponential form of the left-hand side of Eq. (9), 
however, reduces the corresponding uncertainty in 
Eg. This is illustrated in Fig. 1 where the solution of 
Eq. (9) for Eg is plotted against the coefficient of 
Eg on the right-hand side of the equation. Particular 
solutions corresponding to the experimental values of 
po are presented in the last column of Table I. For these 
calculations, we have taken y=4.8 volts, V =30 volts, 
an experimental value of b=10" volts/cm which is 
given later, and M and p values as given above. 
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EXPERIMENTAL DETAILS 


A steady glow discharge in air at pressures varying 
from 50 to 1300 mm Hg is established between the 
electrodes. The current is adjusted until the negative 
glow just covers the cathode, time being allowed for 
it to come to thermal equilibrium. The current density 
of the normal glow is derived from measurement of 
this current. The spacing of the electrodes is set so 
that the anode is in the Faraday dark space (approxi- 
mately 0.01 to 0.05 cm), the voltage of the discharge 
then being about equal to the cathode drop. 

Square-wave current pulses of 10 microseconds 
duration are now superimposed on the steady current. 
The current pulses may drive the discharge far enough 
into the abnormal glow to force it into an arc. Following 
each pulse the discharge lapses back into the glow. 

The electrodes are small palladium rods 0.074 cm 
in diameter. They are mounted end to end, the discharge 
thus taking place between two opposed ends which are 
ground flat and then polished. The cylindrical side of the 
cathode is surrounded by a close fitting tube of Al,Os, 
which restricts the area of the negative glow to that of 
the flat end. 

Measurements were made of the cathode voltage 
drop as a function of current density at five gas pres- 
sures from 50 to 1300 mm Hg. The measurements 
plotted in Fig. 2 are typical. The point at lowest 
current density on each curve is for the normal glow 
discharge, and that at highest current density is when 
arcing is certain. 

The field emission constant 6 was determined for the 
palladium surface with the same experimental tech- 
nique as described in reference 4. 


RESULTS 


The values of the normal glow current density at low 
pressures are shown in Fig. 3, where j, is plotted against 
po. The slope of this curve yields a value of 2.0X10~ 


x 1073 
1 


jn IN AMPERES PER Cu? 
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Fic. 3. Plot of normal current density j, at low pressures. 
From this plot, the value of 2X10 amp/cm? for j,/p¢? is 
determined. 
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Fic. 4. Field emission current i plotted against the reciprocal 
of the apparent field EZ. This plot yields a value of 1.110" for 
the empirical field emission constant b. 


amp/cm? mm? Hg. From this, the reduced pressure in 
the high-pressure range of the experiment was calcu- 
lated in terms of j,. The latter data are presented in 
Table I together with the measured values of V, and 
j when arcing is certain. The second to last column 
shows the critical field for a transition as calculated 
from Eq. (2). 

A typical field emission plot of the current against 
the reciprocal of the apparent field is shown in Fig. 4. 
This gives a value for 6 of 1.110" volts/cm. Other 
values obtained in different runs with freshly sputtered 
surfaces were 1.2, 1.3, 2.7, 0.9, and 1.4107. Clearly 
the transition will always take place from a point on 
the surface which has the smallest 6 value. With this 
in mind, the above values indicate that a figure near 
10’ volts/cm is appropriate. 
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DISCUSSION 


The agreement between the experimental and calcu- 
lated field for a transition, as shown in the last two 
columns of Table I, is certainly better than one could 
expect from the approximations. One may safely 
assign the following factors of uncertainty to the 
parameters, p(X5), M(X2) and V(X2), found in 
Eq. (9) for the transition field. Reference to Fig. 1 
then shows that if all the errors are in the same sense 
the resulting factor of 100 leads to an error of about 
35% in the predicted field. This still leaves sufficiently 
good agreement between experimental and theoretical 
values to establish field emission as the cause of the 
transition from a glow to an arc. 

In conclusion, two points of a general nature may be 
made concerning the stability of a glow discharge if 
we exclude gross heating of the electrodes (which can 
be accomplished either by pulse operation or by 
appropriate cooling of the electrodes) : 


1. Since the normal glow current density always 
increases with pressure and the cathode field increases 
both with pressure and current density, there must 
always be an upper limit to the pressure at which a 
stable glow can be maintained. 

2. From the equation for the field emission transition 
process one can see that the field emission constant 6} 
determines very largely the critical field for a transition. 
Thus, small differences either in the work function or 
in the surface roughness have a large effect on the 
stability of the glow at high pressures, or when the 
calculated cathode field approaches 10° volts/cm. 
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An empirical correlation between critical field and critical temperature of a class of superconducting 
elements and intermetallic compounds is described. It is shown that for all those which do not have a 
partly filled d or f shell, Ho~7.!*7. This implies a similar relation involving the electronic specific heat 


parameter y. Some further implications are discussed. 





ECENTLY, having convinced ourselves that the 
perturbation treatment of the electron-lattice 
interaction theory! of superconductivity is better than 
had previously been thought, we undertook to apply 
this method to a more realistic case than the free elec- 
tron gas treated by Frohlich. It is not proposed here to 
discuss the theoretical work, which will be published in 
full later, but to report an interesting correlation among 
superconductors, to which we were led by this work. 
Briefly, it was predicted that the critical field Ho of 
a superconductor at absolute zero should vary approxi- 
mately as a power of the electronic specific heat con- 
stant, y. Since, according to the thermodynamic treat- 
ment of superconductivity, Ho?/8m=y7T 2/2, where T, 
is the critical temperature at zero field, this means that 
Ho should vary as a power of T,. This is expected to be 
true for all elements and intermetallic compounds with 
a relatively simple band structure. Specifically, there 
should not be a partly filled d or f shell, since that 
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Fic. 1. Critical field at absolute zero versus critical temperature 
at zero field. All data taken from D. Schoenberg, Superconductivity 
(Cambridge University Press, Cambridge, 1952). All elements 
and intermetallic compounds without partly filled d or f shells, 
for which measurements of Ho and 7, are available. 


1H. Frohlich, Phys. Rev. 79, 845 (1950); J. Bardeen, Phys. 
Rev. 80, 567 (1951). 


would require a serious modification of the theoretical 
treatment. (This modification is not difficult in princi- 
ple, but has not yet been made.) 

In any case, we were led to plot Ho against T. on 
log-log paper, for all elements and intermetallic com- 
pounds which do not have a partly filled d or f shell, 
and for which decent measurements of Ho are available. 
In cases where differing values of Hy have been meas- 
ured by different workers, we have uncritically taken 
the average, and where only (dH./dT)r=r, has been 
measured, we have used a parabolic extrapolation. The 
resulting curve is shown in Fig. 1, and is a surprisingly 
good straight line, whose slope is approximately 1.37. 
Therefore, combining this result with Ho’/8r=yT2/2, 
we get T.~y'** and Hy~y':®. We feel that this 
correlation is sufficiently good to warrant its publication 
independently of the theoretical work that led to it. 
A somewhat different correlation between critical 
temperature and specific heat has been proposed by 
Daunt? for the superconducting elements.* 

There remain only two brief comments on the 
interpretation of this curve. In the first place, as an 
empirical fact, the electronic specific heat cannot be as 
unilaterally responsible for superconductivity as might 
be inferred from the curve. There are nonsupercon- 
ductors (like copper) whose electronic specific heat per 
unit volume is large enough to put them on the curve. 
Further, it is certain that nonelectronic properties of 
the material, such as the isotopic mass, are important. 
The correlation here isolates one particular feature of 
the electronic system. 

In the second place, it may be of some interest to 
note that, if the curve is taken seriously, and extrapo- 
lated, a critical field of one gauss is reached for T, 
~0.05°K. Consequently, one would not expect to find 
any superconductors below this temperature without 
taking the appropriate precautions to shield out the 
earth’s magnetic field. Indeed, the susceptibility of 
the paramagnetic salt used to reach such temperatures, 
and the residual field (if any) of the demagnetization 
apparatus, strengthen this argument. 


2J. G. Daunt, Phys. Rev. 80, 911 (1950). 
3T am indebted to Professor Daunt for an interesting conver- 
sation about the implications of such correlations as these. 
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The Bethe theory of the energy loss of fast charged particles is extended to treat explicitly the stopping 
contribution of L-shell electrons. A summary of the effect of binding corrections on stopping power is given. 





I. INTRODUCTION 


CCORDING to Bethe’s'? theory on the energy 
loss of charged particles passing through matter, 
the energy loss per cm path length is 


dE Ames? 
NB (1) 


dx mv 


with the so-called stopping number, B=Z In(2mv*/J). 
For the stopping atoms, NV is the number per cm', 
Z the atomic number, and J the average ionization 
potential; for the incident particle, ez is the charge 
and » the velocity. m is the electronic mass. 

Equation (1) is valid without correction for the 
binding effects of the atomic electrons only if the 
velocity of the incident particle is much greater than 
the “velocity” of the atomic electrons. When this is 
not so, the contribution to B from these electrons must 
be calculated separately, and in a way free from the 
approximations which limit (1). Using hydrogenic wave 
functions, Bethe? has done this for the contribution 
from the K-shell electrons, Bx. Revised curves of 
Bx 0s nx for various Z are given in Fig. 1 of a previous 
paper (K).° nx is a convenient variable given as a 
quotient of mv?/2 by the “ideal” ionization potential, 
Zx ett’ Ru (Ru is the ionization potential of the hydro- 
gen atom). In K, the work of Brown‘ is also extended 
and corrected to provide an asymptotic expression for 
Bx for large nx of the form® 


Bx (0x,nx)=Sx (6x) lnnx+Tx(6x)—Cx(0x,nx), (2) 


where 6x is the observed ionization potential (more 
accurately the energy difference between ground state 
and lowest unoccupied state) in units Zx ee? Ry. Curves 
of Cx vs 1/nx, over the range 0< 1/nx< 2, for various 6x, 
hence Z, are given in Fig. 2 of K. Obviously, given Bx, 
Sx and Tx, Cx is determined for nx large or small. 
Thus Cx may be extended to larger 1/nx (nx <4) by 


* Part of this work is included in the author’s doctoral thesis at 
Cornell University, 1951. 

t Member of National Research Council Committee on Penetra- 
tion of Charged Particles in Matter. 

1H. A. Bethe, Ann. Physik 5, 325 (1930). 

2M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
263 (1937). 

3M. C. Walske, Phys. Rev. 88, 1283 (1952), referred to here- 
after as K. 

*L. M. Brown, Phys. Rev. 79, 297 (1950). 

* This is an asymptotic expression since Cx approaches zero as 
nx approaches infinity. 


using the Bx curves of K, and formula (2) above.® For 
the region of small 1/nx (nx>10, say), Cx may best 
be determined from its expansion in powers of 1/nx, 


Cx (6x,nx)= Ux (Ox)nx'+Vx(0x)nx+:--, (3) 


where U and V are given in formula (19) of K. 

In K, formulas (2) and (3) above are generalized for 
any atomic shell 7, and the total stopping number B is 
written 

B=Z |n(2mv?/I)—>; C;(6;,n3), 


with J, the average ionization potential, defined in a 
way independent of the velocity of the incident par- 
ticle. This formulation demonstrates the usefulness of 
C; as opposed to B;. C; provides the simplest way of 
correcting the stopping number B of formula (1) for 
the so-called binding effects. 

In this paper, we shall extend the theory to include 
corrections for L-shell electrons. First we shall calculate 
B, for the L-electrons, giving curves of By, vs nx in 
Fig. 2. We then calculate 0x7 and @, for various Z, 
presenting the results in Fig. 1. The constants $;, T,, 
and U, are then found so that C, is determined for 
all nz. The resulting asymptotic calculation for Cz is 
checked for several large values of », by comparing 
its results with those from an exact calculation. Finally 
a summary is given of the total effect of K- and L-shell 
binding corrections on stopping power. 


II. CALCULATION OF B,(6:,y1) 


Using formula (5) of K, we can write an expression 
for the stopping number of the L-shell which is not 
restrictive on the velocity of the incident particle: 


oc 


Br (@1,91)= wdw 


Wmin =9L/4 


-) 2dq 
—|Fw,1(q)|?, (4 
= See ¢ meen © 


where W is the energy transferred to the atomic electron 
in units* Zz ee? Ru, g= (change in incident particle’s 
momentum)/(2mZ z ett? Ru)', and |Fw,x(q)|?, the so- 
called form factor, is the sum of the squares of the 


6 S and T are given in formula (19) of K. : 

7 It would have been better to have included 6x ts Z in K. 

8 Z1 ott may be taken as Z—4.15, following J. C. Slater, Phys. 
Rev. 36, 57 (1930). 
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TaBLE I, The L-shell excitation function, J (n1,W). 
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matrix elements of e‘* between the four nonrelativisti- 
cally distinct Z-shell states and the states greater in 
energy by W. Analogously to nx and @x, n,=mv?/ 
2Z 1 ett? Ru, and 6, is the observed energy difference 
between an J-electron in the ground state and the 
lowest unoccupied state in units Z z es? Ru. The integral 
over W means a sum over all unoccupied discrete 
states, and an integration over the continuum states. 

The evaluation of the form factor, | Fw, x(q)|?, 
follows the analogous work of Wentzel® and Bethe! for 
the K-shell. The calculation is done with nonrela- 
tivistic hydrogenic wave functions for transitions from 
the four distinct Z-shell states to states greater in 
energy by W. |Fw,1(q)|? arises then from summing 
over all eight Z-shell electrons and all states greater 
by energy W. Since the calculation is long and tedious, 
and since no new principles are involved, we quote only 
our results here: 

For transitions to the continuum (W=k?+4), 


dw 
| Fw, 1(g)|*dW=— ~: 


1—e-27/k 


2 k 
X 24¢? exp( _- arctan-—_— ) 
k gtk+} 


Ete) +EIC (Q—bP +4} 


11 5 6 3 1 
x| e+ (-——-# a4 (Stata) 
12 3 48 2 3 





Ade 
+(—+oe ++i) | (5) 
64 48 4 3 


For transitions to discrete states (W =4—1/n?), with 
the W subscript of F changed to m for identification, 


* Gregor Wentzel, Z. Physik 58, 348 (1929). 





our result is 
——— 2 24,2 |n—4 
| Fa, 1(q) | ae a 1) +q n ] 
[(dn+1)*+g2nt 


ae 
Xx + ( - —n+—) gn 
12 3 


ae eee 
+ (—n- —n?+-- Jaen 
“a-2 <3 


5 7 1 
+ (<n ~—i agree -) | (6) 
“a 6 4 3 





It is easy to show that (6) can be derived from (5) if 
one replaces k* by —1/n?, and if one replaces the con- 
tinuum normalization factor, [1—exp(—2x/k) }' by 
unity. For this reason it is permissible to use formula (5) 
in (4) even for values of W less than }. 

We can now evaluate (4) numerically. Again we 
only quote results, since the details of the calculation 
are quite lengthy. The first step is the evaluation of 
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Fic. 1. @x and @, as functions of Z. 
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Fic. 2. Bz (@z,n1), stopping number contribution of L-electrons. 


the so-called excitation function, 


0 


(7) 


2dq 
gitt ¥ Fw,1 2 
pick | (q)| 


J(n L,W) so 


for the various W and n_. The results are tabulated in 
Table I. Then carrying out the integration over W we 
obtain B;(@1,n1) with the results plotted in Fig. 2 for 
O<1< 2, and tabulated in Table II for 1.0<91<3.5. 
The numerical calculations are accurate to at least one 
percent. The theory, itself, due to the use of Coulomb 
wave functions, is probably in error by considerably 
more. However, the labor involved in calculating with 


TABLE II. Stopping number contribution of 
L-electrons, Bz (61,1). 








61 =0.35 


26.52 
27.70 
29.32 
31.48 
32.89 
34.09 
36.88 
40.34 


61 =0.45 


22.48 
23.48 
24.86 
26.68 
27.79 
28.74 
31.09 
33.87 


6x =0.55 


19.80 
20.70 
21.95 
23.56 
24.51 
25.31 
27.40 
29.81 


61 =0.65 


17.89 
18.71 
19.87 
21.36 
22.20 
22.90 
24.84 
27.01 
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more refined wave functions, such as Hartree’s, for 
example, would be much greater, and such a calculation 
would have to be repeated for each Z. 

As regards the use of our B, results for different Z, 
it should be remarked that one can expect the results 
to be most applicable where the hydrogenic wave 
functions best resemble the true wave functions of the 
atom. This is best satisfied for the heavier elements. 
We shall see later that for Z<30 (6,<0.45) the error 
associated with the use of hydrogenic wave functions 
makes our results unreliable. We shall propose there an 
alternate method for low Z (and not very low 77). 


Ill. CALCULATION OF @x AND 6, 


H6nl” has shown that in a calculation using non- 
relativistic wave functions, such as ours, the best value 
to take for 0; is given by 


6:=1— (Ir, i—Io, :)/Ine, i, (8) 


where Ig, ; is the “ideal” relativistic ionization potential] 
of an i-shell electron in the absence of “outer screening,” 
given to a good approximation for the K-electrons and 
for the three relativistically different L-electron states 


 H. Hénl, Z. Physik 84, 1 (1933). 
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Typ, i is the corresponding nonrelativistic ionization po- 
tential, (Z—0.3)? for the K-electrons, and (Z—4.15)?/4 
for the L-electrons. Jo, ; is the observed (from the x-ray 
critical absorption wavelength) energy difference from 
the i-shell to the lowest-lying unoccupied state. 

For the K-shell the evaluation of (8) is straight- 
forward, and the results are given in Fig. 1, where 6x is 
plotted vs Z. In the case of @;, one gets three values 
for each Z, corresponding to the three relativistic 
L-electron energy states. The values for the two p-states 
are generally less than one percent apart. The value for 
the s-state differs from those for the p-states by from 
five to ten percent. Therefore, in order to form a single 
value to use with B,;, we take an average of these three 
values, weighting them according to the L-shell oscil- 
lator strengths from Hoénl." The resulting curve of 
6, vs Z is also given in Fig. 1. 


IV. ASYMPTOTIC FORMULA FOR B,(6:,n1) 


The derivation of the asymptotic formula for 
B,(@x1,n1) proceeds in a way entirely similar to that 
used in obtaining formula (2) for Bx(@x,nx). This 
method, of course, is detailed in K which in com- 
bination with Brown’s work solves the problem. Here 
we only summarize our results for the L-shell. 

We first give a preliminary result which is 
B,(@r=1, 1), the stopping number for eight hydro- 
gen-like Z-electrons in a hypothetical atom with no 
transitions to other shells forbidden by the Pauli 
principle, 


B,@L= 1, ni)=8 Inn, +25.5166—2n 77! 


(to order 1/nz). (10) 


Taking into account the transitions that are for- 
bidden by the Pauli principle, and modifying (10) 
accordingly, we then have our desired result (to order 
1/nx) for Bx(@1,01): 


B1(0.35,n1)= 10.0371 Inn +28.1449—1.5032n 7, 
B,(0.45,91)= 7.9116 Innz+24.4501— 1.875677, (a1) 
B,(0.55,91)= 6.7451 Ingr+ 21.9061 —1.9890n 7, 
B1(0.65,n1)= 6.0345 Inn ,+20.0154—2.0040n 1. 


An asymptotic formula for C,(@z,n1) to order ,~' is 
given by the negative of the last term of (11). 


L-ELECTRONS 


TABLE III. Cz(61,n1) from exact calculation. 








OL nL =1 3.5 10 25 100 


0.35 1.6934 0.4917 0.1619 0.06235 0.01516 
0.45 2.0298 0.5950 0.1988 0.07719 0.01888 
0.55 2.1358 0.6268 0.2100 0.08171 0.02001 
0.65 2.1519 0.6312 0.2116 0.08232 0.02016 


1000 


0.001505 
0.001877 
0.001991 
0.002006 











C1(61,n1) can be calculated exactly by using for- 
mula (8) of K, and performing the necessary numerical 
integration. The results are given in Table III. The 
last term of (11) gives results which are low by about 
9, 5, 3, 0.6, and 0.08 percent at »,=3.5, 10, 25, 100, 
and 1000, respectively, for 6,=0.65. The errors are 
similar for other 6. It is possible to fit further terms in 
nx! to the exact calculation. The results, numerically 
accurate to at least 0.2 percent for the above n, and 
all 0;, are 


C,(6,=0.35,n1) = 1.5039 5-!+1.543m 5? 

ome 4.00 iY 34 4.43n Ae 
C 1(6,=0.45,n1)=1.876n -!+1.506n 2-2 
— 4,009 72+-4.439 4, 
14-1.498n 2 
— 4.009 -°+4.439 4, 
C1 (01=0.65,n 1) = 2.004 -!+1.500n --? 

— 4.009 7-°+4.43n 4. 


12 
C1(61=0.55,91) = 1.9899 1 (12) 


If (11) is rewritten with the first two terms com- 
bined,!! then from the basic Bethe theory we should 
expect them to have the form 2mv*/(3Z 1, ott? Ru) =16nz. 
If we write the actual logarithm as In(16n1/\1), we find 
for \, the values given in Table IV.'* It is remarkable 
that A, decreases with increasing 6, (increasing Z). 
Over the range 0.45<6,< 0.65, however, the variation 
is quite slow. 

A simple extension of the results of reference 12 to 
the L-shell reveals that the coefficients of the logarithm 
terms in (11) are equal to 8(1+/1)/2=4+4f1, where 
8 fz is the total oscillator strength of the eight L-elec- 
trons for transitions to unoccupied states. The values 
of fx obtained from these coefficients are displayed in 
Table IV. We also give the quantity 1/1, whose small 
variation shows that for the L-shell (as for the K-shell) 
fx is very nearly inversely proportional to 67’. 


TABLE IV. Calculated results for the Z-shell using 
hydrogenic wave functions. 








OL AL ti 


0.35 0.967 
0.45 0.729 
0.55 0.622 
0.65 0.580 
Hydrogen 0.659 1 


6uft 


0.185 
0.198 
0.208 
0.215 





0.98 
0.69 








4T.e., S,(6z) InfexpT 1 (61)/S1 (62) Int. 
12 See Bethe, Brown, and Walske, Phys. Rev. 79, 413 (1950) for 
the corresponding K-shell data. 
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TaBLeE V. Approximate percentage correction to (1) from 
Cr and Cz. 
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tive (see text). 
L are negative (see text). 


* For these values Cx is ne; 
> For these values Cx and 


A comparison of our values of f;, with those obtained 
by Hénl" shows a close check as indeed it should since 
they were both obtained in the same approximation, 
i.e., using hydrogen-like wave functions. Like Hénl we 
observe that for @,=0.35 this approximation gives a 
value of fz which is much too high. Since the oscillator 
strength per electron for hydrogen for a transition 
2p—1s is —0.139, we can set an upper limit for fz, of 
about 1+2(0.139)=1.1. Thus we see that our calcula- 
tions of B; and Cz for @; <0.45 are not reliable. Lacking 
a more accurate calculation of an asymptotic formula 
for this region (Z <30), it is reasonable to proceed ag 


See Table XVI, H. Bethe, Handbuch der Physik (Verlag 
Julius Springer, Berlin, 1933), Vol. 24, Part 1, p. 443. 
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follows: Calculate f;, using Hartree wave functions for 
the desired atom, and then with this f; and a correspond- 
ing \, from Table IV, write B ;~~4(1+f1) In(16n1/\z). 


Vv. SUMMARY OF EFFECT OF K- AND L-SHELL 
BINDING CORRECTIONS 

In order to summarize the effect of the K- and 
L-shell binding corrections, in Table V, we give for 
various Z and incident proton energies the approximate 
percentage correction to the simple formula (1) intro- 
duced by Cx and C_. Since the first two terms of Bx, 
given by (2), may be written Sx (6x) In{nx exp[ 7x (6x)/ 
Sx(6x)]}, it is apparent that for nx <exp[—T7x(@x)/ 
Sx (6x) ], Cx must assume negative values to prevent 
Bx from incorrectly becoming negative. A similar 
situation holds also for C,. Consequently, for low 
enough energies the Cx and C, corrections become 
large and negative. 
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A transport theory which allows for anisotropy in the scat- 
tering processes is developed for semiconductors with multiple 
nondegenerate band edge points. It is found that the main effects 
of scattering on the distribution function over each ellipsoidal 
constant-energy surface can be described by a set of three relaxa- 
tion times, one for each principal direction; these are the principal 
components of an energy-dependent relaxation-time tensor. This 
approximate solution can be used if all scattering processes either 
conserve energy or randomize velocities. Expressions for mobility, 
Hall effect, low- and high-field magnetoresistance, piezoresistance, 
and high-frequency dielectric constant are derived in terms of the 
relaxation-time tensor. For static-field transport properties the 
effect of anisotropic scattering is merely to weight each component 
of the effective-mass tensor, as it appears in the usual theory, with 
the reciprocal of the corresponding component of the reJaxation- 
time tensor. 


1. INTRODUCTION 


N the last few years, it has been become clear! that 

most of the well-studied semiconductors have energy 

band structures greatly different from the simple model 
* Now at Birmingham University, Birmingham, England. 


1 For a brief review of some of the evidence, see C. Kittel, 
Physica 20, 829 (1954). 


The deformation-potential method of Bardeen and Shockley is 
generalized to include scattering by transverse as well as longi- 
tudinal acoustic modes. This generalized theory is used to calculate 
the acoustic contributions to the components of the relaxation- 
time tensor in terms of the effective masses, elastic constants, and 
a set of deformation-potential constants. For m silicon and n 
germanium, one of the two deformation-potential constants can 
be obtained from piezoresistance data. The other one can at 
present only be roughly estimated, e.g., from the anisotropy of 
magnetoresistance. Insertion of these constants into the theory 
yields a value for the acoustic mobility of m germanium which 
is in reasonable agreement with observation; a more accurate 
check of the theory may be possible when better input data are 
available. For m silicon, available data do not suffice for a check 
of the theory. 


which had nearly always been assumed in earlier theo- 
retical work. Whereas this simple model [Fig. 1(a) ] 
assumed a nondegenerate band-edge state with wave 
vector K=0 and spherical surfaces of constant energy, 
many or most actual band structures seem to be either 
of the “many-valley” type [Fig. 1(b)], with several 
nondegenerate band-edge points K“ and ellipsoidal 
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energy surfaces around each, or of the “degenerate” 
types [Fig. 1(c) or 1(d)], for which the presence of 
two or more band edge states of the same energy and 
wave vector causes the energy surfaces to have more 
complicated shapes. Of these nonsimple models, the 
many-valley model of Fig. 1(b), which seems to occur 
for the conduction bands of silicon and germanium, is 
the easiest to treat theoretically. The transport proper- 
ties of this model have been discussed in several 
papers.“ All these papers have assumed that the scat- 
tering processes which the electrons or holes undergo can 
be described by a relaxation time which may depend on 
energy but which is independent of position over a 
constant-energy surface. A qualitative study of the 
adequacy of this assumption® has shown that it is 
probably quite good for the contributions of neutral 
impurity scattering and intervalley lattice scattering, 
and in nonpolar crystals for that of optical mode scat- 
tering as well. However, the assumption is only some- 
times good for scattering by acoustical modes, and it is 
usually quite poor for ionized impurity scattering. 

There is thus a need for a tractable theory of 
transport phenomena based on less restrictive assump- 
tions regarding the scattering processes. The first of 
the two objectives of the present paper is to develop 
such a theory, for the many-valley model. Since a 
rigorous treatment of the most general type of scattering 
law would be very difficult, we shall undertake to solve 
the Boltzmann equation by an approximate method 
to be described in Sec. 2, which is applicable when all 
scattering processes either conserve energy or randomize 
velocity and which should give very good results when 
the anisotropy of the scattering processes is not too 
extreme. Instead of a single relaxation time 7(e) charac- 
terizing all states of energy ¢, this approach makes use 
of three relaxation time functions 7:(e), r2(€), 73(€), 
assigned respectively to the three principal directions 
of the energy surfaces of a valley. These 7a(e) are, of 
course, explicitly calculable from the scattering prob- 
abilities S(K—+K’). In Sec. 3, we shall apply this method 
to the calculation of mobility, piezoresistance, Hall 
effect, magnetoresistance, and high-frequency dielectric 
constant, describing all of these effects in terms of the 
three ra(e). 

The second objective of this paper is to generalize 
the deformation-potential approach of Bardeen and 
Shockley® to the many-valley model, and with it to 
express the r_(¢€) for pure acoustical scattering in terms 
of constants describing the shifts of the band edge 
energies with strain. This will be done in Secs. 4 and 5. 
The calculations, though straightforward in principle, 
are rather tedious because they involve integrations of 


2S. Meiboom and B. Abeles, Phys. Rev. 93, 1121 (1954); B. 
Abeles and S. Meiboom, Phys. Rev. 95, 31 (1954). 

3M. Shibuya, J. Phys. Soc. Japan 9, 134 (1954); Phys. Rev. 
95, 1385 (1954). 

‘C. Herring, Bell System Tech. J. 34, 237 (1955). 

5 Reference 4, Appendix A. 

6 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 
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Fic. 1. Different types of band structure for a semiconductor, 
illustrated by the forms of the surfaces of constant energy in wave 
number space. The band edge points K“ are represented by heavy 
dots. 


anisotropic scattering probabilities over ellipsoidal 
energy surfaces. In Sec. 6, we shall apply the theory to 
the quantitative correlation of mobility, piezoresistance, 
and other data for n-type silicon and n-type germanium. 


2. SPHERICAL HARMONIC DEVELOPMENT OF THE 
DISTRIBUTION FUNCTION 


Let f be the distribution function for the electrons 
or holes in K-space, S(K— K’) the transition probability 
into unit volume of K-space due to scattering, so that, 
when nondegenerate statistics apply, the Boltzmann 
equation is 


af(K) af(K) 
: =( +) + [L/(K)S(K'K) 
fields 


~ f(K)S(K>K’) dK’. (1) 


ot ot 


It is easy to show that the integral in (1) can be greatly 
simplified if S randomizes velocity in the sense that 


S(K-K’) =5(K-K’*) = S(K*->K’), (2) 


where K* is the state in the same valley as K but with 
opposite velocity. For this case, the part f~ of f which 
is odd under the inversion K =K* contributes nothing 
to the integral of the first term. The total contribution 
of f- is thus determined by the second term, and is of 
the form f-(K)/r(K), this being a definition of a 
relaxation time r(K). Since the first-order effect of a 
small electric field or temperature gradient is to 
produce a departure from equilibrium which is odd, any 
scattering law of the type (2) permits easy solution of 
(1) for all except “hot-electron” phenomena. Here we 
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wish to consider the more general case 
S=S,+S,, (3) 


where the subscripts r and c, which we shall use through- 
out the paper, stand for “randomizing” and “conser- 
vative” respectively ; S, satisfies (2), and S, represents 
energy-conserving intravalley processes, i.e., processes 
K-— some K’ on the same constant-energy ellipsoid. 
Thus S, contains a factor 6(e—e’). For such a case, and 
for infinitesimal electric field, the contribution of S, to 
(1) can be described by a relaxation time, while the 
contribution of S, possesses the simplifying property 
that it does not mix the f’s of different energy surfaces. 
Thus the solution of (1) reduces to the solution of a 
two-dimensional integral equation on each energy 
ellipsoid. 

The form (3) includes most of the situations which 
occur in semiconductors. Intervalley and optical mode 
scattering satisfy (2) to a good approximation, because 
the matrix element is nearly independent of the posi- 
tions of K and K’ in their respective valleys. Normal 
impurity scattering and acoustical mode scattering 
conserve energy, or nearly so. However, electron- 
electron collisions, which have a moderate effect when 
ionized impurity scattering is pronounced,’ are not 
describable in this way. The fact that electron-electron 
collisions mix different energies without randomizing 
velocities prevents the considerations of this paper from 
applying with any exactitude to the high carrier concen- 
trations at which degenerate statistics occur. However, 
it is not hard to generalize the results at each stage so 
that they are applicable to a hypothetical case where 
(1) and (3) apply with Fermi statistics, and we shall 
indicate from time to time how this generalization is to 
be made. 

It is convenient to define new coordinates, in whose 
space the energy surfaces become spheres, by changes 
of scale in the three directions corresponding to the 
principal axes of the ellipsoids: 


~a=h{Ka—Ka)/(m,*)', 
Ae= | e— | =} ¢", (5) 


where m,* is the effective mass in the ath principal 
direction, e(K) is the energy, and «=«(K) is the 
band edge energy. This transformation, besides sim- 
plifying the treatment of scattering processes which 
conserve energy, has the further advantage, which we 
shall use later, that the changes in time due to a mag- 
netic field become simple rigid rotations in ¢g space. 

To make use of the new coordinates, let the departure 
of the distribution function from equilibrium be 
expanded in spherical harmonics in g space: 


f-fO=z Fim( 9) V im(¢/¢). (6) 


7L. Spitzer, Jr., and R. Harm, Phys. Rev. 89, 977 (1953). 
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Since S, conserves energy, the changes brought about 
by this type of scattering can be described by equations 
of the form 


OF im(¢) 
=| =F (Im|S.|U'm')Frm(y), (7) 
at Is, Vem 


the coefficients being, of course, functions of y. For the 
other type of scattering postulated in (3), that which 
randomizes velocity, we have for odd / an analogous 
equation 


[-=" 
al 


|, = 2 (m|S_[lm'\Frm(e), (8) 


For infinitesimal electric field, the only case we shall 
consider, only terms with odd / occur in (6), whether or 
nor there are magnetic fields or periodic time varia- 
tions. Thus, the Boltzmann equation (1) reduces to a 
set of simultaneous equations in the F;,, for each value 
of ¢ (or energy). 

Note that if S, randomizes the final state over an 
energy surface, instead of merely satisfying (2), the 
right-hand side of (8) reduces simply to — Fim(¢)/r7-(¢). 
This is the case for the principal S,-processes, viz., 
optical mode and intervalley scattering.® 

All the transport properties mentioned in the intro- 
duction can be described in terms of the dependence of 
the current on the magnetic and electric fields and on 
time or frequency. The contribution of each energy 
shell to the current is a linear combination of the coef- 
ficients F;,, for 1=1. The central ideal of the present 
section is to note that if the terms /’#/ in (7) and (8) 
are not too large, the Fi», can be derived fairly accu- 
rately by neglecting the terms />1 in (7) and (8), the 
error being of the second order in the neglected coef- 
ficients. This conclusion follows from a consideration, in 
physical terms, of the structure of the simultaneous 
equation system to which we have reduced the Boltz- 
mann equation: 

The electric field feeds the Fi, from f. 

The magnetic field, producing a rigid rotation in 
g space, feeds each Fim only from Fj» of the same /, 
i.e., it does not mix /’s. 

S.+S, feeds each Fim from many Fy», but, by 
hypothesis, feeds the F1,, more strongly from each other 
than from the Fy», with //>1. 

Thus, if the coefficients (1m|.S.+-S,|1'm’) for l/>1 are 
taken as small quantities of the first order, the Fim: for 
l’=3, 5—will be of the first order, and their effect on 
the feeding of the F1,, will be of the second order. 

A preliminary investigation of scattering processes in 
semiconductors® has shown that the anisotropy of scat- 
tering in gy space, though often appreciable, is not 
usually very extreme. Thus, it is reasonable to hope 
that the approximation just outlined will be a good 
one in most cases. To make this expectation more 
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quantitative, we have investigated, in Appendix A, 
some special scattering functions for which (1) is 
exactly soluble, and have compared the exact answers 
with those computed by neglecting terms />1 in (7) 
or (8). For a given electric field, the current computed 
in the latter way is always too small; this is a general 
consequence of the positive-definiteness of the dissi- 
pation function. However, the results of Appendix A 
suggest that the error will usually be only a few percent 
if the relaxation time r(K) of a carrier, or some similar 
measure of the effectiveness of S, does not vary by more 
than a factor two or so over an energy surface. Some 
rough estimates® have indicated that the anisotropy of 
the scattering due to acoustic modes is usually, though 
not always, no worse than this. The range of anisotropy 
to be expected for impurity scattering is less certain, 
but clearly slight to moderate amounts of impurity 
scattering cannot take the over-all scattering function 
out of the domain of applicability of the present 
method. 

It remains to express the /=1 terms of (7) and (8) 
as integrals of the scattering probability. If the basis 
for the F;,, is chosen to consist of functions trans- 
forming as x, y, 2, the coefficients (1m|S|1m’) become 
second rank tensors Sag. If the crystal has two or more 
symmetry planes through K“, as we shall assume, the 
principal axes of this tensor must coincide with those 
of the constant-energy ellipsoids. When the coordinate 
axes are chosen in these principal directions, the sum 
of (7) and (8) must have the form 


OF 12(¢) Fi,(¢) 1 1 
etd eee ae 
ot Ss T2(@ Tre Tex 


with analogous equations for y and z; r:, ry, Tz are the 
eigenvalues of a relaxation time tensor t or Tag reci- 
procal to Sas. The contribution of the velocity-ran- 
domizing processes to (9) is given by (1) and (8), with 
only the second term of (1) contributing; we may 
calculate it by putting ¢. for f, since Y1.« ¢,. For 
Maxwellian statistics, we find 


1 
=— | ¢,(df/dt)sdQ, J eta, 
Tr2(¢) J / 
=f fezsieenacan, / f eta2, (10) 


where dQ, is the element of solid angle in ¢ space and 
S;(g—¢’) is the scattering probability into unit volume 
of g-space. For Fermi statistics, a little algebra shows 
that the second equation of (10) should be modified by 
inserting a factor [1— f(g’) ]/[1—f(¢)] in the 
integrand of the numerator. To get the contribution of 
the energy-conserving processes, let S, be equivalent to 
a scattering probability A(g—g¢’) into solid angle 
dQ,’ at g’ on the sphere g’=¢9, ie. S.(g—¢’) 
=Ad(y—¢’)/¢. With fe, as before, we find, for 


either statistics, 


J fexted—ex)N(o>9)d2/a0, 


ff esa9, 


Equations of the same form as (10) and (11) of course 
hold for y and z also. 

The calculations of Secs. 4 to 6 will be devoted to 
cases where the K“ are on threefold or fourfold axes 
of symmetry, since these are the cases which occur for 
the conduction bands of silicon and germanium and 
since they are simpler to treat than band edge points of 
lower symmetry. The simplicity arises from the fact 
that the energy surfaces must be ellipsoids of revolution, 
and the concomitant fact that the three r’s reduce to 
two: 7,=7, Tz=Ty=7T,- We can show that for such 
cases the A in (11) can be replaced by its azimuthal 
average, defined as 


1 
(11) 





ae” 


(A(g—¢’))=average on a of A(Dag—Dag’), (12) 


where D, is the operation of rotation through angle a 
about the preferred axis of the valley, i.e., about the 
z-direction. This replacement is obviously justified for 
the integral defining 1,;'; for r,-', we need merely 
note that use of A(Dayg—Dag’) instead of A amounts 
to computing 7,~' with respect to a rotated set of x,y 
axes, hence must give the same result. 


3. TRANSPORT PROPERTIES OF MANY-VALLEY 
SEMICONDUCTORS 


We have seen, in Sec. 2, that the Boltzmann equation 
(1) simplifies greatly when all scattering processes 
either conserve energy or randomize velocity. Under 
these conditions scattering does not mix the distribu- 
tions in different energy shells, at least if we limit 
attention to departures from equilibrium which are of 
the first order in the electric field or temperature 
gradient. Moreover, to this order the rate of change of 
the distribution due to the electric field or temperature 
gradient depends only on the equilibrium distribution, 
while the rate of change in any energy shell due to the 
magnetic field depends, again, only on the distribution 
in this energy shell. Therefore, the Boltzmann equation 
can be solved independently for each energy shell dAe 
of each valley 7 and the resulting current contributions 
dj can be added vectorially to give the total current 
j corresponding to the given fields. Since all the 
transport properties mentioned in the introduction are 
describable in terms of the dependence of j on the 
electric and magnetic field vectors, the temperature 
gradient, and the frequency, the theory of all of these 
phenomena reduces to the calculation of shell contri- 
butions dj. In this section we shall calculate these 
shell contributions and combine them, in the approxi- 
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mation which describes the scattering by the relaxation 
time tensor +(Ae) whose components are given by (9) 
to (11). We shall not assume axially symmetrical 
valleys except in places where the equations are sig- 
nificantly simplified by this assumption. 

It turns out, as one might expect, that the calcula- 
tions using the present assumptions parallel very closely 
the more familiar ones*~ based on the assumption of a 
single relaxation time for each energy shell. We shall 
start by proving the theorem that for static electric and 
magnetic fields the contribution dj“ of any energy 
shell to the current depends on the effective-mass 
tensor m* and the relaxation-time tensor t only through 
the product m*'-<, ie, involves only the three 
quotients rg/mg*. This follows at once from the Boltz- 
mann equation. The time rate of change of the partial 
current vector dj due to the electric field is propor- 
tional to the acceleration +em*-E of the charge 
carriers, with a factor of proportionality which depends 
on the energy and the unperturbed distribution function. 
The contribution of the magnetic field to ddj‘/dt is 
just -te times the sum of the Lorentz accelerations 
+(e/c)m*- (vx H) suffered by all the charge carriers 
in the shell, since the Lorentz acceleration, unlike that 
due to the electric field, does not displace any velocity 
vectors across the boundary of the energy shell. How- 
ever, the sum over the whole shell of vXH is proportional 
to dj XH so that the combined contribution of the 
electric and magnetic fields to the time rate of change 
of current is a linear combination of m*~-E and 
m*—. (dj XH). On the other hand the contribution of 
the scattering processes to the time rate of change of 
the partial current vector is equal to —<1-dj™. 
Therefore the mass tensor and the relaxation-time 
tensor occur in the Boltzmann equation only as the 
product of « with m*~ [see Eqs. (13) and (14) below]. 
If components are referred to principal axes, the 
transport properties involving static fields always have 
the reciprocal of each effective mass, 1/m,*, weighted 
with 7,. However, for transport properties involving 
alternating electric fields—such as the high-frequency 
dielectric constant discussed below—the form of the 
weighting is somewhat different. 

Thus we have shown that a simple weighting of mass 
tensor components by the relaxation-time tensor com- 
ponents holds for the partial current vectors of all the 
static-field transport phenomena. In general, however, 
each of the components of the relaxation-time tensor 
depends on the energy of the shell, so that these com- 
ponents must be included in the Maxwellian average of 
the partial currents dj. If all of the components of 
the relaxation-time tensor depend on the energy Ae 
in the same way then all the static-field transport 
properties can be obtained from the formulas of the 
older theory based on isotropic relaxation-time con- 
stants’ by the simple prescription given above, i.e., 
by weighting m,,*~ and m,** with 7, and 7,, respec- 
tively. The explicit calculations below confirm this 
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and also show how 1, and r,, occur in the Maxwellian 
averages over shells. 

The remarks that have been made above enable us to 
write down at once the Boltzmann equation for the 
current contribution dj of an energy shell of any 
particular energy Ae relative to the band edge. Let us 
choose a right-handed coordinate system oriented along 
the principal axes of the valley, and let 5ag,=1 if apy 
is an even permutation of 123, —1 if an odd permuta- 
tion, zero if any two of these indices are the same. With 
the upper sign for electrons, the lower for holes, the 
transport equation is 


Odj. Ae CEdn™ e€ Xp WapyHdjg dja 





’ 


(13) 


at 3kT m.* ge Ma* 


where dn“ is the equilibrium number of carriers in the 
energy shell in question, per unit volume of crystal. For 
static-field problems, the left of (13) is to be set equal 
to zero; the three equations (13) then involve, as we 
have already noted, only the combinations of ra/m,*. 
For any H, these can be solved as simultaneous equa- 
tions for the dj,“. Although for large magnetic fields 
H a solution of (13) by determinants is the most con- 
venient, an iterative solution is simplest for small H. 
Writing (13), with left side zero, in the form 


2A€ er aEgdn™ 


3kT 


Oas= (€Ta/Ma*C)>. > 5as,H y, 


* 


—Y (Gap+Oas)d js, 
B 


Mea 
where 
(14) 


we can express the solution in terms of the series for the 
reciprocal of the tensor (10): 


OraEadn® 


* 


2Ae 
djs? =—— 
3kT @ 


Ma 
X (6ap-FOpat dy OpyOya0°**). 


Mobility 


The leading term of (15) gives the conductivity oo 
at H=0, or equivalently the mobility u. The contribu- 
tion of the ith valley to the conductivity tensor can be 
expressed as n“euag, where n= {dn™ is the con- 
centration of carriers in states of the ith valley, and 
where yas is diagonal relative to the axes of the ith 
valley. From (15), we find 


(15) 


e (Aera) 


1 
ca ta (16) 


Bea’) = 


where the angular brackets represent Maxwellian 
averages, (Ae)=$kT, etc. For a cubic crystal the 
average of (16) over the different valleys is the same as 
the average over a in a single valley, so we have for the 








TRANSPORT ‘AND 


total mobility 


a0 mon é 
w= BY f dj / net 
ne i ( 


where n=>> n, 
Hall Effect 


The Oga term in (15) gives the low-field Hall con- 
ductivity; the contribution of the ith valley to this is 


a Phas e'n (Aerats) Sapy 


Tapy = 


(18) 


aEpH, cc (he) moms* 


Summing this on valleys gives the total cas, equal to 
 (coun/Cc)basy, Where wx is the Hall mobility. For a 
cubic crystal with axially symmetrical valleys, we find 
2(Aeruts) a) 
1 


xa0( 

MH mu*ms* m,** 

—= F (19) 

m (Aetn) 2(Aers)\? 
ro) 


os 








mu* my 


Low-Field Magnetoresistance 


In a similar way, the third term of (15) gives the 
low-field magnetoresistance, or more properly, magneto- 
conductivity. We find for the contribution of the ith 
valley, in the principal axis system of this valley, 


2 dF;0H,dH; 


e*n® Aero (5, yp0r08t+Or3g0r0 
M x! €TaTBTr) (5rypras +55 90r a (20) 


C..38. tie 2m_*mg*m,* 


The total magnetoconductivity tensor is again obtained 
by summing on valleys. For axially symmetrical valleys, 
the results all come out in the form 





(Aer,') 
g 
cWAe)L " m,*8 


(Aeratu?) 
+ g12 


1 0 Fa ne* 


Capys=— - 


2 dE,0H 0H; 








| (21) 


where -w is the total density of carriers and the coef- 
ficients gp, depend on afyé. Table I gives values of the 
Zpq and relates the cagys to the magnetoresistance 
constants 6, é, d introduced by Seitz,* and defined by 





, 


(22) 


Ap\ # iH)? ad 2H 2+ 12H, + 72H.) 
( ") -beto0 sh Gj j jeHe 


Po 7 j P £ 
8 F, Seitz, Phys. Rev. 79, 372 (1950). 
9G. L. Pearson and H. Suhl, Phys. Rev. 83, 768 (1950). 
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TABLE I. Low-field magnetoconductivity components for cubic 
crystals with axially symmetrical valleys, referred to the crystal 
axes. Tabulated quantities are the coefficients go, g21, g12, respec- 
tively, in Eq. (21) for cagys. 








Component, referred to 
crystal axes 


Taaaa= —oo(b+e+d) 
= —90(Ap/poH?) 100! 
CaaBp= —70b—oo(un/c)* 
= —a0(Ap/poH?) 100% 
—9o(un/c)* 
%apasp= — hoot +400(un/c)* 


Type of Valleys (direction of a K“)) 
100 111 





0, 0,0 —2/9,4/9, —2/9 
~i hie 


0, 3,0 


—2/9, —5/9, —2/9 
1/9, 5/18, 1/9 








where Ap=p—po is the change in resistivity p of a 
specimen, due to a small field H, for a given direction 
of j. We have put bars over the letters in an effort to 
avoid confusion between the magnetoresistance constant 
é and the velocity of light. 


High-Field Magnetoresistance 


For large magnetic fields it is, as we have remarked, 
simplest to solve the Boltzmann equation (13) or (14) 
by determinants. The conductivity tensor which relates 
the sum of all the current contributions dj to the 
electric field comes out in the form of a Maxwellian 
average of a quotient with a numerator of the third 
degree and a denominator of the second degree in the 
components of m*~!-<. As H+, the limiting value 
of the resistivity transverse to the magnetic field turns 
out to involve terms of order 1, 1/H, and 1/H? in the 
conductivity tensor, and for the most general depend- 
ence of 7,, and 7, on energy this limiting form is too 
complicated to be worth writing down. We shall 
therefore be content to give, for general forms of 
7,(Me), 7,(Ae), only the limiting form of the con- 
ductivity tensor as H—~ ; this suffices to determine the 
limiting longitudinal magnetoresistance, though not the 
transverse. A simple calculation gives for the contri- 
bution of the ith valley to this limiting conductivity 
tensor 


| Halls 
gap"? (H~)=e'n " 
€ 





Ae 
x¢ . (23) 
H2m*/71+H2m*/12+Hem;3*/73 


where H;, H2, H; are the components of H along the 
principal axes of valley i. This is the generalization of 
Eq. (75) of reference 4. 

When 7,, and 7, are each proportional to Ae~?, as for 
the ideal case of acoustic lattice scattering, the complete 
high-field magnetoresistance can of course be taken 
from the work of Abeles and Meiboom? or that of 
Shibuya,’ with the replacement of m,,*/m,* by 
m,*r,/m,*r,, 

The limiting Hall constant as H—~ turns out to be 
simply 1/nec, just as in the simpler theory.?~* The lack 
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of dependence on r,, and 7, is of course to be expected 
in view of the lack of dependence on m,,* and m,*. 


Piezoresistance 


It was pointed out in reference 4 that for a many- 
valley semiconductor two effects predominate over all 
others in producing a change of resistance with strain 
of the sort observed by Smith" for silicon and ger- 
manium. The first of these is the change in the popu- 
lations of different valleys due to the different shifts 
in the energies of band edge points differently situated 
with respect to an anisotropic strain. This “electron 
transfer effect” gives a contribution to the piezore- 
sistance which is proportional to the anisotropy of the 
conductivity tensor for a single valley and inversely 
proportional to the absolute temperature. The second 
effect, which is important only when intervalley scat- 
tering is appreciable, is the effect of strain on the 
relaxation times, due to increase or decrease in the 
energies of the valleys containing possible final states 
for intervalley scattering. These two effects, and other 
effects of much smaller magnitude, give additive con- 
tributions to the electroresistance tensor. The latter is 
defined for a cubic crystal as 


(24) 


where #,3 is the strain tensor and cag is the conduc- 
tivity tensor, which in the absence of strain has the 
form of cdas. 

Let us choose a coordinate system, e.g., the crystal 
axes, which is the same for all the valleys, and let 
Cap’? =n™euas™ be the conductivity tensor of the ith 
valley relative to these axes. Then, if we neglect all 
contributions to the elastoresistance other than the two 
just mentioned, we can write 


M..py8>= — a Aeag/Iuys, 


1 Ooag* de 
Mapys= —— | 
a ii Oe) 


, (25) 
Ouys 


where e“) is the energy of the jth band-edge point. The 
quantities de‘ /du,, will be referred to as “deformation 
potential constants,” as they play the central role in 
the generalization of the Bardeen-Shockley deformation- 
potential theory of mobility, which we shall discuss in 
the next section. When the valleys lie on symmetry 


TABLE II. Symmetry restrictions on the deformation potentials for 
some simple types of valleys in a cubic semiconductor. 








Type of valley 
(direction of K“) 


8 





hl 
~ 
+ 
hy 
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Z= de /Attzz 
Zam Be /Atiyy 
Es= de /Ouse 
Es= dE /Auys 
Es= de /Ouzs 
Zo= Oe /Atizy 


coohll 








 C, S. Smith, Phys. Rev. 94, 42 (1954). 
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axes in the Brillouin zone, their symmetry makes it 
possible to describe all the deformation-potential con- 
stants in terms of two or three independent ones. 
Table IT shows one way of doing this. The independent 
constants Zu, Z. for valleys on (100) or (111) axes have 
been chosen so that Z,y represents the shift due to a 
dilatation in the two directions normal to the axis, while 
=. represents that due to a uniaxial shear compounded 
out of a stretch along the axis and a contraction in the 
two normal directions; the notation agrees with that of 
reference 4. The meaning of Z, and Z, for (110) valleys 
is similar, but now a third constant Z, must be intro- 
duced, describing the shift due to a shear in the (001) 
plane containing the valley axis. 

Now consider the first factor on the right of (25). 
Since n“ is proportional to exp(—|¢‘—epr|/kT) and 
since in the extrinsic range the variation of the Fermi 
level er with strain is the average of that of all the e, 
we have in the present approximation 


1 doa” 1 d(n pos) 


a de? 


np 
1 pos (5:5 1 ) 


=+— 
ieee 


é m(-1 
ssiga . ( A 
Nip (Ae) 


A, Af 





ae) 
HY) | a6 
dD J as 


where J, is the number of valleys and where + is + 
for n type, — for p type, if the e“” are understood to be 
electron energies in all cases. The first term on the 
right of (26) represents the electron transfer effect, the 
second the effect of strain on intervalley scattering. 
It is a simple matter of algebra to combine (25), (26), 
and Table II and obtain explicit formulas for the elasto- 
resistance constants. The results for the electron transfer 
contribution, which predominates at low temperatures, 
are given in Eqs. (27) to (34) below, for the case of a 
cubic semiconductor. They are expressed in terms of the 
principal mobilities (16) of a valley and the over-all 
mobility (17); for the (110) valleys the subscript is 
used for the direction normal to the valley axis and in 
the same (001) type plane as the latter, and the sub- 
script » for the direction normal to this plane. The upper 
sign is again for electrons, the lower for holes. Valleys 
2 Be 


centered on (100) axes: 
; pn — py 
Contrib. to m1 =mun=+-— “—), (27) 
9 kT m 


1 Eu /un — ps 
Contrib. to m12=m1129= F— a), (28) 
9 kT B 


Contrib. to mMy= M2120. (29) 
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Valleys centered on (111) axes: 


Contrib. to my,=that to m.=0, (30) 


12y fun? —ps© 
Contrib. to my=+-— ~—*-). (31) 
9kT im 


Valleys centered on (110) axes: 


+Contrib. to my 


(- Be 12, (“—) 
9kT ORT m 


4a. 1 Ee Han’)? — pay 
Pe), 0 
DRT 3kT m 


+Contrib. to my, 


( lz 1 =) (=) 
QkT 12kT m 
_ Man? — pap 
‘Cog 
9kT OkT m 


; 1 Es pn —pap 
+Contrib. to m44=— — “—=.). 
12 


(33) 


kT m 


The corresponding explicit expressions for the con- 
tribution of the intervalley scattering effect cannot be 
put in such a simple form, and will not be given here. 

The contributions to the elastoresistance from the 
various minor effects enumerated in reference 4 all can 
be shown to be nearly independent of temperature over 
any range where the relaxation times ra(Ae) have the 
form fa(Ae)g(T), e.g., over the range in which acoustic 
lattice scattering predominates. Over such a range a 
plot of any component of elastoresistance against 1/T 
should give a straight line with an intercept measuring 
the influence of these minor effects and a slope measur- 
ing the product of a & by the anisotropy of py“. 
Whereas in the theory of reference 4 this anisotropy 
was that of the reciprocal effective mass tensor m*, 
in the present theory it is that of m*-'- +. However, if 
m* is very anisotropic, the sensitivity to the anisotropy 
of + is slight. We shall use these results in Sec. 6 below, 
when we attempt to calculate the mobilities of electrons 
in silicon and germanium. 


High-Frequency Dielectric Constant 


When an alternating electric field is applied to an 
assembly of carriers the response becomes limited, at 
high frequency, by the inertia of the carriers." The 
solution of the transport equation proceeds exactly as 
the solution of the static-field problems above except 
that now the left side of (13) has the form iwdj,. 


4 T. S. Benedict and W. Shockley, Phys, Rev. 89, 1152 (1953). 
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This causes the transport equation to contain, besides 
terms in m*-¢, a term in + alone. We find, for the 
frequency-dependent complex conductivity of a cubic 


crystal, 
(w) ne? > 1 ( Aera ) 
o\w)= om neler ’ 
3(Ae) * ma*\1+iwre 


where the summation is over the three principal direc- 
tions of a valley. The departure of the dielectric constant 
from the dielectric constant of the crystal without its 
free carriers is given by 


ko—k(w) = — (4/w) Im o(w), 


(35) 


(36) 


where Im o(w) is the imaginary part of (35). By ex- 
panding the denominators in (35)—a nonconvergent 
procedure which is nevertheless justified as far as the 
first two terms—we can express (36) in terms of the 
carrier density m and Maxwellian averages of powers of 
the relaxation times: 


4a (Aer?) (Aera') 
ko—k(w) = nel —--~’ }) — — 
3 * m,*(Ae) « m*(Ae) 

(37) 


In the simpler type of theory with isotropic relaxation 
time‘ it was possible to eliminate 7 from the leading 
terms of this by using the analog of (19) for the Hall 
mobility uz. The leading term of (37) then took the 
form 44nypum”/B, where (m”)1=4 >, m,*" and 
B was a function of the mass ratios, usually only a little 
less than unity. The leading term in the present version 
of (37) can be put in the same form if m“/B is replaced 
b 
é (Aeta?) if (Aerize) (Aere73) (Aers71) 7 
mo=|¥ | — + . 
- 





Mog m*m* m,*m3* m3*m\* 


(38) 


While a rather large anisotropy of + is required to make 
this differ radically from its value m“/B for isotropic 
rT, it is noteworthy that (38) can in principle become 
larger than the largest of the m,*. 

Note that the expression (37), unlike the expressions 
in earlier parts of this section, does not have each of 
the reciprocal masses weighted by the corresponding 
component of the relaxation-time tensor. 


Effect of Fermi Degeneracy 


It was pointed out in the preceding two sections that 
under certain conditions the methods developed in 
those sections and used here could also be applied to 
cases involving Fermi statistics. Except for the piezo- 
resistance equations, all of the foregoing formulas can 
be generalized to Fermi statistics, when these conditions 
are fulfilled, by replacing dn“ /kT in (13) and subse- 
quent equations with the sum over a shell of — df /dAe 
and by performing the averages over shells (angular 
brackets) with the weighting factor 0//de instead of 
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the Maxwellian factor. In the piezoresistance equations 
(26)—(34) the only change needed is to replace 1/kT by 
+90 Inn“/der. This has the effect of making the 
piezoresistance considerably smaller for degenerate 
than for nondegenerate material. 


4. DEFORMATION-POTENTIAL THEORY 


Having thus formulated the theory of transport in 
terms of a set of principal relaxation times, we turn now 
to the task of evaluating these relaxation times ex- 
plicitly for the case of scattering by lattice vibrations 
of the acoustic range. To do this we shall apply the 
deformation potential method® to calculate the scat- 
tering probability A(g—>¢’) between two elements of a 
constant-energy surface, and hence to evaluate (11). 
The fundamental idea of the deformation potential 
approach is that the matrix element K-K+q for 
absorption or emission of an acoustic phonon of wave 
vector q is practically equal to the qth Fourier coef- 
ficient of the function de“(r), defined as the shift of 
the band edge energy e«‘” which would be produced by 
a homogeneous strain of magnitude equal to the local 
strain at point r due to the mode q. The justification 
given by Bardeen and Shockley® for this assumption 
can be generalized to include scattering by transverse 
as well as longitudinal acoustic modes; one can also 
show that the validity of the method is not impaired by 
polarization of the filled-band electrons by the presence 
of the free carrier. Moreover, it is easily shown that 
electrostatic fields on the scale of the wavelength of the 
lattice mode usually have a negligible effect, even for a 
polar semiconductor, unless the crystal is piezoelectric. 
We shall not undertake to discuss these points here, 
however, but shall merely take the deformation poten- 
tial method for granted. 


TABLE III. Polarization factors, defined by (42), for normal 
modes in symmetry directions of a cubic crystal. Values for the 
symmetry directions not listed are obtainable by permuting the 
indices of q and the /’s. 








Direction 
of q Branch 


Si=fez Somfay Ss=fes SimSy Ss=Ses So=fuy 
long. 1 0 0 
trans. 1 0 0 1 


trans. 2 0 0 





100 


long. 2 
trans. 1 cat | 
trans. 2 


long. 
trans. 1 
trans. 2 


long. 
trans. 1 
trans. 2 


long. 
trans. 1 
trans. 2 
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We shall assume, as we must if we are to use (11), 
that the energy of the phonon which a charge carrier 
absorbs or emits is negligible compared with the energy 
of the carrier; this is valid for nearly all carriers at any 
but the very lowest temperatures. With this assumption 
we can lump absorption and emission together; let 
|M|*? be the sum of the squared matrix element over 
absorption and emission. Let ¢ be the projected wave 
vector defined by (4), related by (5) to the energy Ae 
relative to the band edge, and let NV; be the number of 
quantum states of a given spin per unit volume of 
g-space. Then we have for acoustic scattering 


A(g—g') = (24/h) | M |? (de/de)M1 


=CL|M|*Ae, (39) 


say, where the summation is over the three acoustic 
branches. Combining (39) with (4) and (5) we get for 


TaBLeE IV. Contributions of the longitudinal and transverse 
branches to the squared matrix element for scattering, for sym- 
metry directions of the phonon wave vector g in a cubic crystal. 
The values of | M(q,a)|? are obtained from the table entries by 
multiplication with kT/V. The number of equivalent directions 
of each type is indicated in parentheses. The quantity c*¥=c,, 
—C12—2c4, measures the elastic anisotropy of the crystal. 








Type of valley 
(direction 
of K®)) 


Direction 
of q 


Trans- 


Longitudinal verse 1 


(Ze+2.)* 
Cia t2eust+c* 
(Za+42.)? 
C12 t-2eeat+4c* 
(Eat+4z.)* 
C12 t+ 244+ $c* 
ze 
C12t+-2cut+$c* 
Fo 
C12 t+2¢43+c* 
(Zat+Zu)? 
C12 t+-2C44-+ hc* 
Eet+§z)* (2/9)E.? 
C12 + 2¢ua+$e* Cus 
Zat4z.)* 
Ciat+-2¢ut+-c* sie 
(Zat+}z.)* (2/27)E¥ 
Crt2euthc*  cutic* 
zd 
C12 +2eug+-$c* 





100 100(2) 


t=. 
7 Cut}he* 


(1/18)2,? 








111(8) 


Cut }e* 


011(4) 


001 (4) 


111(2) 


110(6) 





=? 
ue 


100(6) 


(2/81)z,2 
Cust hc* 


111(6) 





110(6) 
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TABLE V. Approximate dependence of the azimuthal average of the squared matrix element for scattering on the angle @ between q 
and K‘), the symmetry axis of the valley. The quantity c*=¢1:—¢i2—2c4, measures the elastic anisotropy. 








Type of valley 


(direction of K)) Squared matrix element 


Value 





100 (|M (a) |?) 


(| M (qtr) |*+ | M(q,t2) |?) 





=. cos*0(1—cos*0) 


(Eat cos¥zn)f c*(0.15—1.50 cos*#+-1.75 cos) |; 
Roe 
Cia +2eq+ ict V 


C12 +-2644+ 3c* 

. 2 1 1 kT 
= +6 cos*é -- 

| Cust fc* Cut $c* Cut4c* Cart 3c* V 








(| (q,)) |?) 


(| M (qs) |2-+ | (q,t2) |?) 


(Zat+cos¥Zy) 
1 
C12t2Caat 3c* a 


r0.375 0.625 9 1 1 kT 
2.2 cos*#(1—cos%) + + - cos { ——- 
Cus Cutdc* 8 Cu Cart hc* ¥ 


$c* (0.15—1.50 cos*#+-1.75 cos?) \r 
V 


C12 +-2c44+ ¥c* 











the coefficient C, for a crystal of volume V, 
C= (m,*m2*m;*)*V /2)h'. (40) 


When the energy shifts de“ at the band-edge points are 
expressed as linear combinations of the strains u,, the 
|M|? for each branch a of the vibrational spectrum 
becomes a linear combination of products u,(q,a),(q,a) 
of Fourier coefficients of the strains. Our task in this 
section will be to evaluate the thermal averages of these 
quadratic expressions, in terms of elastic constants and 
temperatures. 

In the preceding section (Table II), we have already 
made use of the deformation-potential constants =, 
(s=1 to 6), defined by 


6 
bO=>> =, u,, 


s=l 


(41) 


where de“ is the shift of the energy at the band edge 
point K“ due to a strain with components «, indexed 
in the usual manner and referred to the crystallographic 
axes. Since the constants going with one valley i of a 
many-valley semiconductor are derivable by a sym- 
metry transformation from those going with any other 
valley j, we shall henceforth assume that we are working 
with a particular valley i, and omit the suffix i from 
z.™. The coefficient of u,(q,a)u,(q,a) in |M|? is thus 
=Z,r=s. To evaluate the thermal average (u,(q,a).(q,a)), 
let us suppose that 


u,(q,a) < f-(q,a), (42) 


with a factor of proportionality independent of r. The 
f, are thus simply unnormalized facvors describing the 
state of polarization of the mode q, a, factors which can 
be determined from the theory of elastic waves, or, if 
q is in a symmetry direction, from symmetry alone. 
Since the q’s of interest to us are in the equipartition 
range, the mean elastic potential energy of the mode 


q,a is 
Wed Cro(r (Gyr) 44(G,xe)) = ZRT, 


re 


(43) 


where the c,, are the elastic constants and V as before 
is the volume of the crystal. This equation can be used 
to determine the proportionality factor in (43). Thus, 
finally, 


| M (q,a) |?= (kT/V)% Btefefe/ Crofrfs. (44) 


We shall be concerned in the following with valleys 
on (100) or (111) axes in the Brillouin zone of a cubic 
crystal. For these cases symmetry allows all the =, to 
be expressed in terms of two constants Z,, Z., as shown 
in Table II and discussed in the preceding section. 
Note that the band edge shift Z, per unit change of 
volume, introduced by Bardeen and Shockley,® is 
given by 
(45) 


E,\=Zat Eu. 


Table ITI gives values of the polarization factors /,(q,a), 
for wave vectors q in symmetry directions. From these 
two tables, and (44), we can construct the | M(q,a) |? 
for any q in a symmetry direction. This matrix element 
of course has the symmetry of the valley in its de- 
pendence on the direction of q, and it is independent of 
the magnitude of q for any given direction. Table IV 
gives the results. 

To evaluate the relaxation-time integrals (11) we 
of course need to know }- | M/|? for all directions of q. 
Moreover, it is useful to keep separate the contributions 
|M(q,l)|* of the longitudinal modes and | M(q,/,)|* 
+ |M (q,t2) |? of the transverse modes, since in one field 
of application, the phonon contribution to the thermo- 
electric power,” scattering by longitudinal modes has 
much more effect than an equal amount of scattering 
by transverse modes. Methods of interpolating these 
contributions for directions not along symmetry axes 
are described in Appendix B, and the results are given 
in Table V. The quantity tabulated is the azimuthal 
average of the contribution to the squared matrix 
element, i.e., the average over all directions of q ob- 
tainable by rotating a given q about the symmetry 


2 C, Herring, Phys. Rev. 96, 1163 (1954). 
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TABLE VI. Coefficients in the expressions (49), (50) for the principal relaxation times, for a cubic semiconductor, in terms of the integrals 
In, Jn, defined in the text. The abbreviations c* =¢,;—¢12—2ca, and ¢;=C12+2¢44+3c* have been used. 





Type of valley 
(direction of K“)) + 100 


111 





tu Tot (e*/e1) (—0.15J9+1.57,—1.752) 
21+ (c*/e1) (—0.31,+312—3.5]3) 
C1(Caat Gc*) 
rT 
(Cua +$c*) (Coa t4c*) 





c*cr 


(Coa t$e*) (Car t+-3c*) 


—1.751,) 





(I2—Is) 


Ea, ma, $a 


(1i—T2) + (c*/er) (—0.15/2+1.5/ 5 I; 


To+ (c*/e1) (0.1029 —7,+1.177.) 

21, + (e*/e) (0.27, —272+2.33/;) 
ci(Cartte*) 

+$——— (Ih 12) + (c*/e1) (0.107 2.— 73+ 1.177,) 
Cu (Cuat}c*) 


3 c*c 
+-———_(h-Ih) 
8 C44(Caat+3c*) 


same as for parallel cases above but with }/, replacing each /,. 








axis of the valley; according to (12) only this average 
is needed for the evaluation of (11). 

Several features of the table entries are worth noting. 
All the entries are polynomials in cos’#, where 6 is the 
angle between g and the symmetry axis of the valley. 
For vanishing elastic anisotropy c*, these become 
quadratic forms in cos’#; the last term in the square 
brackets of each of the four rows of the table represents 
a small anisotropy correction and contributes terms 
cubic or quartic in cos’. The physical origin of the 
effect of elastic anisotropy is, of course, the effect of this 
anisotropy in making the rms strain amplitude of modes 
of a given branch dependent on the direction of q 
relative to the crystal axes. Another feature to be noted 
is that the contributions of the transverse modes involve 
only the shearing deformation potential Z,, and are 
independent of Z4 (or E;). This is to be expected, since 
in the approximation we have used in Appendix B the 
transverse modes involve only shearing deformations. 
For a similar reason, the contribution of the transverse 
modes vanishes when q is along the symmetry axis or 
normal to it: for these directions of q the shear in a 
transverse mode (assumed to be exactly transverse) 


always has an orientation which is forbidden by sym- 
metry to produce a first-order shift in the energy of the 
center of the valley. Thus the maximum contribution 
of the transverse modes to the scattering comes from 
values of 6 near 45° and 135°. 

The contributions of the longitudinal and transverse 
modes to the azimuthal average (A), which we need to 
use in (11), can now be obtained by inserting the cor- 
responding entries of Table V in place of >>| M|? in 
(39), and using (40). 


5. EVALUATION OF THE RELAXATION TIMES 
FOR ACOUSTIC SCATTERING 

In this section, we shall outline the tedious but 
straightforward evaluation of the relaxation time 
integrals (11) from (39), (40), and Table V. 

The integration in the numerator of (11) is over solid 
angles d9 and dQ, or equivalently over polar angles 6’, 
8 and azimuthal angles a’, a, defined relative to the 
symmetry axis of the valley. We have seen that the 
scattering probability A on a constant-energy surface 
can be replaced by its azimuthal average (A), so that 
the integrand for 1/7,, depends only on (a’—a), while 


TABLE VII. Values of the integrals /,, J, defined in the text, as functions of the ratio r=m,*/my*. 








r<i 


r>i1 





4/3 
4ri 4(1—4,r) 
arcsin(1—r)#+ 

3(1—r)? 


(1—r)s/2 


10r3 
———— arcsin(1—r)#+ 
(1—r)7/2 


2(2—14r —3r*) 
3(1-—r)8 
8/3 
4r3 (8+4r) 
= arcsin(1—r)#+ 
(1—r)5/2 


3(1—r)? 
2r#(3+-2r) (8+-22r) 
—————— arcsin(1—r)*+ 
(1—r)! 


3(1—r)* 


4/3 
arcsinh(r—1)#+ 
" 3(r—1)? 
2(2—14r —3r*) 


3(r—1)8 


(r—1) 5/2 


10r! 
————— arcsinh(r—1)* 
(r—1)7/2 


8/3 


4r} (8+-4r) 
= arcsinh (r —1)#+ 
3(r—1)? 


(r—1)5/2 

2rt(3+2r) (8+-22r) 
————— arcsinh(r — 1) #— 
3(r—1)? 


(r—1) 
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that for 1/7, can be averaged for a’ for fixed (a’—a). 
Thus we can reduce the two integrals to 


1 1 1 
Lary f f cos8(cos— coss’)((A))d (cosé’)d (cos@) 


Tu 


46 
and (46) 


3r 1 1 
—== f (sin?8((A))—sin8’ sin8(cos(a’—a){A))) 
baited Xd(coss’)d(cos), (47) 


respectively, where the outermost angular bracket 
means an average over (a’—a), the inner one being, as 
before, an average on a’ for fixed (a’—a). 

According to (39) and Table V, (A) is a polynomial 
in cos*@, where 6, the polar angle of the wave vector 
q=+(K’—K), is a function of 8, 8’, and (a’—a). Using 
the transformation (4) from K-space to g space, we 
find explicitly : 


(coss’ — cosf)? 
(coss’—cos8)*+ (mi*/my*)[sin’3’+sin*3 


— 2 sin’ sin cos(a’—a) } 





cos’6 = 


Let us denote by J, the value of the double integral in 
(46) when the mth power of (48), cos’"@, is inserted in 
place of (A). Similarly, let J, be the value of the double 
integral in (47) for the same substitution. Then from 
(46), (47), (39), and Table V we obtain 

1/7,= (3eCkTAe/Ve))(E, ze +0, Zazut f=. |, 
1/7,= (3rCkTAB/Ve) (EP +n eae t hE? |, 


where 


(49) 
(50) 


C=Cit 2cuat3c* 


is the average elastic constant for longitudinal waves, 
already encountered in Table V, where the quantity C 
is given by (40), and where the dimensionless coefficients 
Ey) My €tc., are as given in Table VI. The expressions 
for these coefficients consist of two groups of terms, a 
major group involving only the J,, J, for n=0, 1, 2, 
and a group containing the elastic anisotropy c* in the 
numerator and involving integrals for »=3 or 4. The 
latter group arises from the last terms in the square 
brackets of Table V. As we shall see, these terms are 
fairly small compared with those of the first group. 
The integrals J,, J,, though very complicated, can 
be evaluated analytically.” Table VII gives the results 
for n=0, 1, 2, in terms of the mass ratio r=m,*/m,,*. 
Figures 2 and 3 show both these exactly calculated 
integrals and some estimates, believed to be fairly 
accurate, of the integrals for n=3 and 4. The latter 
were obtained from exact values at r=0, 1, and © and 
the trends of the exact integrals for the lower values of 


(51) 


8 We are greatly indebted to Dr. M. C. Gray for pointing out 
that this can be done, and for the explicit evaluations. 


', 


0.4 0.6 08 10 08 06 0.4 02 0 
hn * /en* then e 
yt <—|—> runs 


Fic. 2. Values of the integrals /, as functions of the square root 
of the mass ratio. Note the change of abscissa at mass ratio unity. 


n. Since the integrals for n=3 and 4 occur only in the 
small terms of Table VI proportional to the elastic 
anisotropy, it is not necessary to know them as accu- 
rately as those for n=0, 1, 2. 

The tables and figures just referred to contain all the 
information necessary for the calculation of the mo- 
bility and other transport properties for the case of 
pure acoustic scattering. Since the formulas contain 
quite a number of parameters (masses, elastic constants, 
deformation potentials), no concise chart can be con- 
structed which will cover the results for all possible 
cases. However, one can get a fair idea of what to 
expect in any actual case from sample calculations 
made for a typical set of ratios of the elastic constants. 
Such sample calculations of the mobility are given in 
Fig. 4. The ordinate measures the acoustic mobility wa, 
i.e., the mobility which would be observed in a crystal 
free of impurities and imperfections, at temperatures 
low enough for intervalley and optical mode scattering 
to be negligible. The abscissa is the ratio of the two 
deformation potential constants defined in Table II; 
of these two, Z, can be determined with fair accuracy 
from piezoresistance measurements, as the combination 
of Eqs. (27) to (31) with (16) and (17) shows. 


2.6 


0 O02 04 0.6 
yn, = <——| ——> prin? 


Fic. 3. Values of the integrals J, as functions of the square 
root of the mass ratio. Note the change of abscissa at mass ratio 
unity. 
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Fic. 4. Dependence of the low-temperature lattice (acoustic) 
mobility za on the mass ratio and the ratio Z4/Z, of the two 
deformation-potential constants, as calculated from the expressions 
of Tables VI and VII with c*=0, ¢1/c4=3. The curves apply 
equally well to valleys centered on (100) or (111) axes. 


All the curves of course go down as Z4~* for large 
|Za|; more interesting are the peaks in the range 
—1<2,/Z.<0. For mass ratio zero the peak is infinite, 
arising from the fact that for Za=—Z, the matrix 
element for scattering in a direction parallel to the 
valley axis vanishes (see the first and sixth rows of 
Table IV). Similarly, an infinite peak again occurs, at 
Zz=0, for mass ratio infinity, since for this value the 
matrix element vanishes for scattering in a direction 
perpendicular to the valley axis. For intermediate 
values of the mass ratio, u cannot become infinite, since 
it involves averages over all directions of scattering, and 
the matrix elements for different directions will not 
vanish simultaneously ; only a finite peak remains. Note 
that the curves for mass ratios } and 4 lie much closer 
to that for mass ratio 1 than to those for 0 or @. 


6. APPLICATION TO n-TYPE GERMANIUM 
AND SILICON 


As we have just noted, calculation of 7,,, 7,, wa, etc., 
requires as inputs the effective masses, elastic constants, 
and deformation potentials. For germanium and silicon 
the masses are fairly accurately known from cyclotron 
resonance experiments; in this section, we shall adopt 
the values given by Dresselhaus, Kip, and Kittel.” 
The elastic constants were taken as the liquid air values 
of Fine!® (Ge) and McSkimin'® (Si). The deformation 
constant Z,, corresponding to uniaxial shear is, as we have 


4 Dresselhaus, Kip, and Kittel, Phys. Rev. 98, 368 (1955). 

16 M. E. Fine, J. Appl. Phys. 24, 338 (1953). Our calculations 
were completed before we noticed that there is a small but per- 
ceptible difference between these values and the presumably 
more accurate ones of reference 16. Use of the latter would 
increase the ua’s of Fig. 5 by a few percent. 

16 H. J. McSkimin, J. Appl. Phys. 24, 988 (1953). 


remarked, almost specified if the largest of the piezo- 
resistance constants is known. Recent piezoresistance 
measurements,'” made on m type germanium and silicon 
over a wide range of temperature, show a term in 1/T 
to be dominant as long as only lattice scattering is 
important; from these data and Eqs. (27), (28), and 
(31) we shall adopt values, given in the following, for 
Eu (uy °—p,)/u. However, the other deformation 
potential constant Z4, or equivalently the EZ; given by 
(45), can at present only be determined indirectly. 
Sources of information for this second constant include 
magnetoresistance data, which under ideal conditions 
yield the ratio 7,m,*/r,m,*, and data on the phonon 
contribution to the thermoelectric power at tempera- 
tures in the boundary scattering range,’* which tell 
something about the relative amounts of scattering by 
longitudinal and transverse modes.” Ancther eventual 
source of information will materialize when the theory 
of mobility is worked out for holes in germanium and 
silicon, since the E; values for electrons and holes must 
combine to give the observed change of energy gap 
with volume. However, as we shall see, none of these 
sources currently provides a very good value of =, or Ei, 
so we shall present the results of our calculations in 
the form of curves showing the dependence on Zz of ua, 
7,,/7T,, and the ratio of scattering by longitudinal modes 
to total acoustic scattering. These curves will show to 
what accuracy the presently available data on the 
various phenomena can be fitted by a single choice of 
our one remaining adjustable constant Z4, or equiva- 
lently, how well one can predict the mobility from any 
given present or future data on the other effects. 

The calculated mobilities 1.4 due to acoustic scattering 
alone can be compared directly with observed mobilities 
u only if there exists a temperature which is high enough 
for impurity scattering to be unimportant, yet low 
enough for intervalley and optical mode scattering to 
be negligible, and not so high as to make it risky to 
assume applicability of the cyclotron masses. The tem- 
perature 100°K, which seems to satisfy these criteria 
for the best » germanium samples, was chosen for the 


TABLE VIII. Data used in calculating Figs. 5 and 6. Sources are 
as described in text. 








Ge Si 


1.58 0.97 
m,*/m 0.082 0.19 
(m;*/mu*)4 . 0.228 0.442 

Cie 0.53X 10% 0.801 10" 

dynes/cm? dynes/cm? 

Cu 0.680 10" 0.650% 10% 
ad —0.534X 10" —0.426X 10" 
Ct 1.573X 10" 1.845 102 
mii vaates —(19 000/T)+const. 
mu — (29 600/T)+-const. see 





m,*/m 








1! Morin, Geballe, and Herring (to be published). 
18 T. H. Geballe and G. W. Hull, Phys. Rev. 94, 1134 (1954). 
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Ha 'N CM?/VOLT SEC 
AT 100°K 


IMPURITY 
DOMINANT 


PURE 
ACOUSTIC 
SCATTERING 


“2.0 -1.6 -1.2 -0.8 -0.4 


Fic. 5. Some experimentally important quantities for m ger- 
manium, plotted against the ratio Z4/Z, of the two deformation 
potential constants. Top curve: mobility ua at 100°K due to 
scattering by acoustic modes only. The arrows show the abscissae 
corresponding to the observed mobility in very pure materials. 
Middle curves: ratio of the rate of loss of crystal momentum to 
longitudinal acoustic modes, in an actual crystal, to the rate of 
loss to all acoustic modes in a perfect crystal. The horizontal line 
shows roughly the range of abscissae compatible with Geballe’s 
thermoelectric measurements. Bottom curve: ratio of the two 
relaxation times. The arrows show values obtained from pre- 
liminary magnetoresistance measurements by Morin on two very 
pure specimens. 


plots; however, there do not yet seem to be any data 
on » silicon which satisfy the two scattering criteria. 

Table VIII gives the data upon which the calculations 
were based, and Figs. 5 and 6 give the results for n 
germanium and » silicon respectively. The way in which 
the calculations were made is illustrated by the dis- 
cussions for germanium and silicon which follow. The 
limitations of the present method, as discussed in Sec. 2 
and Appendix A, are such that the calculated uw should 
always be too small. However, the error should be slight 
if r,,/7, is near unity, and should be serious, if at all, 
only for rather large values of 7,,/7,, say > 2. 


n-Type Germanium 


The J, and J, corresponding to the proper mass ratio 
were read off the curves of Figs. 2 and 3, and used with 
Table VI to evaluate the bracketed quantities in the 
expressions (49) and (50) for the two relaxation times. 


THEORY 


These were found to be, respectively, 
C1 J=2.7[1.31 (Ze/Zu)?-+1.61 (Z4/Z..)+1.01]. 


The ratio of these is the r,,/7, plotted in Fig. 5. To get 
=, from the observed piezoresistance constant’ mys, (16) 
and (17) were used to write (31) in the form 


(52) 
(53) 


(ruma*/tumy*) +2 


(54) 


1 Eu —— 
N4=--— . 
3 kT 

For any assumed 24/Z,, the 7,,/7, just computed were 
used in this to compute 2, and hence to evaluate (52) 
and (53), and from these the 7’s and wa. The value of 
=. corresponding to 7,,/7,=1 (close to the “observed” 
value) was found to be +16.7 ev; the extremes of 
variation of 2, for different values of Z./Z,"were from 
1.02 to 0.7 times this. 


n-Type Silicon 


By the same method, the bracketed quantities in (49) 
and (50) were found for this case to be 


C4] =2.2[1.33 (Za/Zu)?+1.15 (Za/Zu)+1.18]. (56) 


x 103 


Ma 'N CM2/VOLT SEC 
AT 100°K 


NEUTRAL 7 
IMPURITY SCATTERING | ,7 
DOMINANT ‘d 


7 PURE 
7 ACOUSTIC 
SCA 


“2.0 14.6 1.2 -0.8 -0.4 0.4 0.8 


° 
~ 
os 
a 


AU 


Fic. 6. Same as Fig. 5, but for m silicon. 
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In place of (54) we used, from (27), 
2 Eu (rums*/ramu*) —1 
ny)>=-—- * 
3 k (rums*/ramu*)+2 
This gave Z,=—7.0 ev for r,,/7,=1; the extremes for 
different Z./Z, were from 1.12 to 0.68 times this. The 
resulting ua and 7,,/7, are shown in Fig. 6. 
We shall now discuss some of the ways of getting 


information on the proper value of Z4/Z, to use in 
Figs. 5 and 6. 





(57) 


Longitudinal versus Total Scattering 


The phonon contribution to the thermoelectric 
power” of an extrinsic semiconductor of low carrier 
concentration has the general form 


Qp= Feft/uxT, (58) 


where 7 is a suitably averaged relaxation time for the 
participating phonons, ¢@ an average sound velocity, u 
is the mobility of the current carriers, and f is the 
fraction of their crystal momentum which in a con- 
duction process is delivered to phonons, as opposed to 
impurities, etc. The upper sign is for m type, the lower 
for p. A more refined formula is obtained by summing 
expressions of the form (58) for different groups of 
phonons, each group having its own @, 7, and f. Now 
it can be shown” that, at the long wavelengths which 
are of interest here, phonons of the longitudinal branch 
suffer much less scattering by other phonons than those 
of the transverse branches. If this difference were suf- 
ficiently extreme, there would be a range of temperature 
in which the 7 of longitudinal phonons would be deter- 
mined by boundary scattering and the 7 of the trans- 
verse phonons would be much smaller and determined 
by phonon-phonon scattering. In this range Q, would 
be determined by yu, the dimensions of the specimen, and 
the fraction f; of the carriers’ crystal momentum which 
is delivered to longitudinal phonons. While this idealized 
state of affairs may not be fully realized, it probably 
comes close enough to make possible the extraction from 
thermoelectric data of at least a rough value of f;/u, or 
more. conveniently, of, the dimensionless quantity 
futa/u. 

For the case of pure lattice scattering, u=ya at 
the low temperature where Q, is boundary-limited, and 
the calculation of f; can be made easily by breaking up 
the entries of Table VI into longitudinal and transverse 
contributions corresponding to the entries of Table V. 
When impurity scattering is dominant both f; and p will 
be reduced, and their ratio will be different, since the 
carriers will be differently distributed in wave number 
space. However, for any assumed scattering law it is a 
straightforward matter to compute the steady-state dis- 
tribution in an electric field, and using the transition 
probabilities (39) to calculate the rate of loss of crystal 


#® C. Herring, Phys. Rev. 95, 954 (1954). 
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momentum to longitudinal phonons. This calculation 
was carried out for the case r,,=7,=constant, corre- 
sponding to neutral impurity scattering. The middle 
sections of Figs. 5 and 6 show the results along with those 
for pure lattice scattering. No curves are given for the 
important case of scattering dominated by ionized im- 
purities, however, because it is not yet known what 
anisotropy should be assumed for ionized impurity 
scattering. 

Experimental data with which to compare these 
curves are not yet very adequate. If the reciprocal re- 
laxation time of transverse phonons is assumed neg- 
ligible at’20° K for the m germanium specimen E of the 
Geballe-Hull paper,’ and if the longitudinal phonons are 
assumed diffusely scattered at the boundaries of the 
specimen and there only, fya/u comes out to be 0.76. 
Relaxation of the former assumption would lower this 
value, as would any departure from diffuse reflection. 
Thus to the accuracy of the data we can say that 
Sma/u<0.76 unless there was appreciable scattering of 
phonons by interior imperfections, an occurrence which 
seems unlikely in the light of the sensitivity of this and 
similar specimens to changes in size at higher tempera- 
tures. 

Comparable data on » silicon are not available, as 
the data of Geballe and Hull” for this material do not 
extend to low enough temperatures to be dominated by 
boundary scattering. 


Magnetoresistance 


If magnetoresistance and Hall effect could be 
measured under conditions of pure acoustic scattering, 
7,/Tr could easily be determined from the values of 
the low-field ratios oagys/oqn’, using (21), (17), and 
(19) or the equivalent equations of the single-r theory? 
with m,*/m,* replaced by w=7,,m,*/r,m,*. For n 
germanium, for example, we would have 


Taapp (Ap/pH):90+(un/c)? 1+(5/2)w+w* 
(Ap/pH*) 100 (w—1)? 





(59) 


Taaaa 


Alternatively, one could obtain w from the high-field 
magnetoresistance; for germanium, for example, we 
find from (23) or from references 2 and 3 


H-~||(100), py/po->(2+-w)(1+2w)/9w. (60) 


Unfortunately, measured magnetoresistance values 
seem often to be appreciably perturbed by distortions 
of current geometry near the ends of the specimens, and 
at low fields the magnetoresistance is rather sensitive 
to small amounts of impurity scattering. For these 
reasons, we do not believe that one can trust to better 
than +25% or so the values of 1,,/7, deducible from 
measurements such as those of Pearson and Suhl.® 
Morin has commenced some experiments designed to 
obtain magnetoresistance constants more characteristic 


*” T. H. Geballe and G. W. Hall, Phys. Rev. 98, 940 (1955). 
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of ideal conditions, and has supplied us with some pre- 
liminary results.”4 These show fair agreement with the 
77° high-field magnetoresistance results of reference 9, 
which give? w~0.05. At low fields, Morin finds a 
dependence of the left of (59) on impurity content 
which is of the expected order of magnitude; if his best 
specimens can be assumed nearly unaffected by im- 
purity scattering at 78°K, they too give w=0.05, or 
T,/T,= 1.0. 

For silicon, the available information is less complete. 
The low-field magnetoresistance data of Pearson and 
Herring” give w=1/4.6, or 7,,/7,=1.1, at liquid air 
temperature. However, this value may be appreciably 
in error, as the specimens used must have had appre- 
ciable impurity scattering. 


Intervalley Scattering in n Germanium 


Although our main concern in this paper is with 
acoustic scattering, it is worth while to add a comment 
on the apparent smallness of intervalley scattering in 
germanium, as indicated by the fact that the exponent 
p in ux T-? exceeds } by only 10% or so.” Since there 
are two atoms per unit cell, there are six branches to 
the vibrational spectrum of the lattice, and it is at first 
sight surprising that all of these branches should give 
small contributions to intervalley scattering. However, 
a consideration of the symmetry restrictions imposed 
by the space group of the crystal shows that while 
part of the smallness is fortuitous, part is not. If, as 
seems likely theoretically, the band-edge points K‘ 
occur at the centers of the hexagonal faces of the 
Brillouin zone (points Z in the notation of Bouckaert, 
Smoluchowski, and Wigner™), the intervalley phonons 
must have wave vectors K“)— K‘* which end at the 
centers of the square faces (points X). If Dx‘ is the 
representation of the full space group to which the 
phonon belongs, and D;‘ that to which the electronic 
band-edge state belongs, the intervalley matrix element 
connecting two band-edge states can differ from zero 
only if Dx” XD, contains Dz. If this matrix 
element vanishes, then phonons of the branch in ques- 
tion can take K‘°+AK to K®-+AK only with a 
matrix element which is of order AK‘ or AK“, hence 
very small. Calculation shows that when D,;“* arises 
from the representation ZL; of the group of the wave 
vector, (in the notation of Bouckaert et a/.“) and Dx“ 
arises from X;3 (in the notation of Herring”®), then the 
matrix element in question vanishes. Since L; is believed 
to be the symmetry type of the electronic band edge 
state, and X; is that of the two lowest branches of the 
frequency spectrum, this eliminates intervalley scat- 


21 F, J. Morin (unpublished). 

2G. L. Pearson and C. Herring, Physica 20, 175 (1954). 

FJ. Morin, Phys. Rev. 93, 62 (1954). 

*% Bouckaert, Smoluchowski, and Wigner, Phys. Rev. 50, 58 
(1936). 

8 C. Herring, J. Franklin Inst. 233, 525 (1942). 
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tering by the two branches which might normally be 
expected to make the biggest contribution. 

We may note finally that if the electronic band edge 
point were in the interior of the Brillouin zone, instead 
of on its boundary, no such selection rule would obtain. 


CONCLUSIONS 


We have seen that for » germanium the deformation- 
potential constant 2, has a value of the order of 17 ev. 
If Za were, say, of equal magnitude, the volume defor- 
mation-potential constant FE, would, by (45), be about 
23 ev. Such a value is unlikely, since the shift Eig of 
the energy gap with dilatation is only about 5 ev.* To 
reconcile such figures one would have to assume a high 
E; for the valence band, and this would probably im- 
ply a rather lower hole mobility than is observed. This 
sort of argument greatly limits the possible choices of ab- 
scissa in Fig. 5; for example, if we wish | £;| to be <10 
ev, we must take 24/2, between about +0.3 and —0.9. 
Happily, it turns out that the value —0.14 indicated by 
the observed mobility” lies within this range, is close to 
the value —0.23 corresponding to the magnetoresistance 
estimate 7,,/7, ~ 1, and lies in the range indicated as com- 
patible with thermoelectric evidence on fya/u. Thus, we 
have been reasonably successful in finding a value of our 
single adjustable constant which will fit all the different 
types of observations. If this calculation is regarded 
as an attempt to predict the mobility from other 
data, Fig. 5 indicates that this could have been done 
with fair confidence to within +50%; better magneto- 
resistance data may soon narrow these limits. It is a 
fortunate accident that for m germanium the use of an 
isotropic relaxation time, as in references 2 to 4, seems 
to be very nearly justified; things might easily have 
turned out very differently. This fact implies that the 
underestimation of the mobility, characteristic of our 
method, is slight for this case. 

For silicon not only are there less data to fix Z4/Z., 
but even the experimental value of ua seems quite 
uncertain. A lower limit of 14(100°) is provided by the 
u(100°) of specimen 130 measured by Morin and 
Maita,”® which was 9000 cm*/volt sec. However, this 
was undoubtedly affected by impurity scattering, and 
a considerably larger ua is not excluded. Figure 6 
suggests either that yw is in fact considerably larger, or 
else that magnetoresistance measurements with more 
perfect specimens than those of reference 22 would 
show an anisotropy considerably different from that 
reported there. 
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APPENDIX A. TESTS OF THE ACCURACY OF THE 
APPROXIMATION BASED ON THE RELAXATION- 
TIME TENSOR 


Let there be given some scattering functions S, and 
S.=A(¢,¢’)5(¢’— ¢)/¢* on a constant-energy surface. 
Let dj be the contribution to the current from a thin 
energy shell around this surface, in the presence of an 
electric field E. We shall compare dj, for a number of 
calculable cases, with the approximate current dj* 
calculable from the approximation described in Sec. 2, 
ie., from (15) and (11). We shall consider only scat- 
tering with axial symmetry. 

The most obvious class of cases for which the 
transport equation (1) is soluble is of course the class 
for which a velocity-dependent scalar relaxation time r 
exists. With axial symmetry 7 can depend only on 8, 
the angle between g and the symmetry axis, and the 
transport equation reduces to 


(9 f/9t)seras=Lf—f 1/7 (8). 
For such cases, (11) reduces to 
1/7 = 3(cos’8/r(B))s, 
1/7,= }(sin’8/r(8))s, 


where the average with a subscript S is over the 
surface of a sphere in ¢ space. The ratio of approximate 
to exact currents for fields in the parallel direction is 
thus 


(Al) 


(A2) 
(A3) 


dj,*/dj,=}37,/(7 (8) cos’B)s, (A4) 
dj*/dj,=}371/}(7 (8) sin’B)s. (AS) 


Table IX gives values of (A4) and (A5) calculated 
for a few relaxation times of the form 


1/r(8)=(1+A cos*8+B cos8)/ro. 


It will be seen that the approximate values are very 
good when the maximum and minimum values of 7(8) 
are within a factor two or three of each other, but that 
they get worse as the anisotropy increases. The last two 


(A6) 


TABLE IX. Comparison of approximate current dj* with exact 
current dj for some cases describable by a simple relaxation time 


r(8). 








7(0)/r(/2) 


0.50 
0.50 
2.00 


djy,*/djy 


0.970 
0.958 
0.92 


0.93 


0/7 (8) 
1+-cos’s 
1+cos*g 
1—4 cos’s 


1+2 cos’g 


dj ,*/dj, 


0.974 
0.995 
0.98 


0.93 


0.89 0.93 
0.53 0.88 0.84 
0.33 0.56 0 

2.00 0 0.83 


T/T. 


0.75 
0.76 
1.29 





0.33 0.64 


1—cos*8+} cos 4.00 1.62 
i+4 cos’s 0.20 
1+ © cos’8 0 
1—cos*8 2 
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lines of the table represent singular cases for which the 
true current is infinite for one of the directions of E; 
as this infinity is not reproduced in the approximate 
calculation, the ratio of approximate to true values is 
zero. 

Since equivalence to a relaxation time is a rather spe- 
cial property for a scattering function, it is of interest to 
compare dj and dj* for scattering functions not pos- 
sessing this property. To do this, we need to construct 
such more general functions which will still permit easy 
solution of the transport equation. One way of doing 
this is suggested by the fact that the transport equation 
can be transformed into an integral equation of the 
Fredholm type,”’ and the fact that the solution of such 
an equation can be reduced to the solution of linear 
simultaneous equations if the kernel 1s expressible as a 
finite sum of terms of the form fi(¢) f(g’). It turns 
out that for the Fredholm kernel to be of this form it is 
necessary and sufficient that A(g,@’) be of this form. 
Since in our problem A is symmetrical, we shall inves- 
tigate a few cases for which 


A(¢,¢’) = Aol 1+A1L1(8)L1(6’) +A2L2(8) L2(8’) J. 


If we wish A not to be describable by a relaxation time, 
the functions Z;, Zz must not both be even in B=r—8. 

The cases of this form for which we have made cal- 
culations are summarized in Table X; the results seem 
at least as encouraging as those of Table IX. For the 
scattering function given in the first line the approxi- 
mation is exact, since this A takes any first-order har- 
monic into a first-order harmonic. It is noteworthy that 
for the case A « 1+-cos(6’—8) our approximation works 
very well, better than for the cases of Table IX which 
had a comparable 7,,/7,. This is a A which tends 
to limit the scattering to final states with a polar angle 
not far from that of the initial state, wherever the latter 
may lie. This is just the type of anisotropy which is 
most prominent for semiconductors with prolate energy 
surfaces when 7,,/7,>1; a similar effect may occur in 
impurity scattering also. There is thus a suggestion 
that our approximations are not hopelessly poor even 
near the maxima of the 7,,/7, curves computed in Secs. 
5 and 6 (Figs. 5 and 6). 

In accordance with the remark already made in 
Sec. 2, the last two columns of Tables IX and X are all 
<1. The fact that the entries in these two columns are 
usually even closer to each other than they are to unity 


(A7) 


TABLE X. Comparison of approximate current dj* with exact 
current dj, for some cases not describable by a simple relaxation 
time. 








A(B,B’)/Ao 
1-++A cos8 cosp’ 1. 
1--c0s*8 cos*p’ 1. 
1-+-cos(p’ —£) 1. 


dj,,*/djy dj ,*/dj, 


1.00 1.00 
0.997, 0.997 1.00 
0.98, 0.94 0.99, 0.91 


/T. 


33 to 0.67 
14, 0.89 
53, 0.35 











™M. Kohler, Ann. Physik 27, 201 (1936). 
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implies that properties of a semiconductor which involve 
only +,/7, can probably be calculated even more 
reliably using our approximations than can those which 
involve absolute values of the r’s. In fact, if one is not 
interested in calculating r’s from first principles, as we 
did in Secs. 4 to 6, one may be tempted to define r,, 
and r, from the anisotropy of conductivity of a valley, 
and then to hope that the 7’s so defined will give very 
good results when applied to magnetoresistance theory, 
etc. While this may sometimes be the case, it is easy to 
show that for sufficiently anisotropic scattering func- 
tions there is no limit to the amount by which, for 
example, the magnetoresistance can depart from the 
value estimated by putting such empirical r’s into the 
theory of Sec. 3. Thus although we believe the approxi- 
mations of Sec. 2 provide a good basis for transport 
theory when the anisotropy of the scattering function 
is slight to moderate, we doubt that any major improve- 
ment in the accuracy of the method can be made by 
very simple means. 


APPENDIX B. INTERPOLATION FORMULAS FOR THE 
MATRIX ELEMENT 


We wish to approximate |M(q,/)|? and |M(q,t:) |? 
+ |M(q,t2)|? by combinations of spherical harmonic 
functions of the direction of q. 

According to Table IV, there are, for either type of 
valley, five independent directions of q along symmetry 
axes of the crystal. For a (111) valley, the five simplest 
even spherical harmonic functions with the symmetry 
of the valley are 


1, P2(cos@), Ps(cos6), Ps(cos@), and sin*@ cos@ cos3a, (B1) 


where @ is the angle of q with the (111) direction, and 
a the azimuthal angle relative to a (110) plane. The 
entries of Table IV for the two transverse modes were 
added, and the sums fitted to these five spherical har- 
monics. Averaging the resulting expression on a gave 
the last line of Table V. 

For a (100) valley, the five simplest spherical har- 
monics with the proper symmetry are similar to (B1), 
but with the last expression replaced by sin‘# cos4a. 
When these are fitted to the transverse contributions 
of Table IV the coefficients of the first and last terms 
obviously vanish, since there are two types of symmetry 
directions with cos@=0, for which the matrix element 
vanishes. The second line of Table V was obtained from 
the fit to the remaining three harmonics. An alternative 
interpolation using sin*@ cos’@ cos4a instead of the 
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spherical harmonic sin‘ cos4a gave azimuthal averages 
which differed from these by only a negligible amount. 

For the longitudinal modes a similar fit can be made; 
however, there is an alternative procedure which is 
probably more accurate. This is based on the assump- 
tion that for arbitrary direction of q the displacements 
in the longitudinal mode are exactly longitudinal, so 
that frz= 2’, foy=2q2Qy, etc. This assumption is valid 
for symmetry directions of q, and though not exactly 
valid for other directions, is probably not far off. If we 
adopt it, we find after a little algebra 


kT (Zat+cos*Z.,)* 
| M(q,)) |?=— 





(B2) 


Ve cro 2ea4+ (gia! +quyt+que!)c* 


where q; is the unit vector in the direction of q, x, y, z 
refer to the crystal axes, @ is the angle of q with the 
valley axis K, and c*¥=¢1:—¢12—2c44. Since the term 
in c* in the denominator is fairly small, it suffices to 
represent (B2) by the first two terms of its Taylor ex- 
pansion in powers of c*. The first and third lines of 
Table V were obtained from these by carrying out the 
averaging operation over all azimuths of q about the 
valley axis. 

It is interesting to compare the results of the inter- 
polation procedure just described with those obtained 
from a spherical harmonic fitting of the |M(q,/)|? in 
symmetry directions, as described for the transverse 
case above. The two procedures must of course agree 
exactly as far as the term independent of c* is concerned 
and also in the terms first-order in c* which are propor- 
tional to Z/? and Z4z,. For the term in Z,2c*, the spheri- 
cal harmonic treatment gives, for a (111) valley, an 
expression containing 


(—0.186 cos’@+-0.023 cos@+-0.563 cos*#) 
instead of the 
(0.15— 1.50 cos*@+ 1.75 cos‘) cos? (B4) 


occurring in the third line of Table V. These agree, as 
they must, at cos’?@=0 and 1, but differ somewhat in 
between. With the values of J,, J, appropriate to ger- 
manium, the contribution of (B3) to 1/7, is about 
10% too high compared with that of (B4), while for 
1/r,, (B3) is about 50% too high. These figures give 
a clue to the size of the error involved in using the 
spherical harmonic interpolation for the transverse 
modes: the procedure is crude, but is probably in error 
by only a fraction of the small anisotropy term in 
Table V. 


(B3) 





PHYSICAL REVIEW 


VOLUME 101, 


NUMBER 3 FEBRUARY 1, 1956 


Properties of Guanidine Aluminum Sulfate Hexahydrate and Some of Its Isomorphs 


A. N. Hotpen, W. J. Merz, J. P. Remerka, and B. T. Marrutas 
Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received October 3, 1955) 


Guanidine aluminum sulfate hexahydrate (CN;Hs)Al(SO,)2-6H20 is ferroelectric from as high a tempera- 
ture as it will stand for a short time (about 200°C), down to temperatures of liquid Ne, the lowest we have 
employed. The crystal is trigonal, with the ferroelectric polarization along the trigonal axis. The 60-cycle 
hysteresis loops are often biased or have the character of double loops. The shape of the loop is correlated 
with the location of the specimen in the mother crystal. At room temperature the saturation polarization is 
about 0.35 microcoulomb/cm?, the coercive force at 60 cycles/sec is about 1000-3000 volts/cm. These 
quantities increase with decreasing temperature. The small signal dielectric constant is about 6 along the 
axis and about 5 perpendicular to it. Of isomorphous substances, those so far examined in which D,0O replaces 
H,0, in which Ga** and Cr** replace Al** and in which (SeO,)*~ replaces (SO,)*-, show essentially the same 
properties. The switching characteristics resemble those of BaTiO; but the present crystals are considerably 


slower. 





I. INTRODUCTION 


HE discovery that guanidine aluminum sulfate 
hexahydrate (G.A.S.H.), (CN;Hs)AI(SO,)2 
-6H.O, and certain isomorphous materials, are ferro- 
electric,! provides a new class of ferroelectric substances. 
From an aqueous solution of an equimolecular mixture 
of guanidine sulfate and aluminum sulfate, the material 
grows in large hexagonal plates belonging to the trigonal 
system with perfect basal cleavage.* The ferroelectric 
direction is along the trigonal axis. The fact that the 
cleavage is perpendicular to the ferroelectric direction, 
and the fact that the Curie temperature is high (above 
the decomposition temperature), makes the material 
extremely convenient for study and use. 


II. CHEMISTRY AND CRYSTALLOGRAPHY 


The new material is reminiscent of the familiar alums, 
which are hydrated double sulfates of univalent and 
trivalent elements, X and Z, of composition XZ(SOx4)2 
-12H,O. The alums thus have twice as many molecules 
of water per molecule as the present material, and are 
cubic rather than trigonal. Examples of the following 
alums are known: Z=Al, Ga, In, Fe, Cr, Mn, Co, Ti, 
V, Rh, and Ir; and X¥=K, Rb, Cs, Tl, and NH,; and 
with SO, replaced by SeO,. Materials isomorphous with 
G.A.S.H. have been reported*® in which Al is replaced 
by Cr, Fe and V. We have prepared and investigated 
the Cr compound (G.Cr.S.H.) and also the Ga com- 
pound not previously reported (G.G.S.H.) and the 
unreported double selenates of guanidine and Al, Ga, 
and Cr (G.A.Se.H., G.G.Se.H. and G.Cr.Se.H.). We 
have also investigated crystals in which the water is 
replaced by heavy water. As in the case of the alums, 
an isomorphous material is not formed on replacing SO, 
by CrO,, nor on replacing Al by Tl, Sc, or the rare 
earths. 

Thus the crystal-chemical analogy with the alums is 


1 Holden, Matthias, Merz, and Remeika, Phys. Rev. 98, 546 
(1955). 

2 F, Ferraboschi, Proc. Cambridge Phil. Soc. 14, 473 (1908). 

*G. Canneri, Gazz. chim. ital. 55, 611 (1925). 


close as regards the anion and the trivalent cation. The 
stability of the present trigonal hexahydrated structure 
appears to be due to the peculiarities of the guanidine 
ion. This ion can probably be described as a resonance 
hybrid of the three structures exemplified by 


NH;t+ 


l 
ot 
H, N 


Hp 


4 


If it has this structure, the ion has trigonal symmetry 
itself, the C lines in the plane of the three N’s and the 
H’s and N’s offer the possibility of N—H—O bonding 
to the sulfate ions and the water of crystallization. We 
know no candidate for its replacement, of roughly its 
size, which presents these features. Experiments show 
that the guanidine ion cannot be replaced by the ions 
derived from urea, thiourea, methyl guanidine, amino- 
guanidine, formanidine, nor acetamidine, which lack 
trigonal symmetry, nor by the trimethy] sulfonium ion, 
which lacks planarity and the possibility of hydrogen 
bonding. 

Dr. S. Geller and Dr. E. A. Wood have in progress a 
determination of the crystal structure of these new 
ferroelectric materials. They inform us that the space 
group is C3,(2)— P31m, and the unit cell contains three 
molecules. 


III. ETCH FIGURES AND HYSTERESIS LOOPS 


The problem of obtaining reproducible quantitative 
results with the present materials is complicated by the 
fact that the properties of the material vary from point 
to point in any one crystal.. The major differences are 
found between material which grew on the basal faces 
and material which grew on the prism faces of the 
crystal. These differences are most conspicuous in two 
properties: the etch figures produced by water on 
cleavage faces, and the shapes and symmetries of the 
hysteresis loops observed on cleavage flakes. 
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Fic. 1. Etch patterns on G.A.S.H. 


In Figs. 1(A) and 1(C) two typical etch patterns are 
shown. Figure 1(A) is a plate cleaved from the top, and 
Figure 1(C) isa plate taken from the bottom of the same 
crystal. Figures 1(B) and 1(D) are magnifications of the 
etch pits of Figs. 1(A) and 1(C), respectively. The etch 
pits of the plate in Figs. 1(A) and 1(B) are symmetrical, 
whereas the etch pits of Figs. 1(C) and 1(D) are cocked. 
It was established that the different types of etch 
figures are connected with the growth of the crystal. 
Thus, the etch figures on faces which were obtained by 
sidewise growth are seen to be cocked triangular pits, 
whereas the ones on faces which were obtained by an 
upward growth are symmetrical triangular pits. 

In addition to the difference in etch figures for the 
different parts of the crystal, we also find large differ- 


ences in the 60-cycle hysteresis loops. In certain regions, 
we find nearly symmetric hysteresis loops; in others 
we find highly biased loops and often we also find double 
hysteresis loops. Some of the typical loops are shown 
in Fig. 2(B), and the regions from which they were ob- 
tained for a particular plate are indicated in Fig. 2(A). 
(Loop number 5 of Fig. 2(B) will be referred to later.) 

In Fig. 3(A) six plates cleaved from one crystal are 
depicted. This crystal was grown from a seed which 
was lying on the hexagonal face as shown in Fig. 3(B). 
It then grew sidewise and upwards but not downwards. 
The results obtained show the following pattern for the 
hysteresis loops. The center regions @ of all the 6 
plates of Fig. 3(A) are highly biased in one direction as 
shown in picture 1 of Fig. 2(B). (In the following argu- 
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Fic. 2. Hysteresis loops of different parts of the crystal. 


ments we assume that the same side of the crystal 
plates, let’s say the lower one, is kept on the ground 
side of the 60-cycle voltage.) These center regions which 
show symmetrical etch pits become larger and larger 
the closer we come to the top of the crystal. It can be 
seen clearly that these strongly biased regions represent 
crystal material which was obtained by growth upwards 
in the direction of the trigonal axis. On the other hand, 
the regions 6 near three edges of the upper plates are 
biased in the opposite direction but by a much smaller 
amount as shown in picture 2 of Fig. 2(B), and the 
regions b’ near the three other edges of the same plates 
are also biased oppositely to regions a but by even a 
smaller amount than 6. The lowest section [No. 6, 
Fig. 3(A)_] shows six segments of alternate bias, that is, 
the three 6 segments are again slightly biased in the 
opposite direction of regions a as discussed before 
[picture 2 of Fig. 2(B) ]. The three c segments are biased 
like region a but to a smaller extent so that their bias 
is comparable to the bias of b except that it is in the 
opposite direction as shown in picture 3 of Fig. 2(B). 
Double hysteresis loops are obtained at the boundaries 
of regions 5 with c, a with c, and a with } as shown in 
Fig. 2(A) and in picture 4 of Fig. 2(B). The double loops 
are thus a superposition of the loops of different bias. 

Figure 4(A) shows 7 plates cleaved from a crystal 
grown from a seed that was not lying on the hexagonal 
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face. Since this seed also grew upwards and sidewise 
[as shown in Fig. 4(B) ], we are now able to investigate 
whether the properties of the material are different for 
the parts which grew in one direction of the trigonal 
axis and the parts which grew in the opposite direction. 
The behavior of the etch pattern and the 60-cycle 
hysteresis loop in the different segments of one plate 
is, of course, the same as shown in Fig. 3(A). The whole 
plate No. 1 [left in Fig. 4(B)] is again strongly biased 
like plate No. 1 in Fig. 3(A). Here, again, we assume that 
one side of the crystal plate is kept on ground. To be 
consistent with Fig. 3, we assume that the right side 
of plate No. 1 is on ground (the side which grew first). 
The interesting result is that now the center region 
changes the sign of the bias when we come to the right 
half of the crystal, plates 5-7 of Fig. 4, where plate 4 
contains the original seed. This change of sign is ob- 
tained by still keeping the right side of the plate on 
ground. This is identical to the statement that the 
direction of the bias of the center region is symmetrical 
with respect to the original seed. The crystal plate face 
which grew later is always negtively biased with respect 
to the face which grew first. In other words, to produce 
a symmetric loop, one has to apply a positive external 
dc field to the face which grew last. The regions at the 
edge of plates 2, 3, 5, and 6, and the five segments in 
plate 4 of Fig. 4 keep the same bias all the way through 
the crystal. There is no symmetry with respect to the 
original seed. The reason for this is that this material 
was obtained by growth perpendicular to the trigonal 
axis in contrast to the center cone which grew parallel 
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Fic. 3. Figures illustrating regions of different electrical char- 
acteristics in a G.A.S.H. crystal grown on its hexagonal face. 
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to the trigonal axis. Thus, both faces of the crystal in 
the outer sections of plates in Fig. 4 grew at the same 
time. 

These results show that the etch pattern and the 
shape of the 60-cycle hysteresis loop are determined 
by the growth and the crystallographic properties of 
the crystal, and probably by the fact that the crystals 
grow in the ferroelectric state. 


IV. DIELECTRIC PROPERTIES OF G.A.S.H. 
AND ITS ISOMORPHS 


At room temperature, rectangular and nearly sym- 
metric loops can be obtained from bottom plates as 
shown in picture 5 of Fig. 2(B). The spontaneous electric 
polarization for G.A.S.H. at room temperature is 
P,=0.35X10-* coul/cm*. The same value is obtained 
on biased loops or on double loops. G.A.S.H. is thus a 
weak ferroelectric crystal similar to Rochelle salt which 
shows a spontaneous polarization of P,=0.24x10~* 
coul/cm? and in contrast to a strong ferroelectric 
crystal like BaTiO; with P,=26X10~* coul/cm*. The 
temperature dependence of P, is shown in Fig. 5. The 
almost linear behavior is unusual for ferroelectric 
crystals. The isomorphous crystals show a very similar 
behavior of P,; the three sulfates (Al, Ga, and Cr) all 
show about 0.35 to 0.38 microcoulomb/cm?® at room 
temperature as shown in Fig. 5. Their temperature 
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Fic. 4. Figures illustrating regions of different electrical char- 
acteristics in a G.A.S.H. crystal grown perpendicular to its 
hexagonal face. 
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Fic. 5. Spontaneous polarization P, versus temperature for 
G.A.S.H. and some of its isomorphs. 


dependence is also very similar. The three selenates all 
show a slightly higher value for the spontaneous 
polarization; P,=0.45 to 0.48 ywcoul/cm? as shown in 
Fig. 5, and their temperature dependence is again 
almost linear. Crystals containing heavy water of 
crystallization instead of ordinary water are ferro- 
electric. Crystals containing Rh** or Fe** instead of 
Al** have been obtained with the same habit. 

In contrast to the spontaneous polarization, the 60- 
cycle coercive field strength EZ, is not a weil-defined 
quantity. EZ, is strongly dependent on frequency and 
peak voltage, increasing with frequency and applied 
voltage even more than in BaTiO;. Furthermore, the 
fact that the loops are very often biased or doubled 
(Sec. IIT) makes it hard to get well defined values for 
E.. However, we find values for Z, at room temperature 
of the order of 1000-3000 v/cm. Figure 6 shows two 
typical curves of E, versus temperature; their absolute 
values are not too significant as explained above. The 
60-cycle coercive field strength stays very constant 
above room temperature but increases strongly at 
around — 30°C. Such an increase of E, is quite common 
for a ferroelectric,‘ but in this case it is more rapid than 
usual and occurs at a relatively high temperature. This 
behavior makes it difficult to saturate the crystal and 
obtain hysteresis loops at low temperature. The tem- 
perature of the fast increase of EZ, varies slightly among 
the isomorphs of G.A.S.H. We have evidence that this 
steep increase of EZ, at lower temperatures is not due 
to a transition but is caused by a freezing-in of the 
dipoles. 

The small signal dielectric constant of G.A.S.H. at 
room temperature along the (ferroelectric) trigonal axis 
is only about ¢.= 6 which is very small for a ferroelectric 
crystal. The dielectric constant perpendicular to the 
trigonal axis is about e,=5. About the same values are 
obtained for the isomorphs of G.A.S.H. Up to 100°C 
we cannot observe a large change in ¢, as one would 
expect if one is approaching the Curie point. Above 
100°C all the crystals start to lose water of crystal- 


‘W. J. Merz, Phys. Rev. 81, 1064 (1951). 
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Fic. 6. Coercive field strength E, versus temperature for 
G.A.S.H. and some of its isomorphs. 


lization and reproducible results can no longer be ob- 
tained. It has therefore not been possible to determine 
the Curie points of any of the materials. Hysteresis 
loops can be observed up to temperatures of about 
200°C, but the crystals usually suffer dielectric break- 
down. Extrapolating the P,(T) curves to high tempera- 
tures as shown in Fig. 5 gives an upper limit for the 
Curie points. For G.A.S.H. the limit is about 300°C. 
The selenates may have higher Curie points than the 
sulfates, or their polarization may simply be higher up 
to comparable Curie points. Measurements of the di- 
electric constant during rapid heating to high tempera- 
tures showed no Curie point up to about 300°C, but 
there may be enough loss of water of crystallization to 
destroy the ferroelectric effect. 

G.A.S.H. crystals have been found to be weakly 
piezoelectric. The dc resistivity of the Al and Ga 
sulfates and selenates at room temperature is of the 
order of 10 ohm cm. The two chromium salts, on the 
other hand, show a somewhat lower resistivity. 


V. SWITCHING PROPERTIES OF G.A.S.H. 
AND ITS ISOMORPHS 


We subjected G.A.S.H. crystals to “square” electrical 
pulses of alternate sign and investigated the switching 
time ¢, and the switching current as a function of applied 
field E. In Fig. 7 the switching time ¢, versus applied 
field E is shown for a G.A.S.H. crystal of thickness 
d=0.14 mm and electrode area a=4.85 mm. The 
behavior is very similar to the one reported® for BaTiO;: 
the crystal reverses polarization faster if the applied 


’ W. J. Merz, Phys. Rev. 95, 690 (1954). 
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Fic. 7. Switching time ¢, versus applied field E for G.A.S.H. 


field is high. We find again that the switching velocity 
(proportional to the reciprocal of the switching time) 
is practically linearly proportional to the field E except 
at low field strength as shown in Fig. 7. If we compare 
the ease with which we can switch the polarization for 
different ferroelectric crystals, we find that the G.A.S.H. 
crystals reverse the polarization about 30 times slower 
than the BaTiO; crystals under the same conditions. 

No domain studies have been performed yet on 
G.A.S.H. crystals. Thus no details about domain motion 
and about the switching mechanism have been ob- 
tained. However, the shape of the curve of switching 
current versus time and also the curve of switching time 
versus field (Fig. 7) look exactly like the ones obtained 
on BaTiO . Further more, Dr. A. G. Chynoweth of this 
laboratory found that the charge pulses (Barkhausen 
pulses) that occur at switching are about the same size 
for both materials and that the rise times of these pulses 
are roughly correlated with the switching times for the 
respective materials. All these results indicate that the 
switching mechanism in the G.A.S.H. crystals is 
principally the same as in BaTiO;, that is, mainly a 
nucleation problem of new domains.® The only large 
difference seems to be the speed of switching. Crystals 
of G.G.S.H. have also been investigated. They behave 
exactly the same way, as to be expected. No reliable 
results have been obtained on the other isomorphs yet. 
We have pulsed some of our crystals for very long times 
and we have not observed any changes in the switching 
characteristics. 
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Response of Sodium Iodide Crystals to Alpha Particles 
and Electrons as a Function of Temperature*t 
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In an attempt to determine the mechanism causing the lower scintillation efficiency of @ particles in 
NalI(TI) crystals relative to the scintillation efficiency of electrons, the response of pure Nal and thallium- 
activated Nal crystals to a particles and electrons was studied as a function of temperature. Crystals were 
grown for this investigation both by the Bridgman and Kyropoulos methods. The magnitude of the scintilla- 
tions per unit of energy loss in the crystals varied with temperature in a way which agreed with predictions 
of qualitative theories. The ratio of the a-particle response to the electron response per unit energy, though 
a constant with temperature for the crystals grown by the Bridgman method (a response/e~ response= ~0.7) 
showed an interesting temperature dependence for crystals grown by the Kyropoulos method. For a “pure” 
Nal crystal grown by the Kyropoulos method this ratio attained a value as high as 1.5 at — 150°C, indicating 
that the a particle was more efficient than the electron at this temperature. In view of this, proposed explana- 
tions for the lower efficiency at room temperature such as “local saturation” of scintillation centers or the loss 
of energy by “hard collisions” are re-examined. A temperature-dependent effect in the resolution of a- 


particle peaks is also reported and discussed. 





INTRODUCTION 


HE response of NaI(TI) crystals to a particles and 
electrons has been the subject of investigations 

by several groups.':? There is general agreement that 
below ~10 Mev the scintillations caused by « particles 
are ~0.7 times as large as those caused by electrons 
for a given energy loss in the crystal. Allison and 
Casson! considered three possible explanations for the 
lower scintillation efficiency of the @ particles: (a) the 
specific ionization of the a particle is great enough to 
saturate the luminescence centers in the immediate 
vicinity of the ionizing event; (b) the spectrum of the 
light excited by the a particle differs from that of the 
electrons and is detected less efficiently by the photo- 
multiplier; (c) direct transfer of energy to the atoms of 
the crystal becomes important for heavier ions and this 
energy is not available to the scintillation centers. These 
authors give an involved argument which seems to rule 
out explanation (a), they did not test explanation (b), 
and they present evidence showing that explanation (c) 
might be important for ions as heavy as neon. Eby and 
Jentschke? concluded from a study of the fluorescent 
response of NaI(T1) to ionizing particles as a function 
of thallium concentration that the difference in the 
relative efficiencies for scintillations must be explained 
“entirely on the basis of the probability of exciting the 
radiative and various nonradiative states during the 
initial transfer process.”” Some recent work on the 
fluorescence of alkali halides* suggested to us that it 


* A preliminary report of this work was presented at the 1954 
Washington Meeting of the American Physical Society [Muehl- 
hause, der Mateosian, and McKeown, Phys. Rev. 95, 598(A) 
(1954) ]. 

t Work carried out under contract with the U. S. Atomic 
Energy Commission. 

1S. K. Allison and H. Casson, Phys. Rev. 90, 880 (1953). 

2 F. S. Eby and W. K. Jentschke, Phys. Rev. 96, 911 (1954). 

3 J. Bonanomi, Helv. Phys. Acta 25, 725 (1952); B. Hahn and 
J. Rossel, Helv. Phys. Acta 26, 271 (1953). The increase in the 
scintillation efficiency of NaI at low temperatures first reported 


would be of interest to determine this relative scintilla- 
tion efficiency for a particles and electrons in un- 
activated Nal crystals and to see how this efficiency 
varies with temperature for both pure and thallium- 
activated Nal crystals. 


EXPERIMENTAL DETAILS 


Our previous experience with the detection of @ par- 
ticles in NaI(T1) crystals taught us that one can obtain 
well resolved peaks if the a source is dispersed through- 
out the scintillation crystal.‘ In the present work the 
scintillation crystals under investigation were grown by 
the Bridgman and Kyropoulos methods.®:* In all cases, 
an @ source was added to the melt so that activity was 
uniformly dispersed throughout the resulting crystals. 
In the Bridgman method the powdered materials from 
which the crystal is to be formed are placed in a Vycor 
glass vessel, attached to a vacuum system, and heated 
to drive off all water of hydration. The vessel is then 
sealed under vacuum and suspended in a tubular electric 
furnace which is supported in a vertical position. The 
temperature in the center of the oven is maintained at 
50°C above the melting point of the material of the 
host crystal (in this case Nal) while the vessel is slowly 
lowered out of the furnace into a cool region at the 
rate of ~0.25 in. hr~'. This method generally produces 
large single crystals. 

In the Kyropoulos method, one melts the powdered 
materials in a crucible, and dips a cooled pointed rod 
into the surface of the melt. A crystal forms on the cool 
tip of the rod. The latter is slowly withdrawn, a portion 
of the crystal being kept in contact with the melt. 
With NaI melts, we produced by this method clear 


by the above authors has been confirmed by the present authors, 
Phys. Rev. 95, 598(A) (1954), and by W. Van Sciver and R. 
Hofstadter, Phys. Rev. 97, 1181 (1955). 

4 E. der Mateosian and L. Yuan, Phys. Rev. 90, 868 (1953). 

5 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 60, 305 (1925). 

6 Kyropoulos, Z. anorg. u. allgem. Chem. 154, 308 (1926). 


967 





DER MATEOSIAN, McKEOWN, AND MUEHLHAUSE 





5819 PHOTO MULTIPLIER 








NAI CRYSTAL ALUMINUM BLOCK 





it ALUMINUM WIRE 


DEWAR 
LIQUID NITROGEN 





ADJUSTABLE 
HEIGHT TABLE 





Fic. 1. Arrangement for cooling scintillating crystals. The 

temperature of the crystal as measured with a thermocouple was 

by raising or lowering the Dewar flask. Temperatures 

were maintained constant to within half a degree centigrade 
during readings. 


crystalline masses which were not single crystals. Our 
criterion for the recognition of single crystals is that 
the cleavage planes throughout the crystalline mass be 
parallel. Since thallium salts are quite volatile at the 
melting point of Nal, and toxic, NaI(T1) crystals were 
grown by a modified Kyropoulos method. The technique 
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Fic. 2. Temperature dependence of the response of sodium 
iodide crystals to alpha particles. Curve A: thallium-activated 
sodium iodide grown by the Bridgman method. Curve B: thallium- 
activated sodium iodide grown by the Kyropoulos method. 
Curve C: sodium iodide grown by the Bridgman method. Curve D: 
sodium iodide grown by the Kyropoulos method. 


employed in this case is to place Nal, thallium iodide 
and traces of a emitters in a Vycor glass vessel, evacuate, 
heat to 700°C, seal off the vacuum system, and main- 
tain this temperature while one small region of the 
glass vessel is cooled sufficiently to start a small clear 
crystalline mass growing in the melt. The whole vessel 
is then cooled, broken open, and the clear portion is 
cut free of the solidified mass. 

By these procedures, four types of crystals were 
prepared for investigation. NaI crystals with and with- 
out thallium activator were grown by the Bridgman 
method, unactivated Nal crystals were grown by the 
Kyropoulos method and, finally, Tl-activated NaI 
crystals were grown by the modified Kyropoulos 
method. All the crystals were a-radioactive with internal 
sources. 

The crystals were mounted on 5819 RCA multiplier 
tubes and provision was made to cool them (Fig. 1). 
The crystals were cut about 4 mm square and 2 mm 
thick, the size being kept small to minimize effects due 
to temperature differences between different parts of 
the crystals. The temperature was measured with a 
thermocouple and the response of the crystal was 
studied as a function of temperature both for polonium 
a particles (5.3 Mev) and Cs"? gamma rays (661 kev). 
The gamma rays, of course, give rise to photoelectrons 
in the crystal and it is the photoelectrons which are 
compared with the a particles. 


EXPERIMENTAL RESULTS 


In Fig. 2, the response to a particles as a function of 
temperature is compared for pure and thallium-acti- 
vated Nal crystals grown by the Bridgman and 
Kyropoulos methods. An interesting fact emerges from 
these curves ; namely, although the response of thallium 
activated crystals is greater than that of “pure” Nal 
crystals by factors greater than 50 at room temperature, 
the crystals are indistinguishable below —115°C in one 
case and — 180°C in the other. Similar curves differing 
only in detail were obtained for the y-ray response. 

Having measured the response to a and ¥ radiations 
as a function of temperature for all four types of 
crystals, we plotted the ratio of the a-particle response 
to the y-ray (or e~-) response per unit energy in each 
case (Fig. 3). It is seen that the ratio of the a- to y-ray 
response is independent of temperature for both “pure”’ 
and thallium-activated NaI crystals that have been 
grown by the Bridgman method and that the value of 
this ratio is ~0.7. The crystals grown by the Kyropoulos 
method however, show a temperature dependency, and 
in the “pure” Nal crystal the a- to y-response ratio 
assumes a high value of 1.5 at approximately — 150°C, 
indicating that the a particle has a higher scintillation 
efficiency than the y ray under these conditions. 

The a-particle and electron pulses were analyzed with 
an Atomic Instrument Company single-channel pulse- 
height analyzer and the shapes of the peaks as well as 





RESPONSE OF Nal 
their heights were recorded as a function of temperature 
for the various crystals. It was noticed that the resolu- 
tion of the a-particle peaks (width at half-height, AE 
over £) in several samples showed a temperature de- 
pendence which was independent of the peak height. 
A most extreme example is shown in Fig. 4 in which 
the a-pulse distribution is a single peak at some tem- 
peratures but separates into double peaks at others. 
Other samples showed greatly broadened and distorted 
peaks in some temperature range but did not separate 
into two distinct peaks. Although the crystals grown by 
the Kyropoulos method exhibited this effect to a far 
greater degree than did the Bridgman crystals, the 
latter were not free of the effect, as is shown in Fig. 5. 


DISCUSSION OF RESULTS 


Three significant results were obtained through this 
investigation which warrant consideration : (1) the effect 
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Fic. 3. Ratio of pulse heights for a particles and electrons as a 
function of temperature. Curve A: sodium iodide grown by the 
Kyropoulos method. Curve B: thallium-activated sodium iodide 
grown by the modified Kyropoulos method. Curve C: both 
thallium-activated and “pure” sodium iodide crystals grown by 
the Bridgman method. 


of Tl activation on pulse height becomes progressively 
smaller as the temperature of a Nal crystal is decreased 
until at temperatures of —115 to —180°C it is neg- 
ligible; (2) the ratio of the alpha particle to electron 
response of the crystal (per unit energy) may be a 
function of temperature, and under certain conditions 
can become greater than 1; (3) a good portion of the 
width of a-particle peaks in NaI crystals can be due to 
effects which are not statistical in nature and which 
have strong temperature dependencies. 

A relatively simple “explanation” open to investiga- 
tion can be proposed for the third effect. This anomalous 
resolution is most pronounced in crystals grown by the 
Kyropoulos method. This method produced clear multi- 
crystalline masses. If these crystals differed slightly in 
their response to a particles as well as in the variation 
of their response with temperature, one could explain 
the observed phenomena. The crystal can be pictured 
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Fic. 4. Extreme example of temperature dependence of resolu- 
tion for a sodium iodide crystal grown by the Kyropoulos method. 
The pulses are due to Po*” a particles contained in the crystal. 


as being formed of many regions each with a slightly 
different response to the a particle.’ Changes in tem- 
perature heighten, or lessen, the differences among the 
individual responses of the regions. These regions will 
in general have to be large compared to the range of the 
a particle (~5y). If they are sufficiently large, one will 
be able to test this theory by splitting crystals into 
smaller ones and comparing the response of the parts 
with that of the original whole crystal. (One such 
experiment has been performed and seems to be in 
agreement with this explanation.) 

The other two phenomena are undoubtedly more 
complex in nature and one should proceed with caution 
in considering them. The phenomena have been demon- 
strated repeatedly with a given crystal sample; how- 
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Fic. 5. Temperature dependence of resolution for a thallium- 
activated crystal grown by the Bridgman method. 


7Phenomena such as “zone purification” could cause the 
different regions of the crystalline mass to differ in scintillation 
properties. 
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ever, in most cases only a few crystals have been 
grown by the same method, and consequently there is 
no strong evidence yet that the differences between 
crystals that we ascribe to the different methods of 
growth will always appear. Another fact to remember 
is that we refer to some crystals as “pure” Nal crystals 
and to others as thallium-activated. This is obviously 
open to criticism since we add minute amounts of Po 
to all the crystals. Furthermore, one of the authors has 
found in the process of growing many NaI(T]) crystals 
containing traces of radioactive elements, that sodium 
iodide plus thallium iodide at 700°C will dissolve 
measurable amounts of normally insoluble materials 
such as gold, platinum, tantalum, and hafnium metals 
as well as hafnium oxide. Since all the crystals used in 
the experiments were grown in contact with Vycor 
glass, and the Kyropoulos (unmodified) crystals were 
grown in contact with both Vycor glass and platinum, 
these crystals may have unknown amounts of impurities 
in them. However, the same author also found that 
the thallium activation of the NaI was not affected at 
room temperature by the addition of other substances 
in so far as light output per scintillation was concerned, 
provided the added matter was less than one-tenth the 
thallium in weight. Since the crystals with and without 
thallium activation are grown under similar conditions 
(as far as the introduction of impurities) it is a safe 
assumption that the difference between them is due to 
the thallium and that the action of the thallium is not 
greatly affected by the impurities. In this respect, then, 
it is permissible to speak of “pure” and thallium- 
activated crystals. 

The amplifiers used had a decay time of ~10 to 
15 usec. As a result, they were insensitive to pulses 
which were much slower than this in their natural 
decay time. Bonanomi® in an extensive study of the 
temperature dependence of the luminescence of alkali 
halide crystals reported at least four components in 
the scintillation of NaI and we have observed com- 
ponents in addition to the ones he reports. Some of 
these components have lifetimes as long as seconds at 
— 115°C and would not be observed by our equipment. 
Consequently, our data are a comparison of the 
integrated light output of the fast components in a 
scintillation with lifetimes less than ~20 usec. With 
these reservations in mind, we can consider the results 
of our experimentation qualitatively. 

Luminescent phenomena in crystals have been studied 
by many investigators, and qualitatively® and quantita- 
tively® precise theories have been advanced. It is pro- 
posed that the valence electrons in a crystalline solid 
have energy levels which are grouped together into 
continuous regions or bands separated by semiforbidden 


®F. Bloch, Z. Physik 52, 555 (1928); R. W. Gurney and N. F. 
Mott, Trans. Faraday Soc. 35, 69 (1939); F. Seitz, Trans. Faraday 
Soc. 35, 74 (1939); G. F. J. Garlick, Luminescent Materials 
(Oxford University Press, New York, 1949). 

* F. E. Williams, J. Chem. Phys. 19, 457 (1951). 
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regions. Normally the electrons fill the lowest bands 
but they may be excited to higher energy levels. If this 
should be a level in a higher empty band, the excited 
electron is free to move about and the crystal becomes 
conductive. The vacancy in the filled band will act 
like a positive hole and it too is free to migrate in the 
crystal. There may also be levels in the forbidden 
regions (electron traps) to which the electron may be 
excited, but in which the electron is not generally free 
to move. If there are impurity atoms in the crystal, 
they may give rise to discrete energy states in a for- 
bidden band. The migration of holes and electrons in 
the conduction band can cause the concentration of the 
excitation energy in traps and impurity centers. 

An excited center may decay either through a radia- 
tive (emission of light) or nonradiative transition. If the 
probabilities P,; and P: for these transitions to take 
place were to be determined mainly by the probability 
that a metastable state makes a transition by the 
absorption of thermal energy, so that 


P,=Se-®"T, i=1, 2, 


the fraction of the energy arriving at excited states 
which is converted into visible light is expressible as 


1 
n= " 
1+ (S2/S,)e~(22- Ever 





(1) 


where 5,, S,: are constants, #,, Ey are activation 
energies, k is Boltzmann’s constant, and 7 is tempera- 
ture. If the constant E» associated with the emission of 
heat is greater than EF, associated with the emission of 
light, the efficiency of luminescence will be large at low 
temperatures and becomes small as the temperature is 
raised. This is the type of behavior exhibited by the 
“pure” alkali halides,* as is shown in Fig. 2. 

Seitz® has considered the effect of thallium activation 
in alkali halide crystals and has explained phosphores- 
cence phenomena by a model in which two adjacent 
ions cooperate to form one “center.” At these centers, 
electrons can be excited into metastable states which 
decay by thermal activation. The significant feature 
of this model is that the magnitude of the activation 
energies for the two processes are reversed from the 
above case, so that the light emission efficiency is 
greater at high temperatures and becomes smaller as 
the temperature is decreased. 

It has furthermore been shown that when crystals of 
this type are subjected to particle excitation (as is the 
case in both our a-particle and y-ray studies, since in 
the latter case it is a secondary electron which excites 
the crystal) the energy is given up to the bulk material 
of the crystal and transferred to the activation centers. 
The thallium is too low in concentration to account for 
the primary interactions between the atoms in the 
crystal and the exciting particle (see F. Seitz‘). 

The curves of Figs. 2 can now be explained in either 
one of two ways. The pure crystal has centers in which 
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a portion of the energy of the exciting particle can 
gather and be radiated as visible light or dissipated as 
heat. The thallium-activated crystals are essentially 
the same as a pure crystal in which thallium ions are 
sparsely dispersed. An exciting particle in either crystal 
gives up its energy to the crystal with which it interacts 
and a portion of the energy is quickly concentrated at 
the luminescent or trapping centers. Here it is converted 
into light or heat, the relative amount of each being a 
function of the temperature. The thallium-activated 
crystal will have at least two kinds of luminescent 
centers, one similar to those in the “pure” crystals, the 
other composed of thallium ions. The temperature 
dependence of the “pure” crystal is described by 
expression (1). The temperature behavior of the 
thallium-activated crystals can be described by a 
simple addition of two effects, the radiations of the 
host crystal type centers and that of the thallium ion 
centers. In addition, since the thallium-activated crys- 
tals give as much light as the pure crystals below 
certain temperatures, the amount of energy which ends 
up in the centers associated with the host crystal must 
be the same whether thallium is present or not, and all 
of the energy which ends up in the thallium-ion type 
centers must either be converted into heat at low tem- 
peratures, or be emitted as light in a time long com- 
pared with the RC of the circuits.” 

An alternative explanation, which in a sense is 
simpler, is to picture the thallium-activated crystal as 
again having the two kinds of centers, but that as the 
temperature is lowered the passage of energy to the 
thallium ions becomes less and less efficient, until at 
sufficiently low temperatures only the host-type centers 
are operative. 

In Fig. 2, one notices that the temperature at which 
the thallium-activated crystal begins to act like its 
unactivated counterpart is dependent upon the method 
of growth of the crystals. It is known that the rapid 
cooling of a crystal freezes into it more electron traps 
and imperfections than if the crystal were cooled slowly. 
Thus, the Kyropoulos method would be expected to 
produce crystals with more electron traps and perhaps 
associated luminescence centers than would the Bridg- 
man method. If the division of energy between the two 
types of emission centers were to involve a mechanism 
of the type proposed by Klasens!! for phosphors with 
two activators, the distribution of energy could be a 
function of temperature and the relative numbers of 
the two kinds of emission centers. This would result in 
different temperatures at which the thallium activators 
would become inoperative for the two kinds of crystal 
preparations. The fact that the two pure crystals peak 
at different temperatures suggests that more than one 
center is involved. 


1 More precisely, the sum of the two must be equal to the 
output of the host centers in pure Nal crystals. If there is still 
some light given off by the T] centers, then one must demand that 
the host centers give off less light by precisely the same amount 
in order to keep the light equal to the output of a pure crystal. 

H. A. Klasens, Nature 158, 306 (1 1946). 
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SCINTILLATION EFFICIENCIES 


The greater light efficiency of a particles relative to 
electrons under certain conditions is still unexplained. 
Hitherto, all but one of the models which have been 
proposed to explain the difference in scintillation 
efficiencies of electrons and alpha particles have been 
effects which can only reduce the alpha scintillation 
efficiency. The suggestion of Eby and Jentschke? that 
the difference is due to a mechanism which allows the 
a particle and electron to distribute its energy in differ- 
ent ways between radiative and nonradiative states is 
the only one which will allow for the a particle to 
become more efficient than the electron. Again, this 
may best be understood in terms of a model utilizing 
many traps and luminescent centers. The sensitivity of 
the photocell to radiations of different wavelengths 
could play a role in emphasizing certain of the centers 
at the expense of others just as the RC of the circuit 
could emphasize components in the light pulse with 
decay times lying in a certain range. But these are not 
a necessary part of the model. Local saturation of 
scintillation centers and “hard” collisions may still play 
a role in scintillation phenomena but their effects must 
be limited to that of modifying the fundamental 
processes which distribute energy among the many 
states present in the crystal.!* 


CONCLUSION 


A study of the temperature dependence of the re- 
sponse to a particles and electrons of “pure” and 
thallium-activated NaI crystals grown by the Bridgman 
and Kyropoulos methods revealed that under certain 
conditions, the scintillation efficiency of a particles 
relative to electrons for unit energy becomes greater 
than one. In view of this observation, one must look 
more critically at the “local saturation” and “hard” 
collision theories as an explanation for the fact that at 
room temperature in NalI(TI) crystals this relative 
efficiency assumes the value ~0.7. It was also found 
that in certain crystals a-particle peaks exhibited 
marked changes in resolution as a function of tempera- 
ture and that this phenomenon was observed to a small 
degree even in good NalI(TI) crystals. The interesting 
possibility is suggested of improving the resolution of 
a NalI(Tl) or other crystal by controlling its tem- 
perature. 

Finally, it was seen that the temperature dependence 
of the response to particles of both “pure” and thallium- 
activated crystals is in agreement with qualitative 
theories. 
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” Tn a study of scintillation phenomena in Nal and CsF crystals 
W. J. Van Sciver has recently reported [Stanford University 
Report HEPL-38 (unpublished) ] that the emission spectra of NaI 
crystals differ for electron and a-particle excitation. This again 
suggests that several luminescence centers are involved and that 
electrons and alpha particles may distribute their energy in 
different ways among these centers. 
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Stress-strain curves and electrical resistance measurements were made on single crystals of 99.99+% 
pure aluminum pulled in tension at 4°K. The stress-strain data show that beyond the easy-glide region the 
stress-strain curves are linear with a slope that depends on crystal orientation. If the specimen is unloaded 
and aged at room temperature, a small upper yield point occurs on reloading at 78°K or 4°K. The resistance 
produced by deformation is the same in all crystallographic directions. It increases as the square of the re- 
solved shearing stress. Annealing at 78°K produces a 10% drop in the strain-induced resistivity (which is 
still isotropic). Annealing at 300°K produces a 65% drop in the strain-induced resistivity (again isotropic). 





1, INTRODUCTION 


DEFORMED single crystal probably contains 

lattice vancancies, interstitial atoms, dislocations, 
and stacking faults. In the present experiments, an 
attempt was made first, to secure a simple type of 
deformation by making tensile tests at helium tempera- 
ture; and second, to analyze the types and amounts of 
defect present by measuring all components of the 
resistivity tensor. The measurements were made at 
helium temperature on deformation and subsequently 
after various annealing treatments. 


2. EXPERIMENTAL PROCEDURES 


The experiment has been performed on single crys- 
tals of high-purity (99.99+-%) aluminum at liquid 
helium and nitrogen temperatures. Aluminum was used 
because Dexter! and later workers have calculated the 
electrical resistance changes produced by dislocations 
in an elastically isotropic medium; aluminum is very 
nearly elastically isotropic. 

The preparation of samples followed a technique 
developed by Noggle.? In brief, the method is an elabo- 
ration of the Bridgman technique of growing single 
crystals which allows one to obtain a specimen arbi- 
trarily shaped by using a “soft” mold to contain the 
molten metal. The specimen is shown in Fig. 1 as it 
would appear prior to melting. The sixteen potential 
leads indicated are cast in place. They are located on 
the central gauge length of reduced section, } centimeter 
apart axially and 90° apart around the circular cross 
section. As indicated, the diameter of the gauge length 
is approximately 0.350 in. This relatively large di- 
mension was necessary to attain the accuracy of 
geometry in making anisotropy measurements. A 
detailed machining procedure was followed in locating 
potential probes. The probes were drawn from the 
original pure aluminum stock to 0.014-in. diameter. 
Their positions were carefully located using a Tukon 
hardness indenter with a traveling stage microscope. 


* This work was supported by the Office of Naval Research and 
Office of Ordnance Research. 

1D. L. Dexter, Phys. Rev. 86, 770 (1952). 

* T. S. Noggle, Rev. Sci. Instr. 24, 184 (1953). 


This was followed by drilling 0.0135-in. diameter holes 
approximately } in. deep centered by the indentations. 
Finally, the aluminum wire was inserted. 

The crystals were deformed in tension using a tensile 
machine designed and built in this laboratory. Maxi- 
mum available load was greater than 1000 pounds. To 
allow free rotation of the specimen during loading, 
gimble and universal joints were included in the pulling 
system. Load and head motion (extension) were read 
directly by counters geared to the machine. 

The pulling system was designed for operations at 
liquid helium temperature (4°K). Double Dewar flasks 
were used with liquid nitrogen in the outer flask and a 
can of liquid nitrogen situated above the helium for 
complete shielding. The same apparatus served for 
operations at liquid nitrogen temperature (78°K). With 
additional control equipment it was possible to extend 
the investigation over the range from 78°K to room 
temperature (300°K). 
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Fic. 1. Section through specimen as grown by Bridgman 
method in the soft mold. 
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The resistance measurements were made by the 
IR-drop method. That is, a known current of between 
15 and 22 amperes was passed axially down the specimen 
and the drop in voltage between various sets of probes 
determined. These voltages were less than one microvolt 
when taken at 4°K. To measure such voltages, a 
Rubicon thermofree microvolt potentiometer was 
indispensable. 

Six-volt storage batteries were the source of potential. 
Leakage currents and heating effects were searched for 
by varying the current level but found to be absent. 
Total heat dissipation in the specimen and current 
contacts was less than four milliwatts. To compensate 
for contact and thermal emf, readings of potential drop 
were made with the direction of the current reversed. 
The stray emf calculated by this procedure agreed with 
the measured no-current potential. 

Temperatures were measured by means of two 
copper-constantan thermocouples placed at the ends 
of the specimen. Elongations were usually measured 
by means of a traveling microscope after each strain 
increment. This is undoubtedly the source of largest 
experimental error. To minimize this error, readings of 
electrical resistance were taken before and after each 
strain increment in an ice bath, whenever possible. 
Since the residual portion of the resistivity is a negligible 


portion of the total resistivity at 0°C, the change in 
electrical resistance at 0°C is an excellent measure of the 
strain. 


TABLE I. Resistivity at 4°K (in 10-* ohm cm) in specimen 31 
on deformation and annealing. cos(xz’) =0.145. 








Py pe Remarks 


6.17 
9.19 
14.89 
13.35 
8.78 





6.49 As-grown specimen 

9.51 Pulled to 9% elongation at 4°K 
13.64 Pulled to 15% elongation at 4°K 
12.95 Annealed at 78°K over-night 
9.05 Annealed at 300°K for two weeks 








TABLE II. Resistivity at 4°K (in 10-® ohm cm) in specimen 33 
on deformation and annealing. cos(xz’) =0.37. 








pr Py pz Remarks 


7.10 7.03 
8.01 7.46 
10.62 10.42 
10.79 10.05 
8.78 8.10 
12.42 11.74 





7.05 As-grown specimen 

7.53 Pulled to 3% elongation at 4°K 
10.85 Pulled to 9% elongation at 4°K 
10.26 Annealed at 78°K over-night 
8.27 Annealed at 300°K for four days 
12.02 Pulled further at 4°K 








TABLE III. Resistivity at 4°K (in 10-* ohm cm) in specimen 32 
on deformation and annealing. cos(xz’) =0.11. 








pr Remarks 





7.68 As-grown specimen 
12.96 Pulled to 16% elongation at 78°K 
9.17 Annealed to 300°K for three days 








Fic. 2. Initial orien- 
tation of the tensile axis 
for the various alumi- 
num single crystals 
tested. 
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3. RESISTIVITY CALCULATIONS 

The observations made in connection with a given 
strain are as follows: (1) the initial orientation of crystal 
axes relative to specimen axis and potential probes; 
(2) the initial location of the potential probes; (3) the 
tensile extension, and the total load; (4) the total 
current J, and (5) the voltage differences between 
various potential leads (both at zero extension and after 
extension). 

The above data allow one to calculate the components 
of resistivity as follows. Since the problem is inde- 
pendent of time, the differential equation to be solved 
is div(o grady)=0, where ¢ is the electrical potential 
and o is the electrical conductivity, a second rank 
tensor. The boundary conditions are that the current 
density normal to the surface of the specimen vanish 
and that the integral of the current density across any 
cross section of the specimen is equal to the total 
current, J. 

Since the experimental runs were made using crystals 
which deformed in single slip throughout the run, it 
seems reasonable (as first mentioned by Sondheimer and 
Mackenzie*) to take the principal axes of the conduc- 
tivity tensor as the slip direction—the y-axis (110), the 
normal to the slip plane—the z-axis (111), and the third 
orthogonal direction—the x-axis (112). 

The solution to the equation then becomes 


Agd= (I/A)[p2Ax cos(xz’)+pyAy cos(yz’) 
+p,Az cos(z2’) ], 


where A is the cross-sectional area of the specimen 
within the gauge length; pz, py, p. are the three com- 
ponents of the resistivity tensor referred to the principal 
axes; Ax, Ay, and Az are the relative coordinates of the 
two potential probes under consideration. These co- 
ordinates are measured along the principal axes of the 
resistivity tensor. The direction cosines are of angles 
between the principal axes and the current direction 
(i.e., the specimen axis). 

The area, A, at any strain level is simply Ao/e, where 
Ao is the initial area and « is the ratio of gauge length 
at the given strain to the original gauge length. 

The relative coordinates Ax, Ay, Az, and the direction 


cosines can be calculated from the initial dimensions 


3 E. H. Sondheimer and J. K. Mackenzie, Phys. Rev. 77, 264 
(1950). 
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TABLE IV. The behavior of the average resistivity at 4°K (in 10-* ohm cm) on deformation and annealing.* 








2300 — p78 
—pu 


p78 —p4 
pi~pu 
0.10 
0.16 


300 — p78 


Specimen pi—pu 


33 
31 


p300 


8.35 
8.86 
9.32 


Pu 


7.05 
6.40 
7.68 


ps 


10.62 
14.44 


prs 


10.27 
13.20 
13.29 





0.54 
0.54 


.60 
.64 
.72 


1.15 
1.16 


32 








* (e—1) X100 =percent elongation. px =resistivity of undeformed crystal measured at 4°K. o4=resistivity of deformed crystal, deformed and measured 
at 4°K. prs =resistivity of deformed crystals measured at 4°K. Specimens 33 and 31 were deformed at 4°K, warmed to 78°K. Specimen 32 was deformed at 
78°K. ps00 =resistivity of deformed crystals measured at 4°K after warming to 300°K. 


of the specimen, the initial orientation, the initial 
location of the potential probes, and the tensile strain. 
The equations obtained by assuming that only one slip 
system operates are given in Appendix I. The assump- 
tion was made that the volume of the material is un- 
changed during deformation. 


4. EXPERIMENTAL RESULTS 


The experimental resistivity changes found on 
deformation and annealings are given in Tables I to 
IV. Initial orientations are given in Fig. 2. Further re- 
sults are given in Figs. 3 to 7. 

The following results are found for deformation at 
4°K. 

(1) The changes in resistivity are isotropic to within 
the accuracy discussed in Appendix IT. 


(2) The resistivity increases are proportional to the 
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Fic. 3. Stress-strain curves. Note that the slope of specimen 
No. 34 is higher than those of No. 31 and No. 33 demonstrating 
the orientation dependence of the curve. Also note that the slope 
of No. 32 in the rising portion is comparable with those of similarly 
oriented specimens tested at helium temperature. 


square of the resolved shearing stress (see Blewitt and 
co-workers‘ for similar results on copper). 

(3) The resolved stress strain curve at helium tem- 
perature is linear (up to 15% extension). Curves ob- 
tained at 78°K and above are parabolic. 

(4) There exists an orientation dependence of the 
resolved stress-strain curve (i.e., the slope of the stress- 
strain curve increases by a factor of two in going from 
the center of the stereographic triangle towards the 
corners which give multiple slip). 

The annealing behavior is characterized by the fol- 
lowing features: 

(1) The resistivity change introduced by deformation 
at helium temperature showed some annealing at 78°K 
(i.e., about 10% of Ap annealed out). 

(2) About 55% of the total increase anneals 
out in the range 150°K to 300°K. This annealing begins 
at 190°K for specimens having 5 to 10% extension 
and at 150°K for specimens having 15 to 20% 
extension. 

(3) Crystals extended at 4°K show an upper yield 
point on further extension at the low temperature after 
warming to 300°K (see Fig. 6). In some cases, this 
upper yield point can be developed by aging at 78°K. 

(4) Crystals extended at 4°K and 78°K show ap- 
preciable annealing of the stress necessary for further 
deformation at the low temperature after warming to 
300°K. This is of course after the upper yield stress has 
been exceeded (see Figs. 4 and 6). 


5. DISCUSSION 


The data reported here for aluminum together with 
that of Blewitt and co-workers on copper suggest that: 
(1) the resolved stress-strain curve for any face-centered 
metal is linear at sufficiently low temperatures; (2) 
aluminum and copper differ considerably in their 
temperature scales. For example aluminum at 78°K 
resembles copper at some temperature above 300°K. 

The observed isotropy can be understood either by: 
(1) supposing that the resistivity introduced by dis- 
locations is negligible in comparison with that intro- 
duced by the lattice vacancies and interstitials, or by: 
(2) assuming that although macroscopically single slip 
occurs, on a microscopic view dislocations are intro- 
duced on many slip systems so that isotropy results. 

‘T. H. Blewitt (to be published); Blewitt, Coltman, and Red- 


man, Bristol Conference on Defects in Solids (The Physical Society, 
London, 1955), p. 369, 
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Some support for the first alternative can be obtained 
by comparing Hunter and Nabarro’s dislocation calcu- 
lation with Jongenberger’s® calculation for vacancies. 
If one assumes that equal numbers of edge and screw 
dislocations are produced, then a vacancy is about 16 
times as effective in producing resistivity as is one 
atomic length of dislocation. 

It is possible that an x-ray method can be devised to 
decide this question since, if only one slip system acts, 
then the atomic displacements produced by the dis- 
locations would be in the active slip direction. A result 
of this would be that the Bragg reflections from a few 
particular crystallographic planes would not be broad- 
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RESOLVED SHEARING STRAIN 


Fic. 4. Stress-strain curve at nitrogen temperature. Note that 
warming to 300°K produces measurable softening. 


ened. If, on the other hand, many slip systems produce 
dislocations, all of the Bragg reflections would be 
broadened. 

The fact that an upper yield point is produced in both 
aluminum and copper on appropriate aging suggests 
that these materials contain extended dislocations. The 
reasoning is as follows: If we assume that the phenome- 
non is not associated with impurities, then vacancies 
and interstitials would produce jogs in complete edge- 
type dislocations. Such jogs would probably not restrict 
their glide appreciably. However, an interstitial or a 
vacancy would not completely relieve the local strain 


5S. C. Hunter and F. R. N. Nabarro, Proc. Roy. Soc. (London) 


A220, 542 (1953). 
6 P. Jongenburger, Phys. Rev. 90, 710 (1953). 
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RESOLVED SHEARING STRAIN 


Fic. 5. Stress-strain curve at room temperature. 


if it is located at one of the half-dislocations of an 
extended dislocation. If then an applied stress tends to 
move the half-dislocation, it can separate the dislocation 
and the point imperfection. Thus, in the case of a whole 
dislocation, the point imperfection tends to disappear, 
to become a part of the dislocation, and to move with 
it; whereas in the case of the extended dislocation the 
point imperfection probably retains its identity and 
behaves more like an impurity atom. 
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Fic. 6. Aging and softening of crystal produced by annealing 
at 300°K between strainings at 4°K. The extensions given in the 
upper curve were measured by the motion of the upper head of the 
tensile machine; those given in the lower curve were measured on 
the specimen by an optical comparator. 
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Fic. 7. Plot showing that the increase in the resistivity on 
deformation at 4°K is proportional to the square of the resolved 
shearing strain. 


A more complete discussion will follow in a later 
paper. 


APPENDIX I 


The expression for the potential difference between 
two points on the specimen presented in the test is 
given in terms of the distances between points in the 
slip system. In practice, the positions of the potential 
probes relative to this coordinate system are not im- 
mediately known. Furthermore, although the angles 
for the crystal prior to deformation involved in the 
above expression may be obtained directly from a Laue 
back-reflection photograph, the values of these angles 
change as deformation proceeds. 

To obtain these quantities, we use a laboratory 
system of reference. The coordinate axes of this system 
are defined by the specimen axis, taken as the z’-axis, 
and two other orthogonal directions. It is convenient 
to choose these as the direction of incidence of the x-ray 
beam when taking a Laue photograph (x’) and the 
third orthogonal direction (y’). With this choice of axes, 
all the potential leads at the beginning of the experi- 
ment lie either on the x’-axis or the y’-axis. The two 
pertinent systems are shown in Fig. 8. 

The positions of the potential probes in the slip 
system prior to deformation are then obtained by 
writing down the positions in laboratory system and 
transforming to the slip system by use of a rotation 
matrix obtained from examination of the Laue photo- 
graph. To obtain the positions after deformation as 
well as the required angles, we proceed as follows. 

Let the quantities before deformation have the sub- 
script 0; following deformation, ¢. Since the deformation 
is a pure shear in the direction y of a magnitude a, each 
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Fic. 8. The crystal orientation. 
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point Po(xo,¥o,20) transforms into the point P(x.,¥.,2.) 
by glide in the y-direction. Thus, the transformation is 


X=X0, Y=Yotaz, 2=20. 


Also, for the line elements of Po and P,, we have 
Le= Xo + yo?+20", L2= 2é-+-yi+s/, 
yo= Lo cosXo, ye=L. COSAg, 
zo= Lo sinxo, 2e= L, Sinx.. 
By combining equations, it follows that 
(L./Lo)?= (Le + 2ayotota720?)/ Lo? 
= 1+2a sinxo cosr\o+a? sin?xo. 
Solving for a, 


a=——{[e—sin?Ao }!—cosAo}, 
sinxo 


where e= L/L». In a better form for computation, 
a= (cosd,/sinx.)— (cosdo/sinxo). 
From the diagram, it is obvious that Lo sinto= L, sind, 
and since z.= 20, L. sinx.= Lo sinxo, we have 
e= L./Lo=sin\o/sin\.=sinxo/sinx.. 
In terms of the notation used above, the potential 
distribution is given by 
Ag=(I/A)[p.Ax cose+p,Ay cosk+),A, sinx ]. 

The above expression was used for each set of po- 
tential probes. From the initially known separation and 
Laue picture, the distances, area, and angles involved 
were determined. These quantities were then calculated 
again for each level of strain at which voltage and 


current measurements were made. Thus, an expression 
was obtained for each set of probes used involving three 
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unknowns—the three components of resistivity. In 
principle, three such measurements were then sufficient ; 
in practice, several more were made and a least-squares 
method used to actually compute the components. 


APPENDIX II 


The analysis of the data presents one peculiar 
difficulty. It will be noted that the contribution of a 
resistivity component to the actual resistance reading 
is weighted with a cosine dependence as well as a com- 
ponent of the lead separation. Since current is passed 
axially through the specimen, it is an unfortunate fact 
that cos(xz’) is always much smaller than the other 
cosines. The x-direction is always close to the horizontal 
for a vertical current flow. To aggravate the matter, 
cos(xz’) becomes smaller with slip. This has the effect 
of introducing a large amount of error in pz. 

To minimize this error, an attempt was made to 
choose crystals with orientations having as large a value 
of cos(xz’) as possible, as well as representing crystals 
which remained well out of the double-slip region of the 
unit stereographic triangle. For this reason, cos(yz’) 
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cos (zz’)=0.7. It is easy to see that the results listed 
in Table II for specimen 33, which represents an almost 
ideal orientation in these respects, are much more 
consistent than the others in its values of p,; the results 
listed in Table III for specimen 32, which represents a 
poor orientation in these respects, are probably not 
reliable in values of pz. The values of p, must be re- 
garded as the most poorly determined experimental 
quantity. 

Another source of error is the deviation of the po- 
tential probes from the positions intended. To minimize 
this error, resistance measurements were made before 
extension and the positions corrected to agree with these 
measurements. In no case did the adjustment exceed 
the probe diameter. Following elongation, the calculated 
new positions of the leads were compared with those 
observed in a microscope. The agreement was better 
than 2%, which confirms the geometrical analysis used. 

It is believed that a fair estimate of accuracy seems 
to be about 10% for strains less than 6% to 5% for 
larger strains. This is the case for p, and p,. In the case 
of pz the corresponding errors were 50% and 20%. 
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Structure Sensitivity of the X-Ray Coloration of NaCl Crystals* 


R. B. Gorpont Anp A. S, Nowicx 
Hammond Metallurgical Laboratory, Yale University, New Haven, Connecticut 
(Received October 24, 1955) 


Room temperature measurements of the rate of coloring of NaCl crystals by x-rays at different depths 
below the irradiated surface and for different states of deformation and heat treatment are reported. From 
the results it is concluded that two mechanisms of coloring operate in these crystals. The first, or “rapid- 
type” coloring, approaches a saturation density of F-centers of the order of 10!7/cm’, and appears to result 
from the generation of color centers from vacancies already present in the unirradiated crystal. The second, 
or “slow-type” coloring, takes place at a constant rate until F-centers in excess of 10'8/cm? are formed. 
This type of coloring, which is usually observed only near the irradiated surface, is due to the generation 
of F-centers at dislocations, and is responsible for the hardness and density changes produced by the x-rays. 
Rapid-type coloring is found to occur at essentially the same rate in deformed crystals and in carefully 
annealed crystals; recovery at low temperatures after deformation, however, decreases the colorability. 
These results indicate that the principal effects of deformation and heat treatment on colorability may be 


related to the state of dispersion of impurities. 


I. INTRODUCTION 


T is now well known that the principal center 
responsible for the coloration observed in alkali 
halide crystals after exposure to ionizing radiations 
(the F-center) consists of a negative ion vacancy which 
has trapped an electron. It is to be expected, then, that 
the rate at which F-centers form in a crystal subjected 
to irradiation (the “darkenability” or ‘“colorability”’) 
will be a structure sensitive property. Seitz’ has in fact 
suggested that since vacancies may be generated during 


* This research was supported by the U. S. Air Force through 
the Office of Scientific Research of the Air Research and Develop- 
ment Command. 

t Now at School of Mines, Columbia University, New York, 
New York. 

1F, Seitz, Phys. Rev. 80, 239 (1950). 


plastic flow, the colorability of deformed crystals should 
be enhanced compared to that of annealed crystals. 
Another reason for anticipating increased colorability 
in deformed crystals is that F-centers can be generated 
at dislocations?; a deformed crystal should contain 
many more such sources for F-centers than a well- 
annealed crystal. 

Experimental evidence pertaining to the effect of 
plastic deformation on darkenability is very inadequate. 
Much of the work in this field was carried out prior to 
1930 by Smekal* and by Przibram.‘ In the case of rock 
salt irradiated with y rays, Przibram found that a 

* F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

3 A. Smekal, Z. Ver. deut. Ing. 72, 667 (1928). 


4K. Przibram, Z. Physik 41, 833 (1927); Wein. Ber. (IIa) 136 
43 (1927). 
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plastically deformed crystal colors more rapidly and 
reaches a deeper final color than an undeformed crystal. 
However, his observations were qualitative and compli- 
cated by the presence of various complex centers. 
Schréder® investigated the darkenability of deformed 
rock salt and, using ultraviolet light as his coloring 
radiation, observed enhancement of the darkenability 
of the deformed crystals. Unfortunately, Schréder’s 
results may have been influenced by the large impurity 
content of his crystals (he reports that very pure rock 
salt cannot be colored by ultraviolet light). Although 
x-rays are widely used for the production of color 
centers in the alkali halides, there do not seem to be 
any quantitative experiments on the effect of defor- 
mation on x-ray colorability. It is the purpose of the 
present work (Sec. IV) to compare the colorability of 
deformed NaCl crystals with that of crystals which 
have received various heat treatments. 

In attempting to study coloring rates during room 
temperature x-irradiation of NaCl crystals, it was found 
(in agreement with recent results obtained by Mador 
et al.*) that the growth of the F-band occurs in two 
distinct stages. First, there is an initial rapid growth 
which eventually tends to a saturation F-center density 
of about 10’ cm~ throughout the whole crystal. 
Second, there is a continuing growth just below the 
irradiated surface which can lead to the formation of 
very high densities of F-centers. These results suggest 
the possibility that more than one coloring mechanism 
may be in operation during x-irradiation. Since thick 
crystals were to be used in investigating the effect of 
deformation on coloring, it seemed desirable first to 
extend the work of Mador et al. on the rate of growth 
of F-centers as a function of depth below the irradiated 
surface of the crystal. For this purpose thin crystal 
specimens were irradiated through rock salt filters of 
various thicknesses. These experiments are described 
in Sec. III. 


Il. EXPERIMENTAL 


The optical measurements were made on NaCl 
crystals obtained from the Harshaw Chemical Com- 
pany. The purity of such crystals has been reported.” 
The “thick” crystals used in the experiments on defor- 
mation and annealing were supplied already cleaved 
in the form of bars of square cross section 0.56 cm on 
an edge. The “thin” crystals were cleaved from larger 
blocks and ranged from 0.025 to 0.08 cm in the dimen- 
sion parallel to the direction of the x-irradiation and 
the optical absorption measurement. The crystals were 
irradiated with x-rays obtained from a Machlett tube, 
having beryllium windows and a copper target, operated 
at 39 kv and 10 ma. All irradiations were at room 
temperature. The optical density at the maximum of 
the F-band was measured with a Bausch and Lomb 

6 J. Schréder, Z. Physik 76, 608 (1932). 

§ Mador, Wallis, Williams, and Herman, Phys. Rev. 96, 617 


(1954). 
7W. H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). 
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“Spectronic 20” colorimeter-spectrophotometer. Optical 
density is reported as logio(Zo/J), where J/I is the 
ratio of incident to transmitted intensity of F-light. 

A crystal holder was constructed which made it 
possible to position the crystal reproducibly both in 
the spectrophotometer and in the x-ray beam. Pre- 
cautions were taken to keep the crystals in darkness 
during the transfer from the x-ray unit to the spectro- 
photometer, to avoid optical bleaching. The procedure 
in determining curves of optical density vs x-ray dose 
was as follows. The crystal was irradiated for a given 
length of time, then removed from the x-ray unit and 
placed in the spectrophotometer, about two minutes 
elapsing between the termination of irradiation and 
the measurement of optical density. After another two- 
minute interval irradiation was continued. A small 
correction was made for the bleaching associated with 
each interruption and optical density measurement. It 
was found that, with this procedure, the same optical 
density vs dose curve was obtained for crystals in the 
same condition regardless of the number of optical 
measurements made during the course of the irradiation. 
The corrections involved do not shift any of the optical 
density curves shown in this paper by a significant 
amount. 

All of the thin crystals were irradiated in the as- 
cleaved condition. Plastic deformation of the thick 
crystal bars was carried out by coating the ends with 
collodion and then compressing the bars lengthwise in 
a toolmaker’s vise. The collodion coating prevents the 
ends of the bars from splitting during heavy defor- 
mation. All anneals were carried out in air; specimens 
were allowed to cool inside the furnace (at a rate such 
that the temperature dropped from 700°C to 400°C 
in one hour). 


III. OPTICAL MEASUREMENTS ON THIN CRYSTALS 


Comparison of F-band growth curves for crystals 
with and without NaCl filters is shown in Fig. 1, where 
the optical density is given as a function of irradiation 
time. The corresponding average density of F-centers, 
calculated by means of Smakula’s equation® under the 
assumption of a uniform optical density throughout 
the thin plate specimens, is also shown. After the first 
10 minutes of irradiation the increase in optical density 
for the crystal irradiated without a filter is linear with 
dose (Curve A) up to the practical upper limit of the 
spectrophotometer scale [logio(Jo/J)~0.7]. Since the 
coloration near the irradiated surface is highly non- 
uniform in the absence of a filter, the actual density of 
color centers corresponding to a given optical density 
must be greater than the average density of centers 
obtained from Smakula’s formula. Thus the density of 
F-centers formed near the surface after moderate 
irradiation is well above 10'* cm~. 

In contrast, the F-center density of various crystals 


8A. Smakula, Z. Physik 59, 603 (1950). See also reference 2, 
footnote 1. 





X-RAY COLORATION OF NaCl 


irradiated through NaCl filters approaches a saturation 
value of about 6X 10'* cm~ (as for example in Fig. 1, 
Curve B). For crystals irradiated through filters, the aver- 
age F- center concentration calculated from Smakula’s 
formula closely represents actual densities since colora- 
tion is very nearly uniform. Curve C in Fig. 1 shows that, 
within experimental error, a change of x-ray intensity 
without a change in filter thickness alters only the time 
scale of the coloring curve, not the saturation value. This 
implies that the number of F-centers formed depends to 
a first approximation only on x-ray dose and not on 
intensity. Similarly, measurements not presented in 
Fig. 1 show that curves for various filter thickness may 
be superimposed by a change of the time scale, with 
essentially the same saturation value attained in each 
case. It is especially worth noting that in Fig. 1 the 
intercept of the linear portion of Curve A is the same 
as the saturation value for Curves B and C. 

The results reported show, in agreement with the 
earlier work of Mador et al.,® that F-center formation 
takes place in two stages. The first begins rapidly, then 
decreases in rate, eventually approaching a saturation 
density of about 10'7 F-centers/cm*. The second stage, 
which takes place detectably only near the surface 
where the radiant energy absorbtion is very high, 
eventually results in F-center densities well above 10'* 
cm~*, With prolonged exposure, the region of intense 
coloration (where the number of F-centers= 10'* cm-*) 
moves deeper into the crystal. The present work has 
shown that the second stage involves a linear increase 
in F-center density with time and that the contributions 
due to the two stages are additive. 


IV. COLORATION OF DEFORMED AND 
ANNEALED CRYSTALS 


Thick (0.56-cm) crystals are used for the plastic 
deformation experiments. Since a uniform distribution 
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Fic. 1. Growth of the F-band as a function of irradiation time. 
Curve A: specimen 0.025 cm thick, no filter. Curve B: specimen 
0.058 cm thick, NaCl filter 0.075 cm thick. Curve C: same as B 
but with incident x-ray intensity reduced by a factor of two. 
Optical densities for Curves B and C have been corrected to 
specimen thickness of 0.025 cm, to make results comparable with 
Curve A. 
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Fic. 2. Growth of the F-band in 0.56 cm thick NaCl crystals 
irradiated without a filter. Curve A : as-received crystal; Curve B: 
crystal deformed 3.9% in compression and allowed to recover five 
days at room temperature plus 1 hr at 100°C; Curve C: crystals 
deformed 3.9% and 8.1% in compression and measured 1 hr 
after deformation (data for both these crystals fell on the same 
curve); Curve D: as-received crystal, annealed at 700°C for 
10 hr and furnace cooled. 


of color is not produced, the results of the optical 
measurements cannot be reported in terms of the 
density of color centers. Instead, only the observed 
optical density is reported. 

The curves in Fig. 2 show that the colorability is 
structure-sensitive to a certain extent. It was found 
that the curves of optical density vs irradiation time 
for various as-received crystals (i.e., crystals as received 
from Harshaw and subjected to no further cleaving) 
are almost identical. Crystals annealed by heating to 
700°C for 10 hours followed by furnace cooling were 
observed to have a much greater colorability (Curve D). 
An as-received crystal after deformation in compression 
shows a colorability (Curve C) distinctly greater than 
that which it had prior to deformation but slightly less 
than that of an annealed crystal. (A 4% deformation 
is sufficient to activate a large density of slip planes in 
the crystal, as is revealed by the strong birefringence 
of the deformed crystals; the as-received and annealed 
crystals on the other hand are almost perfectly isotropic 
optically.) 

The contribution to the over-all optical density made 
by the region of intense coloration near the surface 
should be negligible in the results of Fig. 2, due to the 
fact that thick crystals and short irradiation times are 
employed. However, it was decided to make certain of 
this point by irradiating the thick specimens through 
a 0.025-cm thick NaCl filter. The results of such 
experiments are shown in Fig. 3. (These data are not 
directly comparable to those in Fig. 2, since a slighlty 
different x-ray intensity was used.) The deformed 
crystal used in the measurements shown in Fig. 3 was 
one that had been first annealed at 700°C for 10 hours 
before deformation, in contrast to the case of Fig. 2 
where an as-received crystal was deformed. In spite 
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Fic. 3. Growth of the F-band in 0.56-cm thick NaCl crystals 
irradiated through a 0.025-cm thick NaCl filter. Triangles: 
as-received crystal; solid circles: annealed and furnace cooled; 
crosses : deformed 3.6% after annealing. 








of these modifications, enhancement of the darkena- 
bility of the deformed and the annealed crystals with 
respect to as-received specimens is again observed in 
the data of Fig. 3. In both figures this enhancement is 
observed to increase with increasing irradiation time, 
i.e., the ratio of optical densities of various crystals is 
nearer to unity during the initial part of the irradiation 
curves than in the later part. This result implies that 
it is primarily the difference in saturation density 
rather than in initial coloring rate that determines the 
differences between curves. Unfortunately, the history 
of the as-received crystals is too uncertain to permit a 
direct interpretation of the differences between darken- 
ability of such crystals, and those which are annealed 
or deformed. Comparison of Curves B and C of Fig. 2 
shows, however, that a substantial decrease in colora- 
bility is produced by low temperature annealing after 
deformation. 

The shape of the F-band in both the as-received and 
deformed crystals was examined in the region 3500S 
=6000A using thick crystals irradiated 15 minutes 
without a filter. While a possible slight broadening of 
the F-band was observed in the deformed crystal, no 
evidence of the presence of other bands was found in 
the wavelength region examined. 


V. HARDNESS MEASUREMENTS 


Marked increases in the hardness of rock salt have 
been observed by Li® and by Westervelt” after irradi- 
ation with x-rays. The optical measurements suggest 
that it is desirable to find how sil below the irradi- 


*Y. Y. Li, Acta Metallurgica 1, 455 (1953 
PD. R. Westervelt, Acta Metallurgica 1, Is (1953). 
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ated surface these hardness increases occur. Hardness 
was measured using a Tukon hardness tester with a 
diamond pyramid indentor. Measurements of surface 
hardness showed an increase upon irradiation similar 
to the results of previous workers. It was also shown 
that the hardness increase is permanent at room 
temperature and is unaffected by bleaching; also, for a 
given irradiation the same increase was obtained for 
natural rock salt crystals (from the Stassfurt deposits) 
as for the Harshaw crystals. 

Measurements as a function of depth were made on a 
natural rock salt crystal 15 months after the specimen 
had been given an 8-hour irradiation, the crystal being 
cleaved through the darkened area so as to expose a 
face parallel to the direction of irradiation for measure- 
ments. The results (Fig. 4) show that the radiation 
induced hardness increase is largely confined to the 
surface layer about 0.02 cm thick, and that below 
0.08 cm the hardness is indistinguishable from its value 
prior to irradiation. Thus the region of hardness change 
is essentially the same as the region of intense color- 
ation. The results are in distinct contradiction to the 
impression of Pratt" that hardening occurs throughout 
the volume of the crystal.” 


VI. DISCUSSION 


The fact that F-band growth in the experiments on 
thin crystals could be described, in a purely formal way, 
as made up of two distinct stages suggests the possi- 
bility that there may be two mechanisms of coloring in 
these crystals. In order to give a more meaningful 
interpretation to the results, it will therefore be helpful 
to review briefly the accepted ideas about the mecha- 
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Fic. 4. Diamond pyramid hardness of a heavily irradiated rock 
salt crystal as a function of depth below the irradiated surface. 


uP. L. Pratt, Report of the Conference on Defects in Crystalline 
Solids (The Physical Society, London, 1955), p. 402. 

2 Pratt’s impression is based on the internal friction experi- 
ments of Frankl, where the decrease in damping due to irradiation 
was shown to occur throughout the volume of the entire crystal. 
This latter effect, which has been verified and extended by the 
present authors (work to be published) is apparently of different 
origin than the increase in hardness. 
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nism of formation of F-centers. It has been widely 
suggested that the vacancies required for the formation 
of color centers are generated at dislocations during 
x-irradiation. Experimental evidence which supports 
this mechanism is as follows. 

(1) F-center concentrations of the order of 10'* to 
10° cm~* can be attained by x-irradiation whereas 
comparison of the mass density of a crystal as measured 
hydrostatically with that calculated from x-ray data 
shows® that the concentration of vacancies present in 
an annealed crystal probably does not exceed about 
107 cm, counting both free vacanies and those 
associated in clusters. 

(2) It has been shown by Smekal'‘ and by Etzel!® 
that x-irradiation enhances the darkenability of a 
crystal in ultraviolet light. Since ultraviolet light is 
presumably not energetic enough to generate vacancies, 
it is concluded that the x-rays must be able to do so. 

(3) X-irradiation decreases the density'® and in- 
creases the length of NaCl crystals.” 

The experimental results just quoted were apparently 
obtained on crystals irradiated under conditions where 
the major effects might be attributed entirely to 
the intense coloration near the surface of incidence of 
the x-rays. Thus, there is no question that the formation 
of a region of intense coloration near the surface must 
involve the generation of new vacancies. Furthermore, 
the fact that coloration can take place readily at 
temperatures too low for vacancy diffusion over ap- 
preciable distances implies that the sources of these 
new vacancies must be dislocations rather than external 
surfaces. The principal question of mechanism then 
concerns the earlier stage of coloring which results in a 
saturation density of the order of 10'’ F-centers/cm’. 
It is desirable to determine whether this stage is also 
primarily due to the generation of new vacancies in the 
crystal, or whether it results from the utilization of 
vacancies or small vacancy clusters already present in 
the crystal prior to irradiation. 

It is known that at least under some conditions 
vacancies already present prior to irradiation control 
the colorability of crystals. A striking example is the 
effect of prior proton irradiation in enhancing consider- 
ably the x-ray coloration produced deep inside a 
crystal.'!* This result is readily explained in terms of 
the creation of vacancies in large numbers by the proton 
irradiation. Another illustration is in the effect of 
impurities in enhancing the colorability of alkali halide 
crystals. (Divalent and multivalent impurities are 
especially effective by virtue of the fact that they must 


18 F. Seitz, Revs. Modern Phys. 18, 384 (1946). 
“See K. Przibram, Verfarbung und Lumineszenz (Springer- 
Verlag, Vienna, 1953). 
19H. W. Etzel, Phys. Rev. 98, 1531A (1955). 
16 Estermann, Leivo, and Stern, Phys. Rev. 75, 627 (1949); 
Primak, Delbecq, and Yuster, Phys. Rev. 98, 1708 (1955). 
17K. Sakaguchi and T. Suita, Tech. Repts. Osaka Univ. 2, 177 
1952). 
18 W. Leivo and R. Smoluchowski, Phys. Rev. 93, 1415 (1954). 
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be accompanied by vacancies in order to maintain 
charge neutrality of the ionic crystal.) These effects are 
reviewed and interpreted by Schulman.” In view of 
these impurity effects, we must assume either that 
impurities also play a significant role in the coloring of 
the present (Harshaw) crystals or else that the impurity 
content is too low to be important in these crystals. 
Schulman argues in favor of the former view, since he 
finds by extrapolation of data on the effect of divalent 
impurities on colorability that observed colorabilities 
of “pure” crystals can be accounted for by impurity 
contents of the order of 10 parts per million. Such 
contamination is well within the impurity content of 
normally available “pure” alkali halide crystals, as is 
shown by recent analyses.’ 

The alternative view is to deny the existence of 
vacancies in quantities of the order of 10! cm™ in 
“pure” crystals prior to irradiation, and to claim that 
even the early stage of coloring is due primarily to the 
generation of vacancies from dislocations. It might 
then be anticipated that this coloring is directly de- 
pendent on the dislocation density in the crystal. This 
prediction is clearly in contradiction to the results of 
Figs. 2 and 3 (since the deformed crystals may be 
expected to have at least 100 times the dislocation 
density of the annealed crystals). To explain the lack 
of dependence of colorability on dislocation density 
would then require the assumption that, although 
vacancies are generated at dislocations, recombination 
of electrons and holes also occurs at dislocations. Thus 
the two effects may possibly cancel each other, leaving 
a net colorability independent of dislocation density. 
With such an assumption, however, it then becomes 
difficult to explain why the colorability should show 
any structure sensitivity at all, e.g., the decrease in 
colorability after low temperature annealing (Fig. 2). 

As a result of these considerations, it seems most 
reasonable to recognize a difference in mechanism 
between the two stages of coloring. The early stage will 
be referred to as the “rapid-type” coloring, since it takes 
place readily even deep inside a thick crystal. The 
second stage, which is responsible for the region of 
intense coloration near the surface, will be called the 
“slow-type” coloring. Thus, we have concluded that 
while slow-type coloring is due to generation of va- 
cancies at dislocations, rapid-type coloring is most 
reasonably attributed to vacancies and/or vacancy 
clusters present in the crystal prior to irradiation. In 
the Harshaw crystals used in the present experiments 
and in those of Mador ef al., the density of these 
vacancies must then be of the order of 10'7 cm~. 

The saturation density of color centers for rapid-type 
coloring (in the present case 6X10'* cm-*) should not 
be regarded as precisely the number of vacancies in the 
crystal prior to irradiation. The work of Harten” 


9 J. H. Schulman, J. Phys. Chem. 57, 749 (1953). 
2” H. V. Harten, Z. Physik 126, 619 (1949). 
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demonstrates that the saturation density increases with 
decreasing temperature. This result is best explained 
by recognizing that x-rays produce bleaching as well as 
coloration and that these two effects, which are balanced 
at saturation, may vary with temperature in different 
ways. In these experiments, Harten used filtered radi- 
ation (wave lengths in the range 0.2 to 1.0 A) and 
relatively short exposure times. Thus, in terms of the 
present concepts, he was dealing with the rapid-type 
coloring only. Harten did report, however, that concen- 
trations of F-centers in excess of 10'* cm~ were obtain- 
able after extremely long irradiations. This result sup- 
ports the contention that slow-type coloring involves a 
relatively low quantum efficiency. Thus, it can be 
obtained detectably only after relatively long exposures 
to x-radiation of low absorption coefficient, or after 
short exposures to soft x-rays, as in the layer of intense 
coloration obtained near the surface of a crystal exposed 
to unfiltered radiation. 

A measure of the relative efficiency of the rapid-type 
and slow-type coloring may be obtained from the ratio 
of initial to final slopes of any F-band growth curve, 
provided that the relative effectiveness of the different 
x-ray wave lengths in producing color centers is the 
same for both mechanisms (see the Appendix). Actually 
curves obtained without a filter (e.g., Curve A, Fig. 1) 
show so large a curvature near the origin that a determi- 
nation of the initial slope is difficult. On the other hand, 
for irradiation through a filter, the final slope is so small 
that it cannot be determined with precision. Thus it is 
possible to give only a lower limit to the ratio of coloring 
efficiencies. Examination of the various coloring curves, 
such as those of Fig. 1, shows that the ratio of initial 
to final slope is at least 100. It is therefore concluded 
that if the assumption discussed in the Appendix is 
valid, the energy to form an F-center in rapid-type 
coloring is initially of the order of 10~* or less of that 
for the slow-type. In terms of the suggested mechanisms 
of the two types of coloring, this result is in accord 
with Seitz’ prediction! that the solvent action of 
excitons and/or electrons and holes produced by irradi- 
ation on “incipient vacancies” at dislocations should 
be much weaker than the action on vacancies in small 
clusters. 

The conclusion that rapid-type coloration depends 
on vacancies and vacancy clusters present in the 
unirradiated crystal should lead one to expect that this 
type of coloring is structure sensitive. An extreme 
example of this structure sensitivity was already men- 
tioned earlier in this discussion, i.e., the effect of proton 
irradiation in greatly enhancing the x-ray colorability 
deep inside the crystal. Less striking effects are obtained 
through heat treatments. For example, it is well 
known". that quenched crystals color more rapidly 
than slowly cooled crystals. Another effect of heat 


21 R. Smoluchowski, Report of the Conference on Defects in 
Crystalline Solids (The Physical Society, London, 1955), p. 252. 
2 F. A. Cunnell and E. E. Schneider (private communication). 


B. GORDON AND A. §S. 


NOWICK 


treatment is demonstrated in the present experiments, 
which show that annealing increases the colorability 
of an as-received crystal.¥ This result seems similar to 
the observation, reported in the early literature,“ that 
natural or solution grown crystals show a low rate of 
coloring (compared to melt grown crystals) but that 
the colorability may be increased by annealing. Finally, 
it is widely reported" that cold working increases the 
colorability. In the present experiments, this was only 
true for the as received crystals; the colorability of an 
annealed crystal was almost unchanged after defor- 
mation. 

The differences in colorability between crystals 
treated in different ways may be explained in terms of 
the excess vacancies produced by the particular treat- 
ments. For example, this explanation certainly fits the 
experiments on proton irradiated crystals. One might 
explain in the same way effects of heat treatment and 
of cold-working. The effect of quenching in enhancing 
colorability may be attributed to the quenching in of 
vacancies which were in equilibrium at high tempera- 
tures. Presumably, then, even the rather slow rate of 
cooling of the annealed crystals in the present experi- 
ments is not sufficient to permit complete removal of 
the vacancies present in equilibrium at the annealing 
temperature. Rather, it may be supposed that these 
vacancies are either unable to coalesce, or else that 
they aggregate at most into small clusters which are 
capable of being redissolved upon x-irradiation. It has 
been proposed! that cold working generates an excess 
of vacancies or vacancy clusters and that this phe- 
nomenon accounts for the enhancement of colorability 
in deformed crystals. In these terms, the agreement 
between the colorability of annealed and of cold-worked 
crystals in the present experiments may be somewhat 
coincidental. Furthermore, it is somewhat difficult to 
explain the close agreement between the rates of 
coloring of crystals deformed 4 percent and those 
deformed 8 percent (Curve C, Fig. 2). 

An alternative explanation for the effects of heat 
treatment and deformation may be given in terms of 
the concept that colorability is controlled primarily by 
vacancies which are in equilibrium with divalent (and 
multivalent) impurities dissolved in the crystal. Since 
such impurities generally have very low solubilities, it 
is reasonable to suppose that the principal effects of 
heat treatment and deformation on colorability are to 
produce changes in the degree of dispersion of such 
impurities. The vacancy concentration is then only 
indirectly controlled by the given treatment. A concept 
of this sort was first suggested by Smakula* and more 
recently considered by Schulman.’® In terms of this 
concept, heat treatment gets impurities into solution, 
but even upon relatively slow cooling there is insufficient 


% Harshaw crystals are grown from the melt in large sizes. 
Presumably, the original rate of cooling of the crystals is much 
slower than the rate of cooling after annealing in the present 
experiments. 
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time for complete precipitation. The work of Matthai™ 
supports this contention by showing the presence of 
ultramicroscopic colloidal particles after anneals below 
400°C which may be dissolved by heat treatments at 
high temperatures. It may be supposed that cold 
working disperses impurities, but only if they are not 
already in solution (i.e., if colorability is not already 
high as a result of heat treatment), while recovery after 
deformation would permit precipitation of impurities 
near dislocations, thus decreasing the colorability (as ob- 
served in Curve B of Fig. 2). In these terms it would ap- 
pear that the various observations reported in the litera- 
ture on the enhancement of colorability upon deformation 
may have involved no more than such impurity effects.” 
Clearly, experiments on extremely high purity crystals 
are needed to make possible a more certain separation 
of effects due to impurities from those due to vacancy 
clusters. In the absence of such information, however, 
it is worth noting that further support for the impor- 
tance of impurities may be obtained from studies of ionic 
conductivity. It is well known that ionic conductivity of 
alkali halides at temperatures well below the melting 
point is controlled principally by the concentration of 
multivalent impurities.? It has been observed”*.”” that 
annealing generally increases the ionic conductivity in 
the same way as it enhances the colorability. This fact 
seems to suggest that the dissolution of impurities at 
high temperatures and their failure to precipitate out 
during cooling at normal rates is responsible for the 
effect of annealing on both properties. The alternative 
interpretation, that the enhancement of colorability by 
annealing may be due to the formation of small vacancy 
clusters, would not be suitable to explain the enhance- 
ment of the ionic conductivity; probably only single 
vacancies have both the net charge and the mobility 
required to produce ionic conductivity. 

The structure sensitivity of the slow-type coloring 
should be of an entirely different character, showing a 
rapid increase with increasing dislocation density.” 
Furthermore, the generation of 10'8 vacancies/cm* at 
edge dislocations should have the effect of raising the 
extra half-plane of a dislocation about 1000 atom 
distances (taking a dislocation density of 108/cm?). 
This implies a drastic change in the dislocation structure 
and is in accord with the observed result that the 
hardness change takes place only in the region of 
slow-type coloring. The severity of the damage pro- 


“4 R. Matthai, Z. Physik 68, 85 (1931). 

25 On the other hand, some of these observations may have 
involved primarily slow-type coloring. 

26 F, Quittner and A. Smekal, Z. Physik Chem. B3, 162 (1929); 
F. Quittner, Z. Physik 68, 796 (19 

27G. A. Russell and R. Maurer Site communication). 

28 Recent experiments by one of the authors (A. S. N., 
published) confirm this prediction. 
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duced by slow-type coloring is also indicated by the 
formation of more complex color centers. For example, 
it has been observed® that the M-band appears to a 
much higher density, relative to the F-center concen- 
tration, in the region of intense coloration near the 
surface. Also, the present authors have observed that 
the change to a blue color (“Blauumschlag”") which 
occurs upon optical and thermal bleaching of F-centers, 
takes place only in the region of slow-type coloration 
This effect must be associated with the coagulation of 
simple centers to form more complex centers (e.g., R- 
centers). In general, then, it may be concluded that 
the generation of vacancies from dislocations, involved 
in the slow-type coloration, produces severe damage to 
the crystal structure. 


VII. CONCLUSIONS 


The enhancement of the colorability of deformed 
crystals over that of annealed crystals, predicted on 
the basis of the generation of vacancies by dislocations 
during plastic flow,' is not observed. It appears that 
the sensitivity of coloring rates to particular treatments, 
as observed in the present experiments and widely 
reported in the early literature, may be related to the 
state of aggregation of impurities in the crystals, rather 
than to structural imperfections alone. If this interpre- 
tation is correct, ideally pure crystals should show 
only slow-type coloring. 


APPENDIX 


It is assumed that in each element of volume of the 
irradiated crystal the rate of formation of F-centers is 
proportional to the rate at which radiant energy is 
absorbed. Suppose that u(A) is the absorption coefficient 
for x-rays of wavelength X, 7,dd the x-ray intensity in 
wavelength range dA, and K’(A) and K’’(A) are measures 
of the coloring efficiencies for rapid-type and slow-type 
coloring, respectively, for radiation of wavelength \. 
If rr’ and vp” are the over-all rates of formation of 
F-centers in rapid-type and slow-type coloring, respec- 


tively, then 
ar'= f [Ro)nuoands, 
zx 


‘=f fx" odnuodanar. 
2a 


If K’(A)/K’’(A) is a constant independent of \, then 
tip’ /np”’ = K'/K”", 


i.e., the ratio of coloring rates for the two mechanisms 
equals the ratio of coloring efficiencies. 
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Effect of Electric Field on Surface Recombination Velocity in Germanium* 


J. E. Tuomas, Jr.,f AND R. H. REDIKER 
Lincoln Laboratory, Massachusetts Institute of Technology, Lexington, Massachusetts 
(Received September 22, 1955) 


The surface recombination velocity of n-type germanium is found to vary when an electric field is applied 
normal to the surface of the material. The results are sensitive to the atmosphere around the germanium. 
The theoretical predictions of the relation between surface recombination velocity and surface potential 
are qualitatively confirmed by these experiments. In addition, further evidence in favor of the surface-trap 
explanations for semiconductor excess noise now is found. 





INTRODUCTION 


S indicated by Stevenson and Keyes,! the surface 
recombination velocity s for minority carriers at 
a semiconducting surface should be a function of the 
surface potential ¢,.? The surface potential may be 
varied by changing the ambient gas or by applying an 
external electric field normal to the germanium. A 
general review of surface effects on semiconductors in- 
cluding the effects of external electric fields has been 
given by Bardeen and Morrison.’ An effect of alter- 
nating electric field on s is described in the following. 
Somewhat similar phenomena, but for dc fields, have 
been reported by Henisch‘ and by Keyes, Sawyer, and 
Stevenson.°® 
In the work described here, changes in s were in- 
ferred from the variation in reverse current of an 
indium-alloy diode, prepared on a thin wafer of 5.0 
ohm-cm n-type germanium. As discussed by Webster,® 
the reverse current of such a diode is determined pri- 
marily by the surface recombination velocity of the 
germanium, for usual values of bulk lifetime and re- 
sistivity. The indium-alloy side of the wafer was 
sealed in its own environment, as shown in Fig. 1, and 
electrically shielded. The opposite side of the wafer 
was exposed to various ambients. The electric field 
was applied normal to the exposed surface of the wafer 
from a close-spaced metal electrode. 


EXPERIMENTAL DETAILS AND RESULTS 


The metal field electrode was separated from the 
germanium wafer by a gap of about 0.01 cm. Most of 
the work described here was performed using the grid 
from a 416A microwave triode as the field electrode. 
As manufactured, this grid is conveniently mounted on a 


* The research reported in this document was supported jointly 
by the Army, Navy, and Air Force under contract with the Massa- 
chusetts Institute of Technology. 

t Now at the Physics Department, Wayne University, Detroit 
1, Michigan. 

1D. T. Stevenson and R. J. Keyes, Physica 20, 1041 (1954). 

2», is a measure of the departure in electron volts of the Fermi 
level at the surface from the “center” of the band gap, the ‘‘center’’ 
being the location of the Fermi level for material having hole 
density ~ equal to electron density n. 

3 J. Bardeen and S. R. Morrison, Physica 20, 873 (1954). 

* Henisch, Reynolds, and Tipple, Physica 20, 1033 (1954). 

5 Keyes, Sawyer, and Stevenson (private communication). 

® W. M. Webster, Proc. Inst. Radio Engrs. 42, 914 (1954). 


metal disk and has 10~*-cm diameter wires on 2.5 X 10-*- 
cm centers; thus it is effectively a plane, permeable 
electrode. No difference in behavior was found using 
solid electrodes; the gases used as ambients apparently 
were carried rapidly into the gap. The diode current 
was displayed on the vertical axis of an oscilloscope 
and the electric field on the horizontal axis as indicated 
in the circuit of Fig. 2. Most of the measurements were 
made by using 60-cycle voltage on the field electrode. 
The peak applied field was of the order of +210 
volts/em and the maximum change in diode current 
indicated was about 0.4 microampere or about 10 
percent of the total diode current. 

A series of oscillograms taken in various ambients’ 
is shown in Fig. 3. An increase in diode current is an 
upward deflection in the figure and positive voltage on 
the field electrode is to the right. Photograph (a) was 
taken with a dry oxygen ambient, which presumably 
gives a p-type surface, and (b), (c), and (d) were taken 
in oxygen of successively increasing moisture content. 
(e) through (i) were taken with nitrogen ambient of 
successively increasing moisture content ranging to 
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Fic. 1. The experimental arrangement. The indium alloy side of 
the diode is hermetically sealed from the exposed diode surface. 


7 The effects of these ambients on surface potential have been 
discussed by Bardeen and Morrison (see reference 3). 


984 





SURFACE RECOMBINATION VELOCITY IN 


100 percent relative humidity at (i), presumably giving 
an n-type surface. The moist oxygen curves were 
found to overlap the dry nitrogen curves although the 
extremes indicated by photographs (a) and (i) could 
only be obtained in oxygen and nitrogen respectively. 
Since positive voltage on the field electrode corresponds 
to making the surface more n-type, moving to the right 
in one photograph is equivalent to moving to the right 
in the sequence of ambients. Thus the photographs may 
be fitted together to make a smooth curve. 

Exposure of the germanium to light simultaneously 
with the electric field, in the usual range of ambients, 
produced curves which were similar to those shown in 
Fig. 3 but inverted. The amplitude was much larger 
and increased with the light intensity. Thus the maxi- 
mum of Fig. 3(e) became a pronounced minimum 
in the same ambient. However, the curves taken with 
the light on showed only the minimum corresponding 
to Fig. 3(e) with no maximum corresponding to 
Fig. 3(a). 

Figure 3(a) is noteworthy for another reason. The 
slope upward to the left, present in dry oxygen, is 
greatly accentuated by exposure of the germanium to 
ozone, which would be expected to make the surface 
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Fic. 2. The measuring circuit. 


even more p-type than the oxygen. In the case of one 
diode, this exposure to ozone caused the diode current 
to become much more noisy, so much so that the noise 
could be easily seen on the oscilloscope (this diode 
exhibited the best saturation characteristic of all 
diodes studied). With zero field on the exposed surface 
and an ac vacuum tube voltmeter substituted for the 
oscilloscope, the noise voltage rose as much as a factor 
of six when the exposed surface of the diode was in 
ozone. At first, it might seem that Fig. 3(a) would 
imply that s went through a minimum and increased 
again as the surface became more p-type. An alternative 
explanation will be given later. 

The low-frequency response of the interaction be- 
tween applied field and diode current was investigated 
down to 0.015 cps. The maximum response came at 
140 cps although the response was constant within 10 
percent to 3 cps. At 0.015 cps it was down 70 percent. 
The low-frequency observations are consistent with the 
long-time relaxation phenomenon in the field effect 
reported by Bardeen and Morrison.’ This low-frequency 
drop-off explains why no attempt was made here to 
observe s variations with dc fields. 

The behavior outlined above appears to be char- 
acteristic of normal, clear germanium surfaces. The full 
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Fic. 3. Effect of electric field on surface recombination velocity. 


range of variation has been obtained on several diodes 
and repeatedly on the same diode after re-etching. The 
same behavior has been found for CP4 etched surfaces 
and anodically etched (in NaOH solution) surfaces. 
The patterns are only stable and reproducible after 
the surfaces have been exposed to the air for more than 
an hour. The only surfaces which did not show the full 
range of variation of Fig. 3 were those which were 
visibly dirty and those which were several weeks old. 
For the dirty surfaces the tendency was usually in the 
same direction, but the full range could not be covered; 
in other words, the surfaces appeared to be stabilized 
at one of the conditions shown in Fig. 3, and wet 
nitrogen would alter the picture slightly to the right 
and dry oxygen to the left. For the few old surfaces 
studied, the behavior was very strange with some in- 
dication that nitrogen at 100 percent humidity gave 
surfaces less n-type than nitrogen at lower humidities. 
Stevenson® has also seen this last type of variation for 


some surfaces. 
DISCUSSION 


One possible variation of s with ¢, is shown in Fig. 4, 
reproduced from reference 1. It should be remembered 
that s is defined by the following relation: J,=s(p— po), 
where J, is the number of holes recombining per unit 
surface area per unit time and p and fp are the actual 
and equilibrium hole densities in the bu/k just inside 
any surface barrier which may exist. Figure 4 shows the 
variation if the cross section for recombination-trap 
interaction with the conduction band is the same as 
that for interaction with the valence band. The shape 
of the curves would be somewhat different for different 
cross section values, but in general, s should be low for 
strongly u- or p-type surfaces, and high for intermedi- 
ate values of ¢,. The data of Fig. 3, except for photo- 
graph (a) which will be discussed later, are clearly 
consistent with a variation of the type shown in Fig. 4. 
The absence of a flat top, as in Fig. 3(e), may be 
understood from the fact that @, should change most 


8D. T. Stevenson (private communication). 
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RELATIVE VALUES OF s 
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Fic. 4. Variation of the surface recombination velocity, s, as 
a function of ¢, for different departures of the trap energy from the 
“center” of the band gap. 


rapidly with field for ¢,=0, an intrinsic surface. In 
fact, using Kingston’s curves,® from the value of the 
field used, the total range of ¢, in Fig. 3(e) may be as 
large as 0.4 ev. 

Some quantitative estimates of the values of s in 
Fig. 3 can be made using an analysis similar to Web- 
ster’s.© He shows that the reverse saturation current 
IT, in an alloy diode can be calculated with reasonable 
accuracy on the assumption that the diode collects all 
holes generated within a diffusion length L, of the 
junction. For the diodes he treats and for those used 
here, L, is considerably greater than the wafer thick- 
ness W. For the usual range of s values, the lifetime in 
the wafer is given by W/(si+52), where s; and s2 are 
the values of s on the exposed and alloy sides of the 
wafer, respectively. (This lifetime is always much less 
than the bulk lifetime so that the latter has been 
ignored.) The holes generated per unit area of surface 
are pos, where po is the equilibrium hole density in the 
bulk. Thus we have 


D,W\} 
Ly=( ) (1) 
Sitse 


I,=aqpol (s1+52)(a+L,)’— sea? ], (2) 


where D, is the diffusion coefficient for holes, g is the 
electronic charge, and a is the radius of alloy junction. 
Differentiation of (2) gives 


ds; I, (s1+5:) (a+L,) 


and 


Sod 
si(at+Ly) 





(3) 


dl, sy 5,0 


which for small values of L, shows that J, and s, are 
proportional, the result to be expected if the junction 
collects only those carriers generated on the surface 
directly opposite the alloy dot. 

In our case, a=0.05 cm, W=0.012 cm, po=1.8 
X10", and J,~4yA. Taking s;~s2=s, we get s~500 
and L,~0.022 cm. 


®R. H. Kingston, J. Appl. Phys. 26, 718 (1955). 


AND Ravn. 


REDIKER 


From Eq. (3), we get 
ds,/s,=2.2dI,/I,, (4) 


so that a 10 percent change in J, corresponds roughly 
to a 20 percent change in s;. The total change of J, in 
Fig. 3 may be as great as 30 percent. Rough measure- 
ments of the dc value of J, during the cycle of ambients 
showed variations of about 30 percent also. Thus the 
variations in s; shown in Fig. 3 must be nearly as great 
as S; itself. 

The effect of light on the measurements is consistent 
with the inferred variations in s;. One merely needs to 
remember that the diode current will decrease as 5; 
decreases only so long as the hole density p is less than 
po. Shining light on the sample will cause p to become 
greater than o, even directly opposite to the indium- 
alloy junction for sufficiently bright light. In this case, 
of course, the larger s, the greater will be the fraction of 
the injected carriers lost by recombination at the 
surface, and hence, the smaller will be the diode current. 

Finally, an explanation is needed for Fig. 3(a) and 
the noise associated therewith. Note that this apparent 
increase in s; comes about for a strongly p-type surface. 
The reverse biassed diode will extract all the holes 
between the junction and the exposed p-type surface. 
If the lateral conductivity of the p-type inversion layer 
is high enough, all portions of the exposed surface will 
assume nearly the same electric potential; thus if the 
hole density near the alloy junction is zero, the hole 
density everywhere under the p-type inversion layer 
will tend to zero. That is, the inversion layer becomes 
back biassed and collects holes from the entire sample, 
carrying them by surface-majority-carrier conduction 
to the region of the alloy dot and discharging them there. 
Therefore, as the surface becomes more p-type, the 
effective area for collection of holes increases. Thus, 
even though s; may go down, J, can rise, especially if 
the surface inversion layer reaches as far as the ohmic 
contact to the wafer. 

Since the holes thus collected move laterally by ohmic 
conduction, any fluctuation in the conductivity of the 
inversion layer will result in fluctuations in the amount 
of bias of the inversion layer directly over the alloy 
dot. These bias fluctuations result in current fluctua- 
tions across the surface barrier under the inversion 
layer and hence finally result in fluctuations in /,. 
According to McWhorter" and others, excess noise in 
semiconductors may be understood as fluctuations in 
conductivity of the surface layer due to statistical 
fluctuation of surface-trap occupancy. The observation 
of high noise in the experiments described here seems 
to fit this picture quite well. 

The interpretation that Fig. 3(a) does not corre- 
spond to a minimum in 5; is borne out by the fact, 


” A. L. McWhorter, Phys. Rev. 98, 1191(A) (1955). 
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mentioned earlier, that, with light shining on the 
sample, no maximum in diode current is observed under 
the conditions of Fig. 3(a). 


CONCLUSION 


It appears that the qualitative relationship between 
surface recombination velocity and surface potential 
for n-type germanium is as predicted by trap theory. 
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Some features of the experiments appear at first to 
contradict this conclusion; on careful examination they 
turn out to be consistent, and in addition they lend 
credence to current theories of surface controlled noise. 
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The short-circuit photoelectromagnetic current in insulating crystals of cadmium sulfide has been meas- 
ured in a batch of electroluminescent crystals. The product (mobility)*X (lifetime) is found to be 1 cm*/volt® 
sec*. The sensitivity of the equipment is sufficient to detect the photoelectromagnetic effect for crystals whose 


product is as low as 10~* cm®/volt® sec’. 


HE minority carrier properties of insulators are 
difficult to measure because of the high resistance 
coupled with the small value of the carrier lifetime and 
the complications of induced space charge effects due 
to trapping. Measurements of the transient response 
due to alpha-particle, optical, or electron beam bombard- 
ment of single crystals give the product ur, mobility 
times lifetime, for either sign of carrier depending on 
the electrode polarity.' It is possible to get w and r 
separately if the response time of the measuring equip- 
ment is faster than the lifetime, but as the latter is 
usually millimicroseconds or less, this condition is 
seldom reached. Hall measurements on_ insulators, 
though they are also difficult because of the high 
resistance of the crystal and electroding problems, will 
yield the mobility of the majority carrier,’ but unfortu- 
nately few insulators exist as both and p type. 

The photoelectromagnetic effect gives the product 
uw®r. It has been successfully used in the study of 
minority carriers in semiconductors.’ For some insu- 
lators, where the mobility is reasonably high and the 
lifetime not excessively short, the effect should also 
be observable. 

We wish to report positive evidence for significant 
minority carrier drift in insulating crystals of CdS 
from measurements of the short-circuit photoelectro- 
magnetic (PEM) current. Single crystals of pure CdS 
approximately 2X2X0.05 mm, grown by vapor phase 


* Now at Palmer Physics Laboratory, Princeton University 
Princeton, New Jersey. 

1K. G. McKay, Phys. Rev. 74, 1606 (1948). 

2A. G. Redfield, Phys. Rev. 94, 526 (1954). 

3 Moss, Pincherle, and Woodward, Proc. Phys. Soc. (London) 
B66, 743 (1953); H. Buillard, Phys. Rev. 94, 1564 (1954); 
Kurnick, Strauss, and Zitter, Phys. Rev. 94, 1791 (1954). 


reaction,‘ were provided with ohmic electrodes of 
gallium® on the two ends of the front surface. These 
crystals had no impurities intentionally added. Their 
dark resistivities were greater than 10" ohm cm. Light 
from a Bausch and Lomb 250-mm replica grating 
monochrometer was focused on the electroded surface 
in such a way as to give a roughly uniform illumination 
over the entire face. To prevent the shadows of the 
electrodes from maintaining a high-resistance region 
in the path of the PEM current, the light actually 
struck the contact between electrode and insulator. 
The effect of the small photovoltage was nullified by 
reversing the magnetic field at a low frequency. 

The light flux onto the crystal was measured with a 
929 photocell calibrated against an Eppely thermopile. 
The short-circuit PEM current, which was at largest 
about 10-® amp, was measured with a Liston-Becker 
chopper amplifier of 50-ohm input impedance, which 
is low compared to the megohm resistance of the 
illuminated crystal. 

Figure 1 shows the gain of the crystal (the external 
current per incident photon per sec), against wave- 
length. It is apparent that the PEM gain (solid curve) 
has the same wavelength dependence® as does the 
normal photoconductive gain measured by inserting a 
battery in the external circuit. The rapid drop in gain 
with wavelength above 5000 A is associated with crossing 
the edge of the fundamental absorption band. 

The majority carrier lifetime +, comes from the 


‘R. Frerichs, Phys. Rev. 72, 594 (1947). 

5 R. W. Smith, Phys. Rev. 97, 1525 (1955). 

6 The droop in PEM gain at short wavelength is not felt to be 
significant. The relative accuracy of the measurements is poorer 
in this region because of the low emissivity of the tungsten lamp 
light source. 
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Fic. 1. Spectral response. The photocurrent gain is measured 
with 10 volts across the electrode spacing of 2 mm. 





photocurrent gain through the relation’ 
Tm= (L?/uV) (gain).® (1) 


L is the crystal length, V the applied voltage and yu the 
majority carrier (electron) mobility. If we take uw as 
200 cm?/volt sec,® we find r,=1.3X10~* sec, a short 
lifetime corresponding to the fact that these particular 
crystals are photoconductively insensitive. 

As shown by Moss,’ the PEM current is given by 


I,= (feB/L) ((u* PraKT/e)', (2) 


7A. Rose, RCA Rev. 12, 362 (1951). 

8 Strictly speaking, this gain is not equivalent to the one 
defined in the preceding paragraph; however, for strongly ab- 
sorbed light and unit quantum efficiency the two differ only by 
the amount of light reflected by the crystal. This difference is 
neglected in the following arguments. 

® Kroger, Vink, and Volger, Phillips Research Repts. 10, 39 
(1955). 
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where J, is the short-circuit PEM current produced by 
absorption of f photons per second, e¢ is the charge of 
an electron, B the applied magnetic field, Z the crystal 
length, & the Boltzmann constant, and T the absolute 
temperature. 7, is the ambipolar diffusion lifetime and 
u* the ambipolar or group mobility defined by van 
Roosebroek.”® For this level of illumination, the free 
electrons are probably far more numerous than the 
free holes, and u* will then be the hole mobility. The 
equation assumes surface recombination is small com- 
pared to that in the volume, which seems to be satisfied 
in our crystals because the photo sensitivity is inde- 
pendent of the depth of absorption of the photons 
(Fig. 1). 
Our measurements give the result 


(u*)'ra= 1 cm®/volt? sec’. (3) 


Without an additional relation, no further information 
about the minority carriers can be rigorously deduced. 
However, it is instructive to speculate somewhat about 
the lifetime. If one takes for the minority carrier the 
same mobility as that of the electron, 200 cm?*/volt 
sec,® the hole lifetime is r,= 10-7 sec. 

This is a much longer hole lifetime than is generally 
expected in insulators, but it is consistent with the 
expectation expressed by Smith" that the emission of 
edge luminescence from the body of these crystals 
under low dc fields indicated the presence of hole 
conductivity.” In fact, the interpretation of Smith’s 
data on this basis required a hole lifetime of about 
10~ sec. 

From a study of the noise level of our amplifiers and 
the random drift in the output voltage, we estimated 
that with a light beam giving 10“ photons/sec and a 
period of one minute for the reversing magnetic field, 
we could detect the PEM effect in crystals for which 
(u*)®ra> 10-* cm®/volt® sec’. 

We wish to thank Dr. A. Rose for many fruitful 
discussions in connection with this work, and Dr. H. 
B. DeVore and Dr. R. W. Engstrom for assistance in 
the absolute calibration of the light flux. 


1” W. van Roosebroek, Phys. Rev. 91, 282 (1953). 

R. W. Smith, Phys. Rev. 93, 347 (1954); 98, 1169 (1955); 
and private communications. 

2 Prior to this, both R. Bube and A. D. Cope of this laboratory 
had evidence of hole conduction in CdS from their studies of 
photoconductivity (private communication). 
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Phosphors of the ZnS—CdS type under an applied ac field exhibit capacity changes when illuminated. 
The measurements indicate that in some phosphors the change in capacity may not be attributed solely to a 
change in ohmic resistance. A possible explanation for the mechanism involved in these cases is given. 
Capacity decay data and photoconductivity decay at room temperature and liquid nitrogen temperature 
are discussed. Voltage-dependence data at various frequencies are also included. 





T has been reported that a condensor in which a 
phosphor of the ZnS— CdS type is used asa dielectric 
changes capacity when exposed to light.'~* According 
to Garlick and Gibson a real change in dielectric 
constant occurs and the effect cannot be attributed to 
photoconductivity. This conclusion is supported by 
measurements on the ac conductivity in phosphorescent 
solids as a function of the incident light intensity. These 
authors observe a saturation in conductivity with 
increasing light intensity while in the dc measurements 
on photoconductivity saturation does not take place. 
A theory is proposed by these investigators whereby 
trapped electrons which experience large displacements 
in the applied field account for the dielectric change. 
In a later paper, Kallmann introduced an electrical 
model for a powdered phosphor (identical to the one 
used in this paper) and could explain his experimental 
results solely on the basis of photoconductivity within 
the grains of the phosphor.‘ In the present investigation 
experiments are described which indicate that in 
certain phosphors the observed capacity change may 
be attributed to both photoconductivity and a real 
increase of the dielectric constant. 

The experimental arrangement is illustrated in Fig. 1. 
The phosphors, which were commercially obtained, 
are deposited between conductive glass plates (Nesa 
glass) and compressed in a Lucite holder. 

In some experiments the effect of the conductive 
glass series resistance was reduced by coating the plates 
with a thin aluminum layer (5% transmission). In some 
samples the phosphor was mixed in an Acetone-Duco 
cement base. This was done in order to insulate the 
grains from each other, although the results obtained 
in this manner did not differ from those in which the 
phosphor was deposited dry. The sensitive area of the 
samples used in the experiments was 6.25 cm? with an 
average thickness of 0.1 mm. Bronze clamps served as 
electrical contacts to the glass plates. To insure uniform 
excitation through the phosphor the assembly was 
mounted between two mirrors oriented 45° with respect 
to the sample. The visible light of a tungsten lamp or 


1 P, Lenard and S. Saeland, Ann. phys. 28, 240 (1909). 

2 F. Goos, Ann. phys. 34, 77 (1939). 

3G. F. J. Garlick and A. F. Gibson, Proc. Roy. Soc. (London) 
60, 574 (1948). 

4 Kallmann, Kramer, and Perlmutter, Phys. Rev. 89, 700 (1953). 


ultraviolet light from a mercury arc was used for 
excitation; an infrared lamp together with a filter 
(cutoff at 8500 A) served to quench the phosphor 
before each experiment. The capacity and dissipation 
factor measurements were performed with a General 
Radio 716-C Bridge. The voltage across the sample 
at balanced position was kept constant for each series 
of measurements. 

The equivalent circuit of a microcrystalline powder 
may be approximated by the circuit shown in Fig. 2. 
Ca represents the capacity of the air space between 
grains; C, and R are the capacity and photosensitive 
resistance of the solid matter. The complex impedance 
(Z) of this circuit is given by the expression 


1 R 


2 ene pense, 

joCa 1+ jwC,R 
The measured value of the capacity (C) obtained with 
the bridge is given by (2rfXimaginary part of the 
complex impedance)~', where f is the frequency of the 
applied voltage. From this we obtain that 





1+w°C ,2R? 
C= Ca ° 
wR*(C4+C,)C,>+1 


The dissipation factor D for the circuit is given by the 


Rorpgecry ms 


| 

ae Co 
ge 
| 














BRIDGE ,| 
3 














| 
Conductive] _ b POWDER 


Glass 











OSCILLATOR 




















Fic. 1. Experimental arrangement used for measurements of 
capacity and dissipation factor versus frequency. In some cases a 
thin sheet of mica was placed between the powder and the 
conductive side of the glass plate. 
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Fic. 2. Capacity characteristics of the electrical model which 
represent the sample. A is the basic curve. A decrease in resistance 
shifts this curve to B; higher C, shifts it into position C. Curve D 
is obtained when both changes take place. A (D) shows the dissipa- 
tion factor for curve A. 


real part of Z divided by imaginary part of Z, or 
Rw 4 
D= . 
R*w*C p(Cp+Ca)+1 


For low frequencies provided that (wC,)->R, C 
becomes equal to C4; for high frequencies provided 
(wC»)<R the equation for C becomes 


CaCp/(CatCy). 


The dependence of C on frequency for constant values 
of R and C, is shown in curve A of Fig. 2. For smaller 
values of R (C, held constant) the curve shifts to 
higher frequencies (curve B). For the case in which C, 
(R held constant) increases one obtains curve C in Fig. 
2. Both a decrease in R and an increase in C, results in 
Curve D. The corresponding D(w) curves peak at the 
frequency where 


C=3[C4—CaCp/(CatC,)] 


The frequency dependence of C for variable light 
intensity has been measured for several phosphors at 
room and liquid nitrogen temperature. The data at 
25°C for two typical powders is illustrated in Figs. 
3(a) and 4(a). From Fig. 3(a), it is seen that the curves 





TaBLeE I. Characteristics of some representative powders. 








Components and 


Powder Fluorescence Persistence activators 





Powders showing photoconductivity and dielectric effect 
DuPont 1619 white medium short ZnS, CdS, Ag 
DuPont 1800 orange short ZnS, CdS, Cu, Ag 
RCA F2039 red short ZnS, CdS, Ag 
RCA F2030 blue long ZnS, Ag 


Powders which do not show dielectric effect 


DuPont 1301 yellow orange long ~~ CdS, Cu, Ag, 
e 


DuPont 1300 green very long 


ZnS, Cu, Ag, Ni, 
Fe 








for Dupont 1301 powder in darkness and under illumina- 
tion behave similar to curves A and B of Fig. 2; at 
high frequencies the capacity of the sample under 
illumination approaches the dark value: 


CaC,/(CatC,). 


Thus we may conclude that in this powder the photo- 
conductivity (ohmic resistance change within the 
grains) accounts for the measured capacity change. 
This is in agreement with the measurements of Kall- 
mann ef al. for this powder. The curves for powder 
1619 under illumination, on the other hand, become 
parallel at high frequencies to the dark capacity curve. 
This behavior is similar to curve D in Fig. 2. Similar 
results for other powders appear to indicate that the 
phosphors may be divided into two general classes; 
those where the capacity change may be explained 
solely by photoconductivity and those where this is 
not the case. Table I lists a few representative powders 
which show the effect. It is seen that the D(w) curves 
[Figs. 3(b) and 4(b)] have a similar shape to that 
predicted by the formula for D. As the grains are not 
distributed uniformly within the sample, a better 
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Fic. 3. (a) Capacity and (b) dissipation factor versus frequency 
at various light intensities for DuPont powder 1301. This phosphor 
has no dielectric change. The capacity curves come together at 
high frequencies. The nonuniform irradiation with respect to 
the surface of the sample causes the difference in peak heights of 
the D curves. The differences in the flat portions of the C curves 
at higher intensities and low frequencies may be due to the 
barrier effect at the negative electrode. Applied voltage: 3 v. 
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approximation for the model is to consider a large 
number of networks similar to the one shown in Fig. 2 
in parallel. The values of R, Cp, and C4, in this case are 
distributed about mean values for each of these 
parameters. This requires a wider frequency range for 
the transition of the capacity curve between the 
asymptotes. Also a deviation from the theoretical 
model occurs in the low-frequency range at high light 
intensity where an increasing C rather than a flat 
response is measured. This region, however does not 
influence the results obtained in this investigation. One 
might suspect that for the data presented in Fig. 4(a) 
the flat portion of the curves are in a region where 
R<(wC,)~ and that at sufficiently high frequencies C 
would fall to the dark capacity. If this were the case 
the drop to the dark capacity would be observed 
within the measured frequency range for some lower 
value of light intensity. However, additional measure- 
ments taken at very low light intensities show that this 
was not the case. The curves remained parallel to the 
dark curve and the height of the curves increased 
continuously with increasing light intensity while the 
dissipation factor was low and the D curves were the 
same within the experimental error of this measurement 
(Table II). 

Decay-time measurements at both room temperature 
and liquid nitrogen temperatures have been taken for 
several powders. These data are shown in Fig. 5. It is 
seen that for those phosphors which have solely a 

c 


upe 
300 


' 
FREQUENCY 
(a) 


FREQUENCY 
(b) 


Fic. 4. (a) Capacity and (b) dissipation factor versus frequency 
for DuPont 1619 powder. Resistance change becomes important 
at high light intensities only. Applied voltage: 3 v. 
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Fic. 5. Time dependence of the capacity decay after the light is 
turned off at /=0. Stimulation intensity 275 uw/cm*. 


photoconductivity the decay times are approximately 
the same at liquid nitrogen temperature as at room 
temperature. This is not found to be the case, however, 
in the phosphors exhibiting the photodielectric effect. 
Here one finds that the decay time at room temperature 
is considerably different from that observed at low 
temperature. At room temperature the decay is similar 
to a phosphor having only a photoconductivity. At 
liquid nitrogen temperature, on the other hand, one 
observes a slower decay finally reaching a constant 
value of capacity much higher than a dark value. 
This result is in agreement with the observations of 
Garlick and Gibson. The powder may be returned to 
its dark value by increasing the temperature without 
illumination. The decay of the low-temperature capacity 
change was found to proceed very rapidly in the 
vicinity of — 100°C (0.01 ev). 

For powders which exhibit a dielectric change the 
dc photoconductivity behaves in quite a different 
manner from the ac conductivity at liquid nitrogen 
temperature. After the illumination is removed the dc 
resistance returns to the dark value in a time depending 
on the persistance of the phosphor. The capacity change 
stimulated by the illumination remains constant for a 


TaBLE II. Data for C and D versus frequency at low light 
intensities. RCA F 2039 powder. The D curves are practically 
the same for all four light levels, but the C is rising gradually from 
the values for the dark level. The C curves are parallel to each 
other. Applied voltage 1.5 v. 








Fre- 
quency F 
cycles/ 0.33 ww/cm* 

sec 4 Cc 


10? . ; 6 0.039 181 
2X10? d 0.030 178.7 
4X10? 0.023 176.8 
7X10? . . J 0.020 175.6 
108 J V ; r 175 
2 X108 . J J ' 173 
4X108 172.4 
as * 171.5 
1 
2 X104 
4X10 
7 X10 
105 
2 X105 
3 X105 


0.69 pw/cm? 
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Fic. 6. Voltage dependence of capacity. The D values were not 
voltage dependent. Thickness of the sample,0.014 cm. Curves 
A and C have been measured at 62 uw/cm?, B and Dat 15 ww/cm’, 
E and F in dark: A, B, E at 100 cps and C, D, F at 10 kc/sec. 


long time after the dc resistance has returned to the 
dark value. For example, in powder 1619 a sample 
whose capacity dark value was 193 uuf increased to 
399 yuf when irradiated (10 ww/cm?*). After removal of 
the light source, the capacity dropped to 382 uuf and 
remained constant. The ohmic resistance for the same 
light intensity was 80 megohms. Removing the light 
source returned the sample in a few seconds to 4X 10° 
megohms which was the measured unquenched dark 
resistance. The quenched sample had a dark resistance 
of 4X10’ megohms. 

Measurements have been taken on the voltage 
dependence of the capacity change in the various 
powders; similar measurements have been reported 
by Roberts.° It is seen from the data presented in Fig. 6. 
for powder 1619 that the capacity decreases with 
increasing applied voltage. This negative slope feature 
is general for all the phosphors which were investigated. 
It has been suggested that the voltage dependence 
might be explained by the existence of a resistance 
barrier within the grains of the phosphor.® For 
a fixed light intensity as the voltage is increased 
the barrier width increases thereby lowering the 
measured capacity. One would expect for an increasing 


5S. Roberts, J. Opt. Soc. Am. 43, 590 (1953). 
* H. Kallmann (private communication). 


light intensity at a fixed voltage that the density of 
conduction electrons increases throughout the sample 
such that the effective barrier width is reduced with a 
corresponding increase in measured capacity. The fact 
that this increase does not occur in powder 1301 while 
it does occur in 1619 appears to indicate that the 
concept of the barrier layer is unsatisfactory as an 
explanation of the capacity change. Furthermore, such 
a hypothesis would not conform with the observations 
made at the low temperature. It appears more likely 
that a real change in dielectric constants occurs in 
some phosphors when irradiated. 

The dielectric effect depends on the particular 
phosphor, the activator, the light intensity, and the 
temperature of the sample. In some cases it is found 
that this change may be higher than 100%. 

The dielectric change may be more satisfactorily 
explained by trapped electrons rather than electrons 
in the conduction band oscillating out of phase with the 
applied field. It appears unlikely that the persistance 
of the capacity change at liquid nitrogen temperature 
after the removal of the light source could be attributed 
to free electrons. The decay times are extremely long 
(several hours) in this case as contrasted with the fast 
decay (several seconds) of the dc photoconductivity. 
The notion of trapped electrons also presents difficulties. 
If the effect is to be attributed to traps one must assume 
an extremely large polarization of the traps. The 
Clausius-Mossotti formula may provide a _ rough 
estimate for the polarizability of the trapped electrons 
necessary to account for the observed dielectric change. 
If one assumes a maximum trap density of 10!’ per cm’ 
then the radius of the traps obtained is approximately 
10-* cm. Shallow traps are required as it was found 
that the samples at liquid nitrogen temperature could 
be returned to the dark value by a relatively slight 
increase in temperature. The low temperature capacity 
change was found to decay very rapidly (fraction of a 
minute) in the vicinity of — 100°C. Further investiga- 
tions are being carried out and shal! be reported in the 
near future. 

The authors are indebted to Dr. W. J. Ramm for 
his frequent consultations and suggestions during this 
investigation. 
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Behavior of Ferroelectric KNbO; in the Vicinity of the Cubic-Tetragonal Transition 
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International Business Machines, Watson Scientific Computing Laboratory, Columbia University, New York, New York 
(Received September 21, 1955) 


The results of measurements on single crystals of KNbO; are reported. From the dielectric constant and 
spontaneous polarization measurements the coefficients of the first three terms of the free energy expressed 
as a power series in the polarization can be found. The detailed behavior of single domain crystals in the 
cubic and tetragonal phases is compared with Devonshire’s phenomenological treatment. Agreement with 
predicted dielectric constant and spontaneous polarization is reasonable. The constants of KNbO; are 
compared with those reported for BaTiQs. It is found that in all cases corresponding constants are of the 


same order of magnitude. 





I. INTRODUCTION 


HE perovskite ferroelectrics are attractive as 
testing media for theories because of their rela- 
tively simple and symmetrical structure. By now, 
BaTiO; has been examined quite intensively in terms 
of a phenomenological theory proposed by Devonshire! 
and supplemented by Slater.? Merz’ has shown that 
just above the Curie point the single crystals of BaTiO; 
follow the behavior predicted by assuming a free-energy 
function 


F=A(T—T))P?—BP*+CP°+F,(T), (1) 


where P=electric polarization, 7=temperature, A, B, 
C, and T» are constants and Fo(T) is the free energy at 
zero polarization. A, B, and C were assumed to be 
temperature-independent. 

One of the questions in the development of a valid 
theory is whether a microscopic treatment is possible 
which will be correct in the paraelectric as well as the 
ferroelectric phases. In Slater’s treatment, ionic polar- 
izability plays a major role. However, Cohen‘ points 
out that if one accepts the hypothesis that the lattice is 
polarized by ionic displacements, the internal fields as 
calculated by Slater are incorrect in the ferroelectric 
phase since the fields at the displaced positions differ 
appreciably from those at the undisplaced atomic sites. 
If, on the other hand, one can find an empirical function 
F(P,T) which describes the behavior in both the para- 
electric and ferroelectric phases and the transition 
region between them, then the aim of the microscopic 
theory can be restricted to predicting the constants of 
(1) in the one phase with the knowledge that the treat- 
ment will be valid in the second phase as well. 

We have been investigating KNbOs, a ferroelectric 
qualitatively similar’ to BaTiO;. We were interested in 
discovering whether a thermodynamic treatment such 
as that applied by Devonshire to BaTiO; would succeed 
in describing the observed dielectric constant, spon- 
taneous polarization, and latent heat for KNbOs. 


1 A. F. Devonshire, Phil. Mag. 40, 1040 (1949); 42, 1065 (1951). 

2J. C. Slater, Phys. Rev. 78, 748 (1950). 

3 W. J. Merz, Phys. Rev. 91, 513 (1953). 

4M. H. Cohen, Phys. Rev. 84, 368 (1951) and 84, 369 (1951). 

5 Shirane, Danner, Pavlovic, and Pepinsky, Phys. Rev. 93, 672 
(1954). 


II. PREPARATION OF SAMPLES 


Matthias and Remeika® first reported dielectric data 
on KNbO;. We have succeeded in growing some 
apparently single-domain crystals in the form of small 
plates of the order of 0.05 mm thick and large enough 
to accommodate electrodes about 0.5 mm in diameter. 
These were grown from molten mixtures of Nb.O; and 
K»,CO; in the range 0.50-0.67 molar fraction of the 
latter.’ By sawing some of the larger crystals into 
rectangular plates after electroding, we obtained several 
with completely electroded faces. This is desirable for 
reducing clamping and edge-effect errors. 

The crystals used in the measurements reported 
here were selected by microscopic examination in trans- 
mitted polarized light. Gold was evaporated on to 
areas with plane parallel faces showing uniform extinc- 
tion at room temperature over the entire electrode area. 
The domain structure was not examined in detail 
optically beyond this, so that definite conclusions as to 
the room temperature (orthorhombic phase®) domain 
structure of the crystals could not be drawn. From the 
dielectric and hysteresis behavior, we could infer that 
the crystals consisted entirely of “‘c’”? domains in the 
tetragonal phase, i.e., had all domains polarized per- 
pendicular to the crystal faces. In the cubic phase, 
these are single crystals. 


III. DIELECTRIC MEASUREMENTS 


Most of the dielectric data were taken by using a 
modified General Radio 1604B Comparison Bridge and 
a substitution technique. It was necessary to balance 
correctly the resistive and capacitive components of 
the impedance. This was most critical at the elevated 
temperatures where the conductivity of the crystals 
becomes a serious problem. Measurements were made 
at various frequencies from 400 cps to 100 kc/sec to 
insure that representing the crystals by an equivalent 
circuit of a capacitance shunted by a resistance was 
valid. The results reported here are from data taken 


6 B. T. Matthias and J. D. Remeika, Phys. Rev. 82, 727 (1951). 

7A. Reisman and F. Holtzberg, J. Am. Chem. Soc. 77, 2115 
(1955). 

8 E. A. Wood, Acta Cryst. 4, 353 (1951). 
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Fic. 1. Block diagram capacitance vs temperature recorder. 


at 10 kc/sec with measuring field very small compared 
with the coercive field. 

We also ran some dielectric constant vs temperature 
curves using an XY recorder. In this case the sample 
was set up as half of a voltage divider circuit so that 
the recorder plotted the reciprocal of the impedance of 
the sample (a deflection proportional to the capacity) 
on one axis and the temperature on the other. As long 
as the loss tangent is less than 0.2 the error is less than 
~2%. The crystals were checked at several points to 
insure that this condition (loss tangent <0.2) was 
satisfied over the temperature region plotted. 

The constants A and 7) are found from the relation 
of Eq. (14) of the appendix by plotting the reciprocal 
of the dielectric constant vs temperature in the para- 
electric phase. Data contributing to the values of A 
and 7) given below were taken on nine crystals of 
thickness ranging from 0.005 cm to 0.014 cm, with 
round evaporated gold electrodes from 0.05 cm to 
0.10 cm in diameter. In addition, three crystals of 
thickness ~0.006 cm, completely evaporated and then 
sliced to rectangular plates 0.050.07 cm, were meas- 
ured. Data were taken over the range 410°C to 500°C, 
about six points being taken for each crystal. The 
temperature of the furnace in which the measurements 
were made was regulated to 0.1°C with a Brown chopper 
amplifier by holding the emf of a thermocouple in the 
hot space equal to a fixed reference emf. 

The results are shown in Table I. The values of A 
and 7» are derived for each crystal by least squares 
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Fic. 2. Dielectric constant vs T in vicinity of cubic to tetragonal 
transition. Measuring field is 10 v/cm at 10 kc/sec. 


matching of straight lines to the plot of 1/K vs T. 
Earlier data in the paraelectric temperature region on 
many other crystals showed the Curie-Weiss Law 
[Eq. (14)] to be followed quite closely.? The result 
reported for A (2.34 10-* °C-") was arrived at without 
end-effect corrections. Crystals 1 to 9 were only partially 
electroded and hence end effect corrections’ are re- 
quired. The second column of Table I shows corrected 
values. For completely electroded crystals (10 to 12), 
end effect corrections are negligible because of the high 
dielectric constant of the material. In calculating other 
constants, the value 2.60 10-5 °C—' will be used for A. 

For examining the thermal hysteresis in the vicinity 
of the transition, and for rapid checking of the behavior 
of the crystals, a Moseley XY recorder was used to 
record capacity vs T. Figure 1 shows a block diagram 
of the circuit. R was always much smaller than the 
impedance of the sample. The linearity and calibration 
of the system was checked by substituting calibrated 


TABLE I. Values of A and 7» for various crystals. 








Crystal A 
No. 


uncorrected corrected 


2.37X 10~° 
2.75 





2.06X 10-5 
2.29 
2.49 
2.34 
2.12 
2.34 


2.76 
2.71 
2.61 
2.66 
2.78 
2.72 
2.36 


2.64+0.11 


1 
2 
3 
4 
5 
6 
7 
8 
9 


350 
358 
352 


2.35 
2.73 
2.52 


2.5340.13 360.4+5.9 





condensers for the sample. Figure 2 is a typical result 
for one of the crystals. In running through several 
temperature cycles, it was found that the cubic phase 
reproduced quite well, but that sometimes the tetrag- 
onal phase dielectric constant would be higher than 
shown. It was usually possible to reduce the dielectric 
constant below the transition to the values shown by 
the application for several seconds of a dc voltage of 
about 1000 v/cm. One can infer that the lower value 
is for a “‘c” plate while the higher values were for a 
crystal with some “a” domains. 

The thermal hysteresis reproduced rather well for 
slow heating and cooling rates, falling between 5°C and 
6.5°C for all the crystals so tested. Kinzig and Maikoff'! 
have estimated thermal hysteresis as AT = L/C, where 
L is the latent heat of the transition and C is the heat 
capacity. This is based on an assumption that a finite- 

9S. Triebwasser and J. Halpern, Phys. Rev. 98, 1562 (1955). 


” H. Curtis, J. Research Natl. Bur. Standards 22, 747 (1939). 
1 W. Kanzig and N. Maikoff, Helv. Phys. Acta 24, 343 (1951). 
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sized region (domain) must undergo the transition all 
at once so that the process is always locally adiabatic. 
Hence the heat absorbed or liberated on heating or 
cooling must come from the domain itself. This appears 
to be an over-simplification of the origin of the thermal 
hysteresis, but at least gives order of magnitude agree- 
ment in BaTiO; and also in KNbO3. Our measurements 
on a ceramic sample of KNbO; give C as 35 cal/mole °C 
and L=134 cal/mole at the transition, leading by the 
above formula to a theoretical value for the thermal 
hysteresis of 3.8°C. 

If the point midway between the two discontinuities 
is chosen as 7, then, for the crystals for which curves 
such as Fig. 2 were taken, 7, is 418+5°C. The value 
of (T.—T ) was 58+5°C. Part of the observed fluctua- 
tion in 7, and TJ» is experimental. Our crystal holder 
was an aluminum can in which five crystals were 
suspended by their lead wires, and a sixth lead was 
provided as a dummy. The temperature recorded was 
that in the air space. There could, therefore, be small 
errors in the absolute temperature values due to fixed 
gradients in the crystal holder, in addition to possible 
calibration error in the chromel-alumel thermocouples 
used. Thermal lag was eliminated by varying the crystal 
holder temperature sufficiently slowly so that the heat- 
ing and cooling curves reproduced in the paraelectric 
phase. 

Figure 3 shows the same data as in Fig. 2, but with 
1/K plotted vs temperature. The dashed lines represent 
Eqs. (14) and (15). The agreement in the paraelectric 
phase is intrinsic except for the linearity of the data, 
since the constants A, 7,, and 7» are so chosen. Within 
the accuracy of both the theory and the experimental 
method, the agreement in the ferroelectric phase is 
quite good. In the theory, we have assumed B and C to 
be temperature-independent. In addition, we have cut 
off a power series expansion at a term which is not small 
compared with the others. Also, we cannot be sure 
that we have a perfect “c’’ plate. Equation (16) was 
approximated for most crystals, the experimental ratio 
ranging from 4 to 5 depending on choice of 7, within 
the thermal hysteresis region. 


IV. SPONTANEOUS POLARIZATION 


The spontaneous polarization and coercive fields of 
several crystals were measured as a function of tem- 
perature using the standard Sawyer-Tower circuit.!? In 
Fig. 4, the data for one crystal is compared with the 
spontaneous polarization calculated from Eq. (12). The 
theoretical values are shown from 7) (360°C) to T, 
(420°C) for this sample. The constant B/3C is deter- 
mined empirically from the measured polarization at To, 
where it is given by Po?=2B/3C. At 300°C (r=—1), 
the experimental curve is 7% below the theoretical. 
By 240°C (r=—2) the two curves would not resemble 


2 C, B. Sawyer and C. H. Tower, Phys. Rev. 35, 269 (1930). 
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Fic. 3. Reciprocal dielectric constant vs 7, experimental and 
theoretical from data of Fig. 2. 


each other, the theoretical curve climbing rapidly with 
decreasing temperature. Undoubtedly, the error intro- 
duced by the temperature dependence of A, B, and C is 
no longer small. 

The data plotted were taken at 500 cps. Figure 5 
shows typical hysteresis loops at 500 cps and 5000 cps 
at the temperatures indicated. 

We reported a spontaneous polarization at the transi- 
tion of 26 microcoulombs/cm?.? The uncertainty is 
about 10% as judged by the scatter of values from 
crystal to crystal. From Eq. (18), the latent heat of 
the transition should be 100 cal/mole. Our measured 
value was given as 135 cal/mole,® while Shirane e/ al.® 
report 190 cal/mole. 
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Fic. 4. Spontaneous polarization and coercive field 
for KNbO; single crystal at 500 cps. 
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Comparison of constants for BaTiO; and KNbO;. 








Quantity 


BaTiO; 


Source 


KNbO; 





A 

P. 
TAP? 
L 

B 

C 


A(T.—T») 
B?/4C 


3.7X 10-5 °C 
18 pcoul/cm? 
39 cal/mole 
47 cal/mole 
2.5X 10-® cgs 
3.8X 10-% cgs 


4.1X10~ 
4.1X<10- 


a 

a 
T.=393°K 

d 

f 


a 
T.— To=11°C 


2.60 10-5 °C 
26 wcoul/cm? 
100 cal/mole 
{135 cal/mole 
\195 cal/mole e 

5.0X 10" cgs 

4.110% cgs f Eqs. (9) and (10) 
1.51 10-3 T.— To= 58°C 


P2 2.92 10° esu?/cm‘ 
B/2C 3.3X 10° esu?/cm* 


A(T.—To)P2 
—BPs 


CPS 


1.2 10 erg/cm* 
—2.1X 10° erg/cm! 


0.94 10° erg/cm? 


6.1X 10° esu2/cm4 


9.2 108 erg/cm’ 
— 18.6X 10° erg/cm* 


9.3X 10° erg/cm* 














® See reference 3. 
> This paper. 
© See reference 9. 


V. DISCUSSION 


From Eqs. (9) and (10) and the measured values 
of A, (T.—T»), and P., we can calculate the constants 
B and C for KNbO;: 


B=5.0X10-* (erg/cm*)-', 
C=4.1X10- (erg/cm*)-?. 


Table II is a summary of the various constants of 
BaTiO; and KNbO; tabulated for comparison. A few 
remarks are in order on some of the values given. 
First, we notice that in no instance do the constants 
for the two materials differ by as much as an order of 
magnitude. This is expected from the general qualitative 
similarity of behavior of the two crystals. In the case 
of BaTiO;, Eq. (9) is well satisfied, as is Eq. (10). We 
have no check of these relations for KNbO; since no 
independent measurements of B and C are available. 
It is also apparent that the value of B measured directly 
by Drougard, Landauer, and Young" gives far better 
agreement with the theory than that reported by 
Merz (B=1.7X10-" cgs-esu), demonstrating further 


Fic. 5. Hysteresis loops in KNbO; single crystals: a, 315°C; 
b, 387°C; c, 409°C; d, 300°C; e, 340°C. a, b, and c are from the 
data of Fig. 4, d and e for a different crystal at 5 kc/sec. 


% Drougard, Landauer, and Young, Phys. Rev. 98, 1010 
(1955). 


4 J. Volger, Phillips Research Repts. 7, 21 (1952). 
e See reference 5. 
f See reference 13. 


the validity of the former’s discussion of clamping 
effects in the partially electroded samples. 

Of greater significance is the temperature dependence 
of B found by these authors (Drougard ef al.). They 
found that B could be written approximately": 


B(T)=B(T.)(1—§ (7-1) ]. (2) 


This affects Eqs. (15) and (18) appreciably. For 
example at r=0, 42/K=(32/3)(B*/2C) and B(T>) 
= B(T.)[1+]. This leads to a correction of about 36% 
in the calculated value of 1/K at To. If KNbO; had 
such a temperature dependence of B, the agreement 
between the theoretical and experimental curves in 
Fig. 3 would be poorer. In the case of Eq. (18), there 
would be an added term: 


. 
4 


aB 
S(P..T.)=—- (—) =S(0,7.)-AP2+—P¢ 
aT/ p aT 


S(0,T.)—-AP2 Reel (3) 
=$(0,T.)—AP2—[4}———P# (: 
(0,7) Ir To 

or 


S(P.,T.)—S(0,T.) = — 


1 
(T.— To) 
XL(T.—T)AP?P+$B(T.)PA]. (4) 


From Table II or the theory, it can be seen that the 
added term leads to an increase of about § in the calcu- 
lated latent heat. There is at present no information on 
the temperature dependence of C. 

From the present state of knowledge we conclude 
that there exist for these two systems (and probably 
for others) expansions of the free energy in even powers 
of the polarization which describe with reasonable 
accuracy the phenomena discussed here. Furthermore, 


4 Equation (2) is an empirical relation based on the data of 
Fig. 3 of reference 13. 
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three terms in this expansion do fairly well for the 
detailed description in the vicinity of the cubic-to- 
tetragonal transition. One can hope, then to be able to 
treat microscopically the problem of the cubic perov- 
skite and use the A, B, C, and T» as measured to find 
additional details in the interaction as discussed by 
Slater. Kittel'!® has shown how this treatment can be 
extended to predict the existence of antiferroelectricity. 
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APPENDIX: THERMODYNAMICS OF THE 
DEVONSHIRE THEORY 

We represent the free energy, F, as a function of the 

polarization by the polynomial 
F(P,T)—F(0,T)=A(T—T))P?—BP*+CP*. (5) 

In a fixed external field, Z, the equilibrium value of the 

polarization will be that for which the thermodynamic 


potential 
G=F-—EP (6) 


is a minimum. Hence the equilibrium value of P must 
satisfy 
E= (dF /dP)=2A(T—T»o)P—4BP°+6CP*. (7) 
For E=0, minima of G are given by 
P=0, P=+P, (8) 
where 
Po?= (B/3C){1+[1— (3C/B?)A(T—To) }'}. (8’) 


[The other two roots of the quintic (7) for E=0 give 
maxima of G. | If the minimum at P=0 is the lower of 
the two, F(0)<F(Po), then the crystal will be un- 
polarized in zero field: that is it will be in the cubic 
(paraelectric) phase. If F(Po)<F(0), there will be a 


6 C, Kittel, Phys. Rev. 82, 729 (1951). 
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spontaneous polarization of magnitude Po: the crystal 
will be in the tetragonal (ferroelectric) phase. The 
transition occurs at the temperature for which F(0) 
=F(P,). Then, from (5) and (8’), we find for the 
transition temperature, T,, 

A(T.—To)=B?/4C, (9) 
and for the polarization at this temperature, 


P2=B/2C, where P.=P)(T,). (10) 


If A, B, and C are independent of the temperature, 
(8’) can be expanded in terms of 


t= (T—T»)/(T.—Th), (11) 


P,2= (B/3C)[1+ (1-37). (12) 


Dielectric Constant 


Since the dielectric constant, K, is large, it may with 
sufficient accuracy be set equal to 4r(0P/d0E)r. Then, 
by differentiating (7) with respect to P, we obtain 

4n/K=2A(T—Ty)—12BP?+30CP*. (13) 
Hence, for the paraelectric state in zero field, 
4n/K=2A(T—T)= (B2/2C)r. (14) 


For the ferroelectric state in zero field, we find, from 
(9), (11), (12), and (13), 


4a /K = (B?/2C) (16/3)[ (1—37)+(1-—27)*]. (15) 
It follows from (14) and (15) that at the transition 


(16) 


K paraelectric 4K ferroelectric 


as has been pointed out by Kittel (reference 15). 


Latent Heat 


If we assume A, B, and C are independent of tem- 
perature, then the entropy is 
S(P,T)=— (0F/0T) p=S(0,T)—AP?. (17) 


Hence, the latent heat of the transition in zero field is 


L=TAS=T,AP.?. (18) 
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Role of Oxygen in the Quenching of Liquid Scintillators 


H. H. Sevicer, C. A. ZIEGLER, AND I. JAFFE 
National Bureau of Standards, Washington, D. C. 


Received July 5, 1955, revised manuscript (received November 4, 1955) 


The quenching effects of oxygen on the light outputs of several organic liquid scintillators have been 
compared under conditions of high-energy gamma irradiation and direct light excitation of the solute. The 
reduction by oxygen of the light output has been found to be primarily due to solute quenching. Results are 
obtained which support the collision-transfer mechanism proposed by Kallmann. 





E have investigated the quenching effects of 

oxygen! in the liquid scintillators 2,5-diphenyl- 
oxazole/xylene and a-napthylphenyloxazole/xylene and 
have found evidence that the quenching of the light 
output is primarily a solute quenching effect. This is 
not in complete agreement with the work of other 
investigators.?~* 

Oxygen-free solutions of 2,5-diphenyloxazole and 
a-napthylphenyloxazole, respectively, in xylene were 
prepared by vacuum distillation and.flame sealed in 
vacuo, eliminating the uncertainties in gas removal 
inherent in the nitrogen and argon bubbling techniques. 
These solutions were then compared under light- 
excitation directly with solutions in which the dissolved 
oxygen content corresponded to equilibrium with 
dissolved air. 

The solutions were irradiated with light in an ar- 
rangement shown in Fig. 1. The transmission spectra 
of the filter combinations used, shown in Fig. 2, were 
such that only the solute molecules could be excited 
and only the solute emission could be observed by the 
Dumont 6292 multiplier phototube used as the de- 
tector. The integrated current output from the photo- 
tube was taken to be a measure of the light output. 
The light incident on the solutions was confined to the 
spectral range 3500 A-4200 A. This is well above the 
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Fic. 1. Schematic drawing of light-excitation experiment. 
1 E. J. Bowen and A. Norton, Trans. Faraday Soc. 35, 44 (1939). 
2M. Furst and H. Kallmann, Phys. Rev. 97, 583 (1955). 
3H. Kallmann, U. S. Army Signal Corps Progress Report, 
February 1955 (unpublished). 
4F, N. Hayes, Los Alamos Report LA-1837, October, 1954 
(unpublished). 


absorption spectrum of xylene. In fact, only the long 
wavelength edge of the solute was excited. The light 
incident on the phototube was cut off below 4000 A by 
a filter to reduce stray scattering and reflection effects. 

Figure 3 shows the relative light output versus con- 
centration curves for 2,5 diphenyloxazole in xylene 
solutions under irradiation by light 3500 A-4200 A. The 
solid curves are for air-saturated solutions at 28°C and 
the dashed curves are for air-free solutions. Oxygen is 
seen to produce an appreciable quenching effect under 
excitation conditions where only the solule can be 
excited. This was also confirmed for a-napthylphenyl- 
oxazole/xylene although the magnitude of the effect 
was different. 

The concentrations at peak light output are roughly 
20 times greater for the light excitation case than have 
been reported by Kallmann?* for gamma-ray excitation 
(in which the solvent is mainly excited). As a check of 
the solutions, concentration curves for Ba’? gamma-ray 
excitation were obtained and are also shown in Fig. 3. 
The peak concentrations in this case agree with Kall- 
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Fic. 2. Effective spectral ranges covered by the present experi- 
ments. (A) The shaded region shows the spectral range of the 
light exciting the solutions. (B) The shaded region shows the 
spectral range of the observed emission. 
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mann’s data. In the gamma-ray measurements the 
pulse-height distribution and the discrimination level 
were such that the integral of the pulse-height distri- 
bution was an acceptable index of the relative light 
output, as verified by Liebson.® The filter arrangement 
of Fig. 1 was not used. 

The relative increases in light output (at the various 
solute concentrations) due to oxygen removal are the 
same for light excitation as for gamma-ray excitation 
within the accuracy of the measurements. On the basis, 
we attribute the oxygen-quenching effect to occur in 
the solute. 

The data of Fig. 3 permits us to infer something in 
addition concerning the mechanism of the solvent-to- 
solute energy transfer. If the energy transfer were by 
means of solvent photon emission and subsequent 
solute absorption as proposed by Birks,® the concen- 
trations at peak light output should be the same, 
independent of the method of excitation. The widely 
different peak-concentrations observed tend to support 
the collision-transfer mechanism suggested by Kall- 
mann. The evidence is not entirely conclusive, however, 


5S. H. Liebson, Nucleonics 10, 7, 41 (1952). 
6 J. B. Birks, Scintillation Counters (McGraw-Hill Book Com- 
pany, Inc., New York, 1953). 
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Fic. 3. Light output versus concentration curves for air- 
saturated and air-free 2,5 diphenyloxazole in xylene under gamma 
ray and under light-excitation. The solid lines are for air-saturated 
solutions and the dashed lines are for air-free solutions. 


since the spectrum of the exciting light used in these 
experiments was not identical to the emission spectrum 
of xylene. 
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Evidence for the 258-kev Gamma Ray of Sn"*} 


GERALD GARDNER AND JOHN I. Hopkins 
Vanderbilt University, Nashville, Tennessee 


(Received September 19, 1955) 


Measurements have shown that there appears to be a 258-kev gamma ray of Sn" and that its intensity 
relative to that of the 393-kev gamma ray is 12%+2%. The half-life for each gamma ray was measured to 


be approximately 130 days. 


VIDENCE has been obtained by means of the 
Nal(TI) scintillation spectrometer for the presence 

of a 258-kev gamma-ray transition in the decay of Sn". 
A 255-kev gamma ray, together with gamma rays of 
energies 400.9 kev and 393.3 kev has been reported as 
belonging to Sn"* by Cork ef al.,! who proposed a decay 
scheme consisting of orbital electron capture followed 
by emission of all gamma rays in cascade. Thomas 
et al.? proposed a decay scheme consisting of electron 
capture followed by the emission of a single gamma 
ray of energy 390 kev, having failed to confirm the 
presence of any other gamma rays. The work of both 


¢ Supported by an Atomic Energy Commission Research 
Contract. 

1 Cork, Stoddard, Branyan, Childs, Martin, and LeBlanc, Phys. 
Rev. 84, 596 (1951). 

2 Thomas, Haynes, Broyles, and Thomas, Phys. Rev. 82, 961 
(1951). 


Cork and Thomas was carried out with beta-ray 
spectrometers. 

Recent work by Deschamps and Avignon’ using a 
spectrometer of rather low resolving power failed to 
confirm the presence of any gamma ray except that of 
energy 393 kev. 

Figure 1 is typical of the Sn" spectra obtained. The 
theoretical Compton electron distribution should have 
electrons with a maximum energy of 238 kev. However, 
the finite resolution of the spectrometer results in a 
shift of the high-energy shoulder to an energy lower 
than 238 kev, to around 235 kev. The presence of a low- 
intensity peak at energy of 258 kev (Fig. 1) does not 
seem attributable to the Compton electron distribution. 

In order to evaluate the intensity of this peak, a 
Compton electron distribution was subtracted from the 


3 Y. Deschamps and P. Avignon, Compt. rend. 236, 478 (1953). 
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Fic. 1. Sn" spectrum. 


observed spectrum. This was accomplished by fitting a 
Gaussian curve to the high-energy side of a theoretical 
distribution in order to accommodate the finite reso- 
lution of the spectrometer. This distribution was then 
normalized to the observed spectrum, and subsequently 
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Fic. 2. Breakdown of Sn" gamma spectra. 


subtracted from it. The residual area under the 258-kev 
peak gives its intensity. 

Characteristic low-energy tailing on the 393-kev peak, 
apparent in Fig. 1, results in distortion of the nearby 
lower-energy peaks. This tailing, not accurately de- 
terminable, was estimated and subtracted from the 
spectrum. The resultant analysis is shown in Fig. 2, 
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Fic. 3. Gamma-decay curves. 


with a Gaussian curve fitted to the residual 258-kev 
peak. 

The intensity of this peak was determined at intervals 
of ten days over a period of fifty days. Intensity meas- 
urements were also made on the 393-kev peak. The 
resulting decay curves shown in Fig. 3 yield a half-life 
of 130 days for each gamma ray with an estimated 
error of plus or minus 3 days. 

The determination of the intensity of the 258-kev 
peak is, of course, open to criticism on the grounds that 
low-energy tailing makes its true intensity rather un- 
certain. However, the limits of error estimated in the 
analysis seem sufficiently generous to validate the decay 
curve obtained. Its intensity relative to that of the 
393-kev gamma ray is estimated to be 12%+2%. 

That the 258-kev peak belongs to Sn'"* is supported 
by the agreement between half-lives and by the purity 
of the sample which was enriched to 72.5%.‘ 

From the relative intensities of the 393-kev peak and 
the 258-kev peak, it does not appear possible that the 
two are in cascade. If the 258-kev transition represents 
an alternative mode of decay from the first excited level 
to an intermediate level, or from an intermediate level 
to the ground level, then another gamma ray of energy 
135 kev should be present. Such a peak was not found; 
however, this energy is quite near that of the char- 
acteristic back-scatter peak and could well be present 
but obscured. 


‘ Obtained from the Stable Isotope Division of the Oak Ridge 
National Laboratory. 
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Paramagnetic Resonance Hyperfine Structure of Co™ 


W. DosrowotskI, R. V. Jones, AND C. D. JEFFRIES 
Department of Physics, University of California, Berkeley, California 
(Received September 20, 1955) 


The microwave paramagnetic resonance hyperfine structure of Co® has been observed in a magnetically 
dilute single crystal of cobalt ammonium sulfate at 20°K. From the number of hfs components and from 
their spacing relative to those of Co, the spin /(Co™)=5 and the magnetic moment |u(Co™)| =3.800 
+0.007 nm are directly determined. These results are discussed in relation to those of 8, y spectroscopy, 
nuclear alignment experiments, and the nuclear shell model. 





I. INTRODUCTION 


HIS paper describes the first of a series of experi- 
ments under way here to determine the nuclear 
moments of radioactive nuclei by the observation of 
the hyperfine structure in the microwave paramagnetic 
resonance spectra! of ions of the transition group 
elements. Since the first observation of the hfs by 
Penrose,’ this method has been used by Bleaney and 
Griffiths and others to investigate a number of nuclei.! 
The sensitivity of the method is sufficient to allow its 
use with radioactive nuclei available in millicurie 
quantities with half-lives of a month or longer. 

In the experiment reported here, we have observed 
simultaneously the hfs of the paramagnetic resonance 
of 5.3-year Co™ and stable Co, both isotopes being 
contained in the same single crystal of cobalt ammonium 
sulfate. Comparison of the spectra yield for the first 
time exact values of the nuclear spin J and the mag- 
netic moment yu of Co®. These are of particular interest 
in connection with the previous investigations of 
Co® by 8, y spectroscopy and nuclear alignment 
experiments. 


II. THEORY 


The paramagnetism of the Co** ion arises from the 
unpaired d electrons. The ground-state configuration 
of the free ion is 3d’, 4F. A crystalline electric field of 
predominantly cubic symmetry, such as is provided by 
the octahedron of water molecules in the crystal used, 
partially removes the sevenfold orbital degeneracy, leav- 
ing an orbital triplet lowest in energy. This triplet with 
its fourfold spin degeneracy is split into six Kramer’s 
doublets by the combined action of spin-orbit coupling 
and a small axial component of the crystalline field due 
to a distortion of the water octahedron.’ The states of 
the lowest doublet, corresponding to m,==+3, are the 
only states appreciably populated at low temperatures 
and the application of an external magnetic field of a 
thousand gauss splits these states by a microwave 
quanta. Under these conditions, the microwave para- 


1 See, for example, B. Bleaney and K. W. H. Stevens, Repts. 
Progr. Phys. 16, 108 (1953); K. D. Bowers and J. Owen, Repts. 
Progr. Phys. 18, 305 (1955). 

2R. P. Penrose, Nature 163, 992 (1949). 

3M. H. L. Pryce, Nature 164, 116 (1949); A. Abragam and 
M. H. L. Pryce, Proc. Roy. Soc. (London) A206, 173 (1952). 


magnetic resonance spectrum may be observed and 
would consist in this case of a single line, corresponding 
to an effective spin S=}. In addition to the external 
magnetic field there is an internal field at each ion 
due to the nuclear magnetic moment which splits the 
paramagnetic resonance line into 27+1 hfs components. 

Bleaney and Ingram‘ have investigated in detail the 
paramagnetic resonance hfs of Co® in magnetically 
dilute Tutton salts of the type we have used: 
Co(NH4)2(SO4)2-6D.O. For this case, a Hamiltonian 
given by Abragam and Pryce*® is suitable: 


H= Bl gH S.+g,(HS:+H,S,) | 
+A’'I,S,+B'IS2+1 Sy], (1) 


where «x,y,z are the principle axes of the crystalline 
electric field, z being the axis of axial symmetry; H 
is the applied magnetic field; 8 is the Bohr magneton; 
£,=6.45 and g,=3.06 are the spectroscopic splitting 
factors with z||H and z1H, respectively; A’ and B’ 
are the magnetic hfs interaction constants; S and J 
are the electronic and nuclear spin quantum number, 
respectively. Both the g factor and the hfs show a 
considerable anisotropy, i.e., a dependence on the 
orientation of the crystal in the H field. The energy 
levels may be obtained by a second-order perturbation 
calculation. From this result may be obtained the 
resonance value of the field H for magnetic dipole 
transitions Am,=+1, Am;=0 which occur for a 
constant applied microwave frequency v= g8H»/h. For 
the particular case of H||z, g,,=g, the result is® 


H=H —Am,— (B?/2H,)[I(I+1)—m;]. (2) 


For Co*, A= A’/g,,8=81 gauss, B= B’/g,,8=6.6 gauss. 
The last term in Eq. (2) is, therefore, negligible and 
the spectrum consists of 2/+1 lines uniformly spaced 
about Hp as a center: 


H=H,—AIl, H,—A(I-1), -++, AotAl. (3) 


Apart from constant factors, the hfs interaction con- 
stant A is determined by the nuclear g factor and the 


4B. Bleaney and D. J. E. Ingram, Nature 164, 116 (1949); 
B. Bleaney and D. J. E. Ingram, Proc. Roy. Soc. (London) 
A208, 143 (1951). 

5A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 

6 See, for example, B. Bleaney, Phil. Mag. 42, 441 (1951). 
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electronic wave function. The contribution of the latter 
may be assumed to be very nearly the same for Co™® 
and Co”, so we may take A «y;/J. From Eq. (2), the 
total field splitting between the two extreme hfs lines 
is AH=2AI«y;. Thus, the ratio of the nuclear mag- 
netic moments of Co® and Co™ are given by the ratio 
of the total splitting AH for the two isotopes, in- 
dependently of the spins. The spin of Co® is simply 
determined by the numer of hfs lines. 

In order for the lines to be well resolved, it is necessary 
that (a) the thermal relaxation time 7 of the Co** ions 
be made sufficiently long by working at low tem- 
peratures (20°K), and (b) the magnetic dipole-dipole 
interaction between adjacent Co*+ ions be greatly 
reduced by replacing most of the Cot* ions by dia- 
magnetic Zn** ions (Co: Zn=1: 1000). In a sufficiently 
dilute crystal at low temperatures, the residual line 
width is due to the proton nuclear magnetic moments 
in the octahedron of water molecules about the Co** 
ion ; further reduction in line width can be obtained by 
replacing the protons with deuterons.‘ 


Ill. EXPERIMENTAL PROCEDURES 


A sample of 5.3-year Co™® produced by the 
Co*(n,y)Co®™ reaction with pile neutrons was obtained 
from Oak Ridge with an initial specific activity of 
20.61 curies/gram Co, corresponding to the isotopic 
ratio Co®:Co®=55:1. The sample was converted to 
CoSO, and added to a heavy water solution of 
Zn(NH4)2(SOx4)2 from which a single 80-mg crystal of 
the Tutton salt (7°)(NH4)2(SO4)2-6D2O was grown, 
containing 1.210” Zn atoms, 1.510!’ Co® atoms 
and 3X10"Co® atoms, with an activity of approxi- 
mately 300 microcuries. The crystallographic axes 
were clearly recognizable. 

The crystal is monoclinic (@=107°) and contains 
two nonequivalent Co** ions per unit cell. The relation- 
ships between the crystallographic axes (a,b,c), the 
principal paramagnetic susceptibility axes (K1,K2,K3) 
and the principal axes (x,y,z) of the crystalline field 
have been investigated by Bleaney and Ingram.‘ 
The K,Kz plane is parallel to the ac plane, with 
W(c,K,)=130°; 6||K;. There is a set of crystalline 
field axes (xyy:z:) and (x2ye%2) for each of the 
two nonequivalent magnetic ions. Each of the ions 
gives a separate paramagnetic resonance spectrum, 
but, because of the rather high anisotropy of the 
spectroscopic splitting factor, it is possible to separate 
the two spectra completely by orienting the crystal 
so that the applied field H||z; for the first set of ions; 
2; lies in the K,K; plane with a(K,,2:)=33°. We have 
mounted the crystal in the center of a rectangular 
3-cm microwave cavity (To: mode) with K: along 
the long dimension of the cavity and z; along the short 
dimension, which is oriented parallel to the field H. 
This corresponds to the orientation assumed in Eqs. 
(2) and (3). For this orientation, the hfs of the second 
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set of ions is not clearly resolved and we have not 
investigated in detail this spectra. 

The microwave apparatus used to observe the 
paramagnetic resonance absorption is similar to that 
of other workers in this field; in particular, it is 
patterned after a design of A. F. Kip. The 3-cm cavity 
containing the sample is connected via a thin-walled 
wave guide (thermal isolation section) to one arm of a 
4-arm magic T. A variable match terminates the other 
side arm. A klystron oscillator at 9200 Mc/sec feeds 
power through a gyrator and variable attenuator into 
the E arm of the magic T. A silicon crystal detector 
terminates the H arm and is used to observe the 
resonance absorption of power by the sample. The 
frequency of the klystron is automatically controlled 
to the cavity resonant frequency. The sample cavity 
is inserted into a glass Dewar containing either liquid 
helium or liquid hydrogen jacketed by another Dewar 
of liquid nitrogen. These Dewars are installed in the 
gap of an electromagnet whose field is highly stabilized 
and finely controllable. Superimposed on the dc field 
is an 80-cps modulating field, so that the absorption 
signal may be observed directly on an oscilloscope 
connected to the crystal detector. Alternately, the 
derivative of the signals may be recorded on a paper 
tape by means of a phase-sensitive amplifier with a 
narrow band width (~ 5 cps) to discriminate against 
noise. 


IV. RESULTS 


Preliminary observation of rather weak Co™® signals 
at 4.3°K indicated that the thermal relaxation time 7 
was sufficiently long that the resonance lines could be 
easily saturated at power levels required for optimum 
detector performance, thus reducing the signal in- 
tensity. Further, it can be shown’ that the optimum 
signal amplitude is proportional to (72/7)! where 
T:=1/Aw is the inverse line width. This is another 
factor which reduces the signal amplitude if 7>7>. 
Operation at 20°K shortens 7 sufficiently so that the 
observed signal intensity is considerable enhanced. 
Figure 1 is a typical spectrum observed for the first 
group of ions for which H||z:. The hfs for the highly 
abundant Co and the less abundant Co*® are both 
clearly discernable. The full line width at half-maximum 
is about 6 gauss. The spectrum for the second group of 
ions occurring at approximately twice the field value 
is similar but less clearly resolved. 

The eight lines A, B, ---H in Fig. 1 are the hfs of 
Co™, are equally spaced to within experimental error, 
and fit exactly Eq. (3) with g=6.41, A=84.2 gauss 
and J=7/2. The lines 1, 2, ---11 are due to Co™, are 
also equally spaced and fit Eq. (3) with g=6.41, 
A=48.2 gauss and J=5. Since A «g;, the ratio of the 
nuclear g factors is thus determined and is g;(Co™)/ 
g1(Co®) =0.573. The spacing A is given unambiguously 


7 See for example, F. Bloch, Phys. Rev. 70, 460 (1946). 
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Fic. 1. Paramagnetic resonance hfs spectrum of Co® and Co® in magnetically dilute Co(NH,)2(SOx)2-6D2O with the magnetic 
field H parallel to the axis of the axial crystalline electric field. The derivative of the absorption lines is displayed as a function of the 
field H (in gauss) at a fixed frequency of 9267 Mc/sec. The eight (off-scale) lines A, B, ---H are the hfs of Co(J=7/2). The lines 
1, 2, ---11 are the hfs of Co, showing that /=5. Relative intensity measurements made by adjusting the amplifier gain prove that 


there are no Co® hfs lines at X, Y. 


by the two successive lines 2 and 3, for example. This 
defines the positions of lines 5 and 7, which are evidently 
obscured by the superposition of the intense lines D and 
E of Co®. This question naturally arises: can there also 
be Co® hfs lines at the positions X and Y which are 
likewise obscured by the intense lines A and H? This 
would correspond to a spin J(Co®)=6. Since the 
relative abundance of the two isotopes is accurately 
known, the question can be resolved by a comparison 
of the line intensity of the two sets of hfs lines. 

If the microwave power is small compared to the 
saturation value, which is the case here, the intensity 
of a single hfs line is given by® 


N 
Pmy -1(— ) | M 2. (4) 
2I+1 


where & is a parameter dependent only on such non- 
nuclear factors as the absolute temperature, the line 
width and the fixed microwave frequency; NV is the 
number of nuclei, | M|? is the transition probability for 
Am,= +1, Am;=0 magnetic dipole transitions. In very 
strong magnetic fields |M|? is dependent only on the 
electronic quantum numbers, the spectroscopic splitting 
factor, and the microwave power. In intermediate 
fields, however, there is a slight dependence on J, mr, 
and A due to the AI-S hfs coupling to states charac- 
terized by the total quantum numbers F and mrp. 
| M'|? has been calculated in the general case by Silsbee® 
for a Hamiltonian of the form of Eq. (1) with 
H,=H,=0. Application of his results to our case shows 
that the transition probability is still independent of 
nuclear parameters to within 1 percent, and we treat it 
here as a constant. As expected, the Co® and Co® hfs 
lines are observed to have the same line width, since 
they are due to the same electronic transitions. Thus 
from Eq. (4) we conclude that 


N(Co*®) [a] [ 5) 
N(Co™) L2z(Co™)+1) LPmr(Co™) J 





8H. B. Silsbee (private communication). 


The observed spectrum of Fig. 1 excludes all spin 
values of Co® except J=5 and J=6; to distinguish 
between these two choices it is necessary to observe 
relative line intensities with an accuracy of roughly 10 
percent. We have done this by reducing the gain of 
the signal amplifier during the observation of the 
intense lines A, B, ---, H, by means of a calibrated 
attenuator. The Co*® and Co® hfs lines then appear 
undistorted on the same paper trace with approximately 
equal amplitudes and a measurement of the relative 
amplitudes is limited chiefly by the signal-to-noise 
ratio of the Co lines, which is approximately 12:1. 
The observed hfs lines of both isotopes show a slight 
and similar decrease in amplitude with decreasing 
magnetic field due to a slight increase in line width, the 
area under the absorption line being conserved. This 
effect is too small to be visible in Fig. 1. A similar 
behavior has been observed by Owen’ for Ni** ions, 
and is due to the circumstance that the fundamental 
frequency line width Aw when transformed to an 
equivalent magnetic line width AH yields slightly 
different values depending upon the slope of the energy 
levels in the Breit-Rabi diagram. Since for our purpose 
we have only to compare hfs lines of equal line width, 
this small effect does not affect the validity of our 
spin determination, which is made in the following 
manner: For a series of three independent runs we have 
measured the relative intensity of line 1 to the average 
of lines A and B, line 4 to the average of lines C and D, 
line 6 to the average of lines D and E, line 8 to the 
average of lines E and F, line 11 to the average of lines 
G and H. The results are, using Eq. (5), 


N(Co®)/N (Co®) = 50.3+3.5, assuming [(Co™)=5, 
and 
N(Co*)/N (Co™) =42.4+3, assuming J(Co®) = 6. 
The isotopic abundance ratio as determined by specific 
activity measurements is 
N(Co®)/N(Co®) =55.4+1.7, 


9 J. Owen, thesis, Oxford University, 1953 (unpublished). 
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which within experimental error agrees with J=5 and 
excludes J=6. Since all other spin values are excluded 
by the spectrum of Fig. 1, we conclude that 


I(Co®)=5. (6) 


In order to determine precisely the nuclear magnetic 
moment, we have carefully compared the total splitting 
AH between lines A and H, and between lines 1 and 11. 
For a series of four independent runs, we find: 


AH(Co®) yu(Co®) 
AH(Co*) u(Co™) 





=0.8191-+0.0016. (7) 


Taking »(Co*)=4.6399, without diamagnetic correc- 
tion, as given by Proctor and Yu," we obtain finally : 


| u(Co®) | = 3.800+0.007 nm. (7) 


The sign of the magnetic moment is not determined by 
this experiment, as is easily seen from the form of Eq. 
(3): the observed hfs spectrum will be identical upon a 
reversal of the sign of A. As discussed below, there is 
good evidence from the nuclear shell model that the 
sign is positive. 


V. DISCUSSION 


Co® has been extensively investigated by 8, y spectro- 
scopy and by nuclear alignment experiments. It decays 
principally" by a 0.32-Mev 8 particle to the second 
excited state of Ni®; log(/t)7.5, and the Fermi-Kurie 
plot!?."* is linear down to about 60 kev, indicating a first 
forbidden or possibly allowed 8 transition. Angular 
correlation measurements on the y,y cascade of Ni® 
have definitely established the assignment of the spins 
I=4 (even parity) and J=2 (even parity) to the 
second and first excited states, respectively. Thus, the 
spin of 5.3-year Co™ may be either 4 or 5, and the decay 
scheme originally proposed by Deutsch and Goldhaber'® 
suggested J=5 as most likely. More recently Keister 
and Schmidt'* have proposed J=4 on the basis of a 
weak forbidden @ transition to the first excited state 
of Ni® which corresponds only to AJ=2. Our direct 
measurement of the spin J=5 from hfs indicates that 
this interpretation is incorrect.” 

The low-temperature nuclear alignment experiments 


” W. G. Proctor and F. C. Yu, Phys. Rev. 81, 20 (1951). 

1 Deutsch, Elliot, and Roberts, Phys. Rev. 68, 193 (1945). 

2C, Y. Fan, Phys. Rev. 87, 252 (1952). 

* Bolla, Terrani, and Zappa, Nuovo cimento 12, 875 (1954). 

“See, eg., H. ’Frauenfelder, in 8 and y Ray Spectroscopy, 
edited by ra "Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 19. 
( 16M. Deutsch and G. Scharff- Goldhaber, Phys. Rev. 83, 1059 

1945). 

sad 4 L. Keister and F. H. Schmidt, Phys. Rev. 93, 140 (1954). 

17 A recent private communication from F. H. Schmidt indicates 
that perhaps the weak forbidden 8 spectrum was distorted by 
scattering such that it was fitted by a AJ=2 (No) adjustable 
shape when actually the spectrum should exhibit a AJ=3 (No) 
unique shape. The ft value does not exclude this possibility. 


JONES, 


AND JEFFRIES 


with Co® of the Oxford'*-” and Leiden™—** groups have 
previously been interpreted on the basis of J=4 or 5. 
The experimental data have not been precise enough to 
distinguish between the two possible spin choices. 
The magnetic moment values as determined by the 
variation with temperature of the anisotropy of the y 
radiation from the aligned nuclei are: 


Oxford group”: .=3.5+0.5 nm, assuming J=5, 
u=3.2+0.5 nm, assuming J=4; (9) 
Leiden group”*: 4=4.3+0.2 nm, assuming J=5. 


Co® is the first case for which both alignment experi- 
ments and direct spin and moment measurements 
(from hfs) have been performed. Although no com- 
parison of spin values is possible in the present case, the 
reasonable agreement between the magnetic moment 
values of Eq. (9) and our precise value, Eq. (8), indi- 
cates that the interpretation of the complex alignment 
experiments is essentially correct. 

Our results may also be compared with the expec- 
tations of the nuclear shell model of Mayer and Jensen.”’ 
For an odd-odd nucleus, Nordheim*® has pointed out 
that in most cases the configuration is obtained from 
those of the corresponding odd-even and even-odd 
nuclei. Co® has 27 protons and 33 neutrons; the shell 
model assigns the odd proton an f72 orbit and the odd 
neutron a p32 orbit.” These can couple to give a 
maximum spin J=5, as observed. If we assume the 
odd proton and neutron are 7j-coupled to a resultant 
spin 7, the resultant nuclear g factor is 


pe 
I(I+1) 

where gp, Jp, Zn, jn are the g factors and angular mo- 
mentum quantum numbers of the proton and neutron, 
respectively. Taking an (f7/2, 3/2) configuration, we 


calculate g; for the following simple assumptions: 
Case (a): g factors have the Schmidt-limit values: 


£p=1.656, gnx=—1.277; 





1 
p= (ete)+ 


18 Daniels, Grace, and Robinson, Nature 168, 780 (1951). 

19 Bleaney, Daniels, Grace, Halban, Kurti, and Robinson, 
Phys. Rev. 85, 688 (1952). 

2M. A. Grace and H. Halban, Physica 18, 1227 (1954). 

1 Bleaney, Daniels, Grace, Halban, Kurti, Robinson, and 
Simon, Proc. Roy. Soc. (London) 221A, 170 (1954). 

2 Ambler, Grace, Halban, Kurti, Durand, Johnson, and 
Lemmer, Phil. Mag. 44 (216) 1953. 
( » Gorter, Poppema, Steenland, and Beun, Physica 17, 1050 
1951) 

% Gorter, Tolhoek, Poppema, Steenland, and Beun, Physica 
18, 155 (1952). 

25 Poppema, Beun, Steenland, and Gorter, Physica 18, 1235 
(1952). 
( 26 Poppema, Steenland, Beun, and Gorter, Physica 21, 233 
1954). 

27M. Mayer and J. Jensen, The Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, Inc., New York, 1955). 

28. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 

® An fs2 neutron orbit is also possible, but ‘this yields a calcu- 

lated magnetic moment of u4=6.1 nm, much greater than the 
observed value. 
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Case (b): g factors have the Dirac-limit or 


“quenched” values: 
£p=1.143, g,=0; 


Case (c): g factors are those empirically determined 
by the adjacent Co and Ni®™ nuclear moment values: 


&p=1.325, g,—0.2/3>—0.13. 


The results are tabulated in Table I. 

There is excellent agreement in magnitude between 
the measured uw value and that calculated for the 
Schmidt-limit case. This may be taken as an indication 
that the magnetic moment is positive. 
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TABLE I. Comparison of u(Co™) values. 








Calculated 
(a) (b) (c) 
Measured Schmidt-limit Dirac-limit Empirical 





+3.800 nm +3.878 nm +4.00 nm ~+4.4 nm 
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Emission of Prompt Neutrons from Fission* 


R. B. LEAcHMANT 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received September 6, 1955) 


An analysis of the total energies of the fragment pairs from fission is used with the mass equation of 
fission to estimate the distributions in the excitation energy of the fragments from spontaneous and neutron- 
induced fission of several nuclides. These excitations are used with simple neutron boil-off considerations 
to calculate the probabilities of emission of 0, 1, 2, 3--- prompt neutrons. The calculated results are in 


good agreement with recent measurements. 


The same excitation energy distributions and neutron boil-off considerations are used with an assumption 
of an isotropic angular relation between the fragments and the emitted neutrons to calculate the energy 
spectrum of neutrons from thermal and 3-Mev neutron-induced fission of U®. For thermal-neutron fission, 
the calculated spectrum is in fair agreement with recent measurements. The calculations indicate little 
change in the spectrum for 3-Mev fission. The average energy of the prompt gamma rays is 3.8 Mev from 


this analysis. 


INTRODUCTION 


HE fission of a heavy nucleus is a process which 

divides a very complex nucleus usually into two 
similarly complex nuclei. In this process, many modes 
of fission into different divisions of both neutron and 
proton numbers are observed. Further, different divi- 
sions of the available total energy of fission into the 
energy of repulsion of the fragments and the energy of 
excitation of the fragments are observed. As yet, no 
full explanation of these many complexities of fission 
has been published. 

In recent years, great improvements in the empirical 
data related to fission have been published. These data 
make possible a better understanding of the division 
of the energies released in the fission process and of the 
subsequent emission of the excitation energy as the 
prompt neutrons and prompt gamma rays of fission. 
In the present analysis of these processes, data of 
atomic masses are first used to calculate the total energy 
of fission. Then, empirical data of the distribution of 


* This document is based on work performed under the auspices 
of the U. S. Atomic Energy Commission. 

+ Present address: Nobel Institute of Physics, Stockholm 50, 
Sweden. 


the fragment kinetic energy part of this total energy 
are used to calculate the distribution in the excitation 
energy of the fragments. Next, neutron boil-off con- 
siderations are applied to determine the probabilities 
of emission of 0, 1, 2, 3--- prompt fission neutrons 
and their energies. The energies of these neutrons are 
then transformed to the laboratory system by means of 
an assumed fragment-neutron angular relation. Finally, 
the residual excitation energy, which appears as the 
prompt gamma rays of fission, is determined. 

For this analysis, the statistical properties of the 
nuclei of the unstable, neutron-rich products of fission 
are used. In the absence of complete information on 
these nuclear properties and for simplicity, assumptions 
of the atomic and nuclear systematics are made. In 
particular, the excited fission fragments are considered 
as having a continuum of energy levels, with expres- 
sions for the densities of these levels the same as those 
of stable nuclides. Also, the atomic masses of the fission 
fragments are determined from mass-spectroscopic 
measurements of their stable isobars by means of 
assumed extensions of the mass systematics of isobars. 
These assumed systematics of the atomic masses of the 
fission fragments are also used to calculate neutron 
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Fic. 1. The valley of the mass surface. The data shown are the results of conversions of the mass-spectrographic values 
to those of odd mass number and of the noninteger stable charge of the isobar. 


binding energies of the fragments. As an additional 
assumption, the excitation energy distributions of the 
two fragments from binary fission are assumed to be 
the same. 


ENERGY OF FISSION 


The total excitation energy Ex of the fragment pairs 


from binary fission is determined from the total kinetic 
energy Ex of the fragment pairs by the simple expres- 
sion of the mass balance of binary fission given in (1). 


M(A¥,Z)+E,+B=M(A464,Z") 
+M(A¥,64,Z")+Ex+Ex. (1) 


Here, the atomic masses M are functions of the atomic 
number A, the even-odd parameter 6, and the nuclear 
charge Z. Here and throughout this paper, the super- 
scripts L and H respectively refer to the light and 
heavy fragments. The relations A= A“+A¥” and Z= 
Z¥4-Z" for conservation of nucleons apply to (1). For 
neutron-induced fission the energy £,, of the incident 
neutron and its binding energy B to the target nucleus 
are included, but for spontaneous fission these terms 
are omitted. An atomic mass unit equal to 931.15 Mev 
is used for the mass-energy conversion in (1). 

Of the atomic masses required in (1), only the 
masses M(A,6,Z) of the atoms undergoing fission have 
had reasonably direct determinations. Compilations! 
have been made of these masses and the binding 
energies B derived from them. In contrast, the ground 
state masses M(A¥%,6",Z") and M(A¥#,6",Z") of the 
fragments are determined from extensions of the semi- 


1J. R. Huizenga and L. B. Magnusson, Argonne National 
Laboratory Report ANL-5158, 1953 (unpublished) and R. A. 
Glass, University of California Radiation Laboratory Report 
UCRL-2560, 1954 (unpublished). In the present calculations, 
values from the latter were renormalized to the U®* value of the 
former for consistency. 


empirical relation of the mass surface to these nuclides, 
for which no measurements have been reported. 

The valley of the mass surface used in these mass 
determinations is shown in Fig. 1, which is based on 
the mass-spectrographic measurements by Duckworth 
et al.2 and by the Minnesota group.’ The data shown 
in Fig. 1 are the results of conversions of the measured 
masses to masses of the nonintegral stable charge of 
each isobar by the constants of parabolic mass surfaces 
given by Coryell.‘ In addition, the data shown result 
from a conversion to odd mass numbers by the even-odd 
parameters of Fermi.® The extensions of the isobaric 
mass surfaces to the fragment nuclides are also con- 
sidered as parabolic with the same constants given by 
Coryell. The positions A“, Z“, and A”, Z# of the frag- 
ments on these surfaces are given in A” and A# by the 
mass ratio R4= A”/A” being considered and in Z” and 
Z# by the observed charge displacements of fragments 
from the nonintegral stable charges. However, the 
nuclear charges observed by Glendenin ¢ al.§ and by 


2C. L. Kegley and H. E. Duckworth, Phys. Rev. 83, 229 
(1951); and E. M. Pennington and H. E. Duckworth, Can. J. 
Phys. 32, 808 (1954) ; and others listed by Duckworth, Hogg, and 
Pennington, Revs. Modern Phys. 26, 463 (1954). 

’Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952); 
Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954); and 
R. E. Halsted, Phys. Rev. 88, 666 (1952). 

4C. D. Coryell, Ann. Rev. Nuclear Sci. 2, 305 (1953). Recent 
adjustments of the semiempirical mass surface of C. F. von 
Weiszicker, Z. Physik 96, 431 (1935) to empirical data have been 
made by A. E. S. Green and N. A. Engler, Phys. Rev. 91, 40 
(1953) and A. E. S. Green and D. F. Edwards, Phys. Rev. 91, 
46 (1953). 

5 E. Fermi, Nuclear Physics, notes compiled by Orear, Rosen- 
feld, and Schluter (University of Chicago Press, Chicago, 1949). 

6 Glendenin, Coryell, and Edwards, Radiochemical Studies: 
The Fission Products (McGraw-Hill Book Company, Inc., New 
York, 1951), Paper No. 52, National Nuclear Energy Series. 
Plutonium Project Record, Vol. 9, Div. IV. 
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Pappas’ are of fragment isobars resulting from neutron 
emission. The small corrections used to obtain the 
original mass numbers corresponding to these observed 
nuclear charges were on the basis of the relative number 
of neutrons from the light and heavy fragments 
observed by Fraser.’ 


EXCITATION ENERGY DISTRIBUTION 


When the identity A, Z of the nucleus undergoing 
fission and the energy Z,+B inducing fission are speci- 
fied, the excitation energy Ex of the fission fragments 
is simply related to the kinetic energy Ex by (1). 
To simplify the analysis, only three mass ratios R4 
=A"/A¥ to specify regions of A” and A# of the fission 
products are considered for each nucleus undergoing 
fission. For fission of U*** by neutrons, these are 133/103, 
141/95, and 149/87. Also, only the most probable, 
noninteger Z“ and Z¥” values for each A” and A%, 
respectively, are used. Thus, the nuclear charges Z4 
and Z” are also specified by Ry. Although a distribution 
in the fragment nuclear charge is experimentally ob- 
served,® the variation in Ex+£y resulting from this 
charge distribution can be shown to be small compared 
to other energy variations to be considered. As a final 
simplification, equal probabilities of odd and even 
numbers of both neutrons and protons, and thus of the 
6” and 6” parameters, are assumed for the regions of 
fission modes represented by the A“, Z¥ and A#, Z# 
values of the analysis. 

With these simplifications and (1), the distribution 
X (64 64,Ex,R,) in the total excitation Ex of the two 
fragments is readily found from the distribution 
K(Ex,R«) in the total kinetic energy Ex of the 
fragments. This kinetic energy distribution is deter- 
mined from measurements with double, “‘back-to-back”’ 
ionization chambers by the convolution 


1(Er+a,Ra)= f dExD(Ex, Ert+A)K(Ex,Ra), (2) 


where the distribution 7(£;+A, R,) is of the energy 
E; reported from these measurements. The purpose 
of the convolution (2) is to remove the dispersion 
D(Ex, E;+A) that has been found®”® in the ionization 
chamber data. The energy displacement A in (2) is 
principally to correct for the ionization defect" found'?.” 
in these data and, to lesser extent, to correct for errors 
in the masses M and for other small errors in the 
analysis. The energy A is adjusted to make the calcu- 
lated average numbers of fission neutrons 7 agree with 
measurements. 

The ionization chamber data of E; used in the 


ratory for Nuclear Science Technical Report No. 63, 1953 (un- 
published). 

8 J. S. Fraser, Phys. Rev. 88, 536 (1952). 

®R. B. Leachman, Phys. Rev. 83, 17 (1951). 

10 R, B. Leachman, Phys. Rev. 87, 444 (1952). 

4 J. K. Knipp and R. C. Ling, Phys. Rev. 82, 30 (1951). 

2 R. B. Leachman and W. D. Schafer, Can. J. Phys. 33, 357 
(1955). 
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analysis were those of Brunton and Hanna" for both 
U8 and U* and of Brunton and Thompson" for Pu. 
On the basis of similar measurements'*:'* which show 
that E; does not change appreciably with the neutron 
energy £,, the thermal-neutron data of Z; of Brunton 
et al. are used in these calculations for all values of 
Ex+B inducing fission of these compound nuclei.!” 
Similar data have been obtained for Cm” spontaneous 
fission'® and for U8 neutron-induced fission,!® but with 
considerably poorer statistics for both cases. No double 
chamber measurements of fission of other nuclides 
have been reported. Consequently, the above data of 
U**® have been applied to the neutron-induced fission 
of U** and, similarly, the above data of Pu” have been 
applied to the spontaneous fission of Cm, Cm™*, and 
Cf. In these applications of the data, the mass 
distribution of the heavy fragment is considered to be 
fixed.” The similarity of these U?*, U*, U8, Pu, 
and Cm* data from double chambers indicates that 
little error is introduced by this application of the 
data to fission of other nuclides. 

Since the methods by which the dispersion in these 
ionization data was determined were not sufficiently 
sensitive to determine both the shape and width, a 
Gaussian dispersion 


E,;+A-—Ex\? 
D(Ex, Er+A)« exp| - (——) (3) 


u 


is used in the convolution (2) to simplify calculations. 
A width u=7.2 Mev, which is based on other determi- 
nations,’"” is used. 

To compute the neutron emission probabilities, it is 
necessary to separate the distribution X in the total 
excitation energy Ex into the distributions X“ and X” 
of the respective fragment excitations Ex’ and Ex”. 
Since little data are available on which to decide the 
method of separation, the simple separation is chosen 
whereby the excitation functions X“ and X” are equal 
and the excitations Ex” and Ex” of each fragment are 
independent with only the constraint Ex“+ Ex" = Ex 
applying. Under these conditions, the convolution 


X (64,64,Ex,Rs)= f dEx4*X4 (54 $4, Ex" Ry) 


x X4 (64, 6", Ex—Ex", Ra) (4) 


8 T). C. Brunton and G. C. Hanna, Can. J. Research A28, 190 
(1950). 

4D. C. Brunton and W. B. Thompson, Can. J. Research A28, 
498 (1950). 

16 J. S. Wahl, Phys. Rev. 95, 126 (1954). 

16 E. Segré and C. Weigand, Phys. Rev. 94, 157 (1954). 

‘’ The concept of the fragment excitation energy increasing 
with the energy of the neutrons inducing fission was due to J. L. 
Fowler (private communication, 1952). 

18 R. L. Shuey, University of California Radiation Laboratory 
Report UCRL-959, 1950 (unpublished). 

9 W. Jentschke, Z. Physik 120, 165 (1943). 

FE. P. Steinberg and L. E. Glendenin, Phys. Rev. 95, 431 
(1954), and C. D. Coryell and N. Sugarman, Radiochemical 
Studies: The Fission Products (McGraw-Hill Book Company, 
Inc., New York, 1951), National Nuclear Energy Series, Plu- 
tonium Project Record, Vol. 9, Div. IV, Appendix B. 
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Fic. 2. Calculated excitation energy distributions, X¥” and X¥#, 
and neutron emission probabilities, N“ and N¥#, for the most 
probable fission mode of thermal-neutron fission of U®* (com- 
pound nucleus U**). The abscissa scales for the three sets of 
curves are the same. 


is used to determine the functions X¥ and X¥# from 
the function X. 

In practice, the empirical EZ; data are difficult to 
carry through the convolutions (2) and (4) to obtain 
the excitation distributions X” and X¥. Instead, in the 
present analyses the energy distributions J were fitted 
by a sum of 13 Gaussian expressions of equal width 
and various amplitudes regularly spaced along the E, 
axis. It can be shown that such a function in the 
convolutions (2) and (4) results in a similar function 
of seven Gaussian terms for the X“ and X¥ distribution. 
These fits and the convolutions were made on IBM 
digital computers at Los Alamos. An example of the 
resulting X” and X¥ distributions for thermal-neutron 
fission of U* into Ra=141/95 is shown in Fig. 2. 
Although the negative excitation energies and negative 
probabilities in Fig. 2 resulting from this approximate 
method of analysis have no physical meaning, both 
have mathematical meaning and are carried in the 
analysis. 


NEUTRON EMISSION PROBABILITIES 


To convert the excitation energy probabilities into 
the probabilities of neutron emission, the relation”! 


n(e) « € exp(—e/T) (5) 


for neutron boiloff from an excited nucleus is used. 
In (5), the emission probability (e) of neutrons with 
energy ¢ is characterized by a nuclear “temperature” 7. 
The validity of expressions for neutron emission in the 
analysis of various experimental data has been investi- 
gated by Cohen.” Of interest in the present analysis is 
only the value of 7 that best describes neutron emission 


1 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley and Sons, Inc., New York, 1952). 

22 B. L. Cohen, Phys. Rev. 92, 1245 (1953). Note added in proof. 

—See also D. L. Livesey, Can. J. Phys. 33, 391 (1955). 
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from nuclei that are in the mass region of fission 
fragments and that are excited to roughly 5 to 15 Mev. 
For this, a value T=1.4 Mev is found by fitting 
measured (m,2n) excitation functions with (5). 

The probabilities V“(6",Ex",v",R4) and N¥ (54 ,Ex#, 
v4,R,4) of emitting v” and v” neutrons are derived 
from (5) with the condition that neutrons are always 
emitted from the excited nucleus when emission is 
energetically possible. For simplicity, T is considered 
to be constant. Examples of these calculated emission 
probabilities“ are shown in Fig. 2. The binding energies 
of fission neutrons involved in these calculations were 
computed from the extensions of the mass surface to 
the region of fission fragments as discussed above. The 
calculated binding energies used for Fig. 2 are in Table I. 
Similar calculations of binding energies, but of stable 
nuclides, have been compared*® with measured binding 
energies. These comparisons indicate that binding 
energy calculations that take into account shell effects 
agree with measurements. 

The probabilities P,4(6",6",»",R1) and P,# (64,64, 
v4,R,) of, respectively, v4 and v” neutrons emitted 
from the fragments are obtained by combining the 


TABLE I. Neutron binding energies calculated from the semi- 
empirical mass surface. Values are for the fission products of U* 
when R4=141/95. The even-odd term 6; represents primary 
fission products with an odd number of neutrons; 4: represents 
an even number of neutrons. 











v BL (6) BL (2) B4 (81) BH (2) 
1 4.17 5.71 4.05 5.63 
2 10.26 10.26 9.93 9.93 
3 15.02 16.56 14.30 15.88 
4 21.60 21.60 20.63 20.63 
5 28.45 25.46 27.04 


26.91 








respective excitation and emission probabilities in 


P,*(6" 64,v",Ra)= f dEx"X" (54 64,Ex",R,) 


XN4(64,Ex",v",Ra), (6) 
and the corresponding equation for the heavy frag- 
ments. These integrations were made on IBM 701 
digital computers to the cases of emission of nine 
neutrons. After the results for the various 6” and 6” 
conditions are combined, the probability P,(v,R4) of 
emitting a total number » of neutrons from both 
fragments is obtained from 


(7) 


23H. C. Martin and R. F. Taschek, Phys. Rev. 89, 1302 (1953) ; 
H. C. Martin and B. C. Diven, Phys. Rev. 86, 565 (1952); and 
Brolley, Fowler, and Schlacks, Phys. Rev. 88, 618 (1952). 

*4 Similar calculations of emission probabilities have been made 
for fragments by D. L. Hill, dissertation, Princeton University, 
1951 ag apr os for (p,xn) reactions by J. D. Jackson, 
Phys. Rev. 95, 651 (1954). 

7. A. Harvey, Phys. Rev. 81, <4 (1951), and Sher, Halpern, 
and Mann, Phys. Rev. 84, 387 (195 1). 


P,(v,Ra)= LD Py’ (v",Ra) Pr" (v4 Ra), 
n=0 
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where 7 is a summation parameter analogous to v. The 
probabilities from the different mass ratios R4 are then 
combined with their respective weightings. In the 


present calculations, not all the distributions were 
normalized and so the emission probabilities were 
finally normalized by 


dX P(v)=1. 


The results of these calculations of P, for neutron- 
induced fission are compared in Fig. 3 with the experi- 
mental measurements by Diven ef al.?* with a large 
tank of liquid scintillator. The energy displacements A 
appearing in (2) and (3) of these calculations for U™*, 
U™*, and Pu were determined by normalizations of 
the calculations to the 2.54+0.04, 2.46+0.03 and 
2.88+0.04 values, respectively, of the average number 


' is = ' T T ’ 


puts? 





a ea ie a ee ee 


us 


8OKEV NEUTRONS 8OKEV NEUTRONS 





i tL, - 
y= 


yes 


L25MEV 


é BOKEV NEUTRONS 
¥ NEUTRONS ~ 


(Sens 2 


onl 
a eEy ee oh, 3 














healt 
34685 
vy 


oi 


Fic. 3. Neutron emission probabilities for neutron-induced 
fission. Calculated results are given by lines. Circles are the data 
of Diven et al. 


pv of neutrons from thermal-neutron fission.”” In Fig. 4 
are similar comparisons with the same type of experi- 
mental measurements for spontaneous fission. For 
Cm", normalization of the calculations was to the 
y=2.57+0.07 value of Hicks et al.2* The values of 
Diven ef al.** of >=2.81+0.06 for Cm™ and #=3.87 
+0.08 for Cf, both of which are in good agreement 
with the results of Hicks ef al.,?* similarly were used 
for normalization. The normalization required for 


26 R. B. Leachman, Proceedings of the International Conference 
on Peaceful Uses of Atomic Energy, Geneva (1955). Included in 
this review are the scintillator tank measurements of the following 

roups: Diven, Martin, Taschek, and Terrell, following paper 

Phys. Rev. 101, 1012 (1956) ]; Hicks, Ise, and Pyle, accompany- 
ing paper [Phys. Rev. 101 1016 (1956) ]; ’and J. E. ‘Hammel and 
J. F. Kephart, Phys. Rev. (to be published). 

27]. A. Harvey and D. J. Hughes, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 
tendent of Documents, U. S. Government Printing Office, Wash- 
ington, D. C., 1955). 


FISSION 


as 





OPEN POINTS-BERKELEY 


CLOSED POINTS -LOS ALAMOS “ $19 


# 
» Se ee 
Teg 33 3 3 4 oie 
7 


« 

















i) 


Socal 
5 a 





Fic. 4. Neutron emission probabilities for spontaneous fission. 
Calculated results are given by lines. Data are: open circles, 
Hicks et al.; closed circles, Diven et al.; and squares, Hammel and 
Kephart. 


thermal-neutron fission of Pu was used for the 
spontaneous Pu™ calculations. In both Figs. 3 and 4, 
the agreement between all data is seen to be good. 

In Table II, the average values Ex of the kinetic 
energies resulting from the above calculations are 
compared with average energies FE; from recent meas- 
urements with ionization chambers.'*—!5.!8°8.29 The 7 
= 2.58+0.09 value for 1.5-Mev neutron fission of U** 
used to derive this Hx value in Table II is from Diven 
et al.2® The computed Ex values of this table contain 
uncertainties in M and T which are estimated to 
result in Ex uncertainties of roughly 5 Mev. Therefore, 
the A=Ex—E, values in the table are in reasonable 
agreement with the A=12.4 Mev value from other 
determinations." 


TaBLE_II. Average total energies of fission fragments. The 
energies E from ionization chamber measurements include source 
and collimator corrections_ when reported. The indicated uncer- 
tainties in the energies Ex from *# calculations are from the 
uncertainties in # only. The letter S ne a ceommeabinde fission. 


By 
(Mev) 
149.6 
154.7 
149.0 
159.8 
173 
160 


Fi 
Reference 


Ex (Mev) 


167. 440. ¥ 
169.4+0.2 
168.7+0.7 
177.0+0.3 
184.9+0.6 


Fission case 


U™ (E,=0) 
U5 (E,=0) 
Us 

Pu*® (£,=0) 
Cm?” (S) 


(Mev ) 


17.8 
14.7 
19.78 
17.2 
11.9 
24.9 





Cm (S) 
£282 (5) 


182.4+0.3 
187.2+0.5 





aE, measurement for E, =2.5 Mev; * measurement for En=1.5 Mev. 
os. " 
Howev er, EH’; is assumed to be independent of En. 


8 Hanna, Harvey, Moss, and Tunnicliffe, Phys. Rev. 81, 466 
(1951). 
27H. R. Bowman (private communication, 1955). 
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TaBLE III. Multiplicities of neutrons from the 
spontaneous fission of U*. 








Calculations 


Normalized Normalized 
to y =2.2 to 7=2.5 


2.96 
9.58 


Geiger and Rose 


Multiplicity measurements 


(v?)my/¥ 
(v)ay/9 





2.70 
8.02 


3.26 
12.73 








The calculated binding energies of neutrons for the 
different modes of fission, together with the assumption 
of the relative excitation energies of the light and heavy 

‘ fragment, determine #”/>” in the calculations. The 
assumption of the same distributions of excitation 
energies used in the calculations results in 94/9 = 1.05 
for U* fission. The »4“/i*=1.30 measurement by 
Fraser® indicates the excitation energies of the light 
fragment should be, instead, 2 Mev greater than those 
of the heavy fragment. 

A measurement of the dispersion in v for U* fission 
was made by Feynman ef al.* from the statistical 
fluctuations in the Los Alamos Homogeneous Reactor. 
This measurement of (v*),,— %=5.2 is to be compared 
with a calculated value of 4.76 for E,=0. A measure- 
ment of the same quantity was made by Bonner ef al.*! 
with a two-counter technique” of neutron detection. 
They found (»*)4— %=4.1. 

Calculations for the spontaneous fission of U** were 
made with normalizations to both the measurement® 
of 2.2 and the measurement™ of 2.5 reported for this 
nuclide. For both normalizations, the calculated multi- 





34 fee Klee ee a eee nome ee eee | 


OPEN POINTS - BROOKHAVEN DATA 
CLOSED POINTS~LOS ALAMOS DATA 


Fic. 5. Variation of 
with the energy of neu- 
} tron inducing fission. 
Lines are calculations 
based on the method of 
Fowler and normalized 
to E,=0 measured val- 
J ues. Los Alamos data 
are of Diven e al.; 
7 Brookhaven data are 
pee | from BNL-325. 
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*® Feynman, de Hoffmann, and Serber (unpublished measure- 
ments made in 1944). 

8 Bonner, De Benedetti, and Francis (unpublished measure- 
ments made in 1947). 

% De Benedetti, Francis, Preston, and Bonner, Phys. Rev. 74, 
1645 (1948). 

% FE, Segré, Phys. Rev. 86, 21 (1952). 

4D. J. Littler, Proc. Phys. Soc. (London) A65, 203 (1952). 
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plicities shown in Table III are less than the measure- 
ments of Geiger and Rose.*® 

With the method of Fowler used to increase Ex with 
E,, the variations of # with EZ, as shown in Fig. 5 are 
calculated. Previous to the scintillator tank measure- 
ments, ) had been measured for E,=0.7 Mev by 
Terrell** and for E,=1.0 Mev by Fowler by different 
methods, but with results in agreement with Fig. 5. 

The sensitivity of the calculated results to extremes 
of T and u is seen by Table IV. These results show the 
slope di/dE,, is principally dependent on 7, while the 
multiplicity (v*)4 is dependent on both T and uw. All 
the calculated slopes di/dE, are in reasonable agree- 
ment with the results in Fig. 5. Diven et al.2* measured 
(v*)»= 7.32+0.19 for 80-kev fission of U**. On the basis 
of the calculated d(v*),,/dE,=0.63 Mev for this region 
of neutron energy inducing fission, (v*), for thermal- 
neutron fission is 7.27+0.19. All the calculated (v*),, 
values are in reasonable agreement with this value, 
with the best agreement obtained by the use of the 
previously selected values T= 1.4 Mev and u=7.2 Mev. 


TaBLe IV. Results of calculations of neutron emission from 
thermal-neutron fission of U**, Calculations have been normalized 
to »=2.46 by adjusting A for each “temperature” T and disper- 
sion u used. The slope dv/dE,, is from additional calculations for 
E,, between 0 and 3 Mev. 








dv/dEn 

(Mev~) 
0.137 
0.137 
0.124 
0.124 
0.125 
0.115 


u 4 
(Mev) (Mev) 


7.2 15.7 
15.7 
14.7 
14.7 
14.7 
13.7 














® Values used for other calculations in this paper. 


ENERGIES OF FISSION NEUTRONS 
AND GAMMA RAYS 


In the analysis above, only the emission energy e of 
a fission neutron in the frame of reference of the frag- 
ment is considered. A transformation of this neutron 
energy into the laboratory energy E involves the 
angular distribution between the neutrons and frag- 
ments. As part of the present investigation, Monte 
Carlo calculations of the energy spectrum of the fission 
neutrons have been made with the usual assumption®® 
of an isotropic emission of neutrons from the moving 
fragments. 

These Monte Carlo calculations followed the same 
procedures as the above integral calculations, but, in 
addition, included the energy transformations to the 
laboratory system and an averaging of the residual 
energy. This residual energy, which appears as prompt 
gamma rays, is the excitation energy remaining after 
all the neutrons that are energetically possible are 
emitted. For the energy transformation, the velocity of 


3K, W. Geiger and D. C. Rose, Can. J. Phys. 32, 498 (1954). 
36 B. E. Watt, Phys. Rev. 87, 1037 (1952). 
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Fic. 6. Calculations of the 
energy spectra of fission neutrons 
for 7=1.0 Mev. Data are of Frye 
and Rosen. 
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each fragment is determined from (1) by the 6”, 6”, Ex, 
and Rx condition of each fission. 

In Fig. 6 are shown the resulting spectra for fission 
of U**® by thermal and 3-Mev neutrons. Each curve is 
the result of 1.3(105) fissions in Monte Carlo calcu- 
lations. Just as in the case of neutron emission calcu- 
lations, the excitation energies for 3-Mev fission are 
increased according to the method of Fowler. In these 
calculations of Fig. 6, T=1.0 Mev and u=7.2 Mev 
were used. Use of T=1.4 Mev in the calculations gives 
a poorer fit to the measurements of Frye and Rosen,” 
but T=1.0 and «=8.5 Mev results in a considerably 
better fit than the results of Fig. 5. 

These calculations confirm the expectation that the 
high-energy end of the neutron spectrum, which is 
largely determined by the high-energy tail of the distri- 
butions in the excitation energies, is strongly influenced 
by the dispersion # used in (3). On the other hand, the 
low-energy end of the spectrum is strongly influenced 
by the neutron-fragment angular distribution. On the 
basis of the collective model of fission,” the neutrons 
are expected to be emitted preferentially along the line 
of the fragment directions, instead of isotropically as 
assumed in the calculations. For these reasons, little 
importance is attached to the relatively poor fit of the 


37D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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calculated and experimental energy spectra of fission 
neutrons. However, the similarity of the calculated 
spectra in Fig. 6 for 0-Mev and 3-Mev fission is con- 
sidered significant. 

The calculated residual excitation energy appearing 
as prompt gamma rays is 3.8 Mev for thermal-neutron 
fission and 4.1 Mev for 3-Mev fission. The calculations 
indicate this energy is shared approximately equally by 
the heavy and light fragments. The calculated gamma- 
ray energy is found to be relatively insensitive to the 
T and w values used, with variations of 0.4 Mev in T 
resulting in only 0.1-Mev variations in the calculated 
gamma-ray energy. These calculated gamma-ray ener- 
gies are in reasonable agreement with the earlier 
5.1+1-Mev measurement*® and 4.6+1-Mev measure- 
ment,” but are in disagreement with a recent 7.5-Mev 
measurement.” 
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Multiplicities of Fission Neutrons* 


B. C. Diven, H. C. Martin,f R. F. TAscHexK, AND J. TERRELL 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received September 6, 1955) 


A large liquid scintillator with approximately 80 percent efficiency for detection of neutrons has been 
used to obtain data on numbers of neutrons emitted per fission for several fissioning nuclides. Reported 
here are the average number of neutrons per fission, », and the respective probabilities of 0, 1, 2,--- neutrons 
per fission, for spontaneous fission of Pu, Cm, and Cf*®, and for fission induced in U**, U5, and Pu 
by 80-kev neutrons. The values of » for these cases are, respectively, 2.257-+-0.045, 2.810+0.059, 3.869 
+0.078, 2.5850.062, 2.47+0.03, and 3.048+-0.079. The thermal neutron value for U** (2.46+0.03), 
obtained by other methods, was used here as a standard for calibrating the detector efficiency. The efficiency 
was also measured by another method, involving scattering neutrons into the scintillator, with results in 


good agreement. The probabilities of 0, 1, 2,--- 


neutrons per fission approach closely a binomial type 


distribution, with the maximum number of neutrons equal to 5, 6, or 7, depending on ». 





I, INTRODUCTION 


HE development of a highly efficient neutron 
detector! at the Los Alamos Scientific Laboratory 
has made possible a much more detailed study of the 
multiplicities of fission neutrons than has been pre- 
viously possible. Using low-efficiency detectors, many 
measurements*-* have been made of the average 
number of neutrons, %, emitted per fission. References 
to much of this work may be found in the compilation 
by Hughes and Harvey’ and in the paper by Leachman.® 
The high-efficiency neutron detector has now made it 
possible to obtain not only the average number of 
neutrons emitted but also information on the probabil- 
ities P, for the emission of various numbers of neutrons 
per fission up to five or more with fair precision. 
Several groups are working on this problem as applied 
to spontaneous fission.’"° This paper describes a set of 
experiments designed to study the multiplicities of 
fission neutrons from neutron-induced fission and also 
from spontaneous fission. 


Il. EXPERIMENTAL PROCEDURE 
A. General 


The general arrangement of experimental equipment 
is shown in Fig. 1. For spontaneous-fission measure- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Herbert C. Martin met an untimely death on July 3, 1955, 
while mountain-climbing in Colorado. 

1 Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 
1061 (1954). 

* Barclay, Galbraith, and Whitehouse, Proc. Phys. Soc. 
(London) A65, 73 (1952). 

*F. R. Barclay and W. J. Whitehouse, Proc. Phys. Soc. 
(London) A66, 447 (1953). 

‘ Crane, Higgins, and Thompson, Phys. Rev. 97, 242 and 1727 
(1955); Higgins, Crane, and Gunn, Phys. Rev. 99, 183 (1955). 

5K. W. Geiger and D. C. Rose, Can J. Phys. 32, 498 (1954). 

° E. Segré, Phys. Rev. 86, 21 (1952). 

7D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superinten- 
dent of Documents, U.S. Government Printing Office, Washington, 
D. C., 1955). 
( a > Leachman, preceding paper [Phys. Rev. 101, 1005 
1956) ]. 

9 J. E. Hammel and J. F. Kephart, Phys. Rev. 100, 190 (1955). 

” Hicks, Ise, and Pyle, Phys. Rev. 97, 564 (1955); 98, 1521 
(1955); following paper [Phys. Rev. 101, 1016 (1956) ]. 


ments the neutron source and collimator are superfluous. 
In the case of neutron-induced fission, thermalized 
neutrons from a Pu— Be source or 80-kev neutrons from 
the T(,n)He’ reaction in the target of an electrostatic 
accelerator pass through the aperture of a collimator. 
These neutrons proceed down a cylindrical opening 
along the axis of a large liquid scintillator and pass 
through one or more foils of fissionable material in a 
counter located at the center. When a fission occurs, 
the pulse produced by the fission fragments in the 
counter triggers an oscilloscope sweep 30 usec long on 
which are displayed the pulses from the liquid scintil- 
lator. Neutrons produced by the fission enter the scintil- 
lator, and in their first few collisions cause proton 
recoils which, along with the fission gamma rays, 
produce a prompt scintillator pulse. Nearly all the 
fission neutrons are slowed down by hydrogen nuclei 
and are finally captured by cadmium, present as a 
salt dissolved in the scintillator solution. As each 
neutron is captured in the cadmium, a pulse is produced 
in the scintillator by the capture gamma rays. These 
pulses appear on the oscilloscope sweep after the 
prompt pulse, separated in time except for accidental 
coincidences. The sweep is photographed, the film in 
the camera is advanced, a background sweep is triggered 
and photographed, and the film again advanced, after 
which the equipment is ready to record another fission. 


B. Scintillator 


The scintillator used is the “large detector” described 
by Reines et al.,! modified to carry out these experiments. 
The scintillator tank is a cylinder 30 in. long and 
28% in. in diameter with }-in. thick steel walls, coated 
on the inside with light-reflecting paint. The photo- 
cathodes of 90 Du Mont 6292 and 1177 photomultiplier 
tubes are flush with the inner surface of the cylinder. 
The ends of the cylinder are disks of steel about 42 in. 
in diameter. These disks rest on a set of rollers, thus 
making it possible to rotate a defective phototube to 
the top and replace it without emptying the solution. 
A steel tube of 2.6-in. inner diameter forms a cylindrical 
opening along the axis of the tank down which the 
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Fic. 1. Schematic diagram of the experimental equipment as 
used with T(p,n)He? neutrons. A collimator with a larger aperture 
was used for measurements with thermalized neutrons from a 
Pu—Be source. 


neutron beam can pass without striking the scintillator. 
The solution in the scintillator is similar to that 
described by Reines et al.' for a cadmium-to-hydrogen 
atomic ratio of 0.003 except that the wavelength shifter 
used is “POPOP’"-” rather than aNPO. The other 
ingredients are toluene, terphenyl, methanol, and 
cadmium propionate. 

The collectors of the 90 phototubes are connected in 
parallel ; the photocathodes are grounded. The 1700-volt 
positive high voltage is connected to the resistor stacks 
of the individual tubes through trimmer resistors 
adjusted to give equal gains in all tubes. Pulses from 
the collectors go through a blocking condenser to the 
preamplifier of a modified Los Alamos Model 503 
amplifier. The output pulses from this system have an 
over-all width of about 0.2 usec and are delayed by 
3 usec. 


C. Measurements 


At the start of every run, pulses produced in the 
scintillator by cosmic rays are used to determine the 
over-all gain of the system. By exposing one frame of 
film to a large number of sweeps triggered by these 
pulses, the group produced by charged particles travers- 
ing the detector near minimum ionization is clearly 
defined. A 10-channel pulse-height analyzer is used to 
select a bias for the fission counter which is low enough 
to accept nearly all fission events but high enough to 
discriminate against alpha particles. 

About 1500 pairs of fission-triggered and background 
sweeps are then recorded photographically on a roll of 
film. A typical pair of oscilloscope traces is reproduced 
in Fig. 2. The developed film is placed in an enlarger, 
and the magnification of the enlarger is adjusted so 
that the calibrating group of cosmic-ray pulses has a 
standard height on the projection table. The minimum 
acceptable height of neutron pulses is also marked on the 
table. In order to avoid sweeps triggered by events 


4 Obtained from the Arapahoe Chemical Company, Denver, 
Colorado. 
2 Hays, Rogers, and Ott, J. Am. Chem. Soc. 77, 1950 (1955). 
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Fic. 2. Typical pair of oscilloscope traces showing pulses from 
the liquid scintillator. The upper trace was triggered by a pulse 
from the fission counter. The first pulse on the left is the prompt 
pulse, due mainly to fission gamma rays; the three pulses following 
are due to capture of three neutrons by cadmium. The second 
trace is a background trace which is triggered a fixed time after 
the fission event and is identified by the dot of light to the left. 


other than fission, only those traces are read which 
have a properly located prompt pulse due to fission 
gammas and proton recoils; at least 99 percent of the 
fission events produce such a pulse. The number of 
acceptable pulses after the prompt-pulse time from 
each fission and background trace are then recorded. 
Such measurements have been made for fission induced 
by thermal neutrons and by 80-kev neutrons in U™, 
U*5, and Pu” and for spontaneous fission of Pu™, 
Cm™*, and Cf?®. 

To deduce the emission probabilities, P,, from the 
various numbers of pulses per sweep, it is necessary to 
know the efficiency of the detector for fission neutrons. 
Several effects contribute to a reduction of the efficiency 
from 100 percent. One such effect is leakage of neutrons 
out of the detector. A Monte Carlo calculation has 
been made which shows that when neutrons originate 
from an isotropic source at the center of the detector, 
the fraction of neutrons captured by cadmium in the 
solution is 99.6 percent for thermal neutrons, 98.4 
percent for 1-Mev neutrons, 92.1 percent for 3.5-Mev 
neutrons, 85.0 percent for 5-Mev neutrons, and 74.0 
percent for 8-Mev neutrons. From this and knowledge 
of the fission spectrum, one can determine that about 
95 percent of fission neutrons are captured in the 
detector. A second and larger reduction of efficiency is 
due to the loss of small pulses. The distribution of 
heights of capture pulses is shown in Fig. 3. To dis- 
criminate against the large number of small background 
pulses, only pulses whose heights are greater than the 
value indicated by the dotted line are chosen. In addi- 
tion, some pulses are lost because of the finite sweep 
length, about 2 percent of the neutrons being captured 
after the end of the sweep. 

The efficiency was obtained experimentally in two 
ways. The more accurate method was to observe 
pulses from thermal and 80-kev fission of U™*, and to 
normalize to the value of # as measured’ by other 
methods. The measured value used for thermal energy 
was 2.46+0.03 and the 80-kev value was assumed to be 
2.47+0.03. The efficiency was then the mean number 
of pulses per fission-triggered sweep less the mean 
number per background sweep, divided by the value of 
y. With this method the efficiency was found to be 
81.4+1.5 percent; this figure was used in the correction 
of data. 
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Fic. 3. Distribution in height of pulses resulting from capture of 
neutrons in cadmium. Background has been subtracted. 


The second method of determining efficiency was to 
trigger the oscilloscope sweep with pulses from protons 
which recoiled in n-p scattering events within an 
anthracene crystal and scattered neutrons into the 
large detector. The neutrons, which were produced by 
the T(p,n)He* and D(d,n)He’ reactions, passed through 
a narrow collimating system between the gas target of 
a 2.5-Mev electrostatic accelerator and the opening 
through the scintillator. The crystal, mounted on a 
photomultiplier tube, was placed in the same position 
that the fission counter normally occupied. The 
efficiency was given by the probability of observing a 
pulse on a sweep triggered by a proton recoil, minus 
the probability of a pulse on a background sweep. 
A single-channel analyzer was used to select a narrow 
range of recoil-proton pulse heights to trigger the sweep. 
This procedure defined the energy of the scattered 
neutrons and their recoil angles with respect to the 
axis of the scintillator. Since there is some possibility 
that events other than proton recoils will trigger the 
sweep, a similar set of data was taken with a helium- 
filled target, and from this a small correction was made 
to the recoil-proton data. The efficiency was thus deter- 
mined for a fixed neutron energy and angle, and a set 
of such measurements allowed the efficiency for fission- 
spectrum neutrons to be calculated. The experimental 


TABLE I. Effect of corrections on typical data (for Cf): (or ») 
is the number of pulses (or neutrons). F,’ and B,’ are observed 
probabilities of m pulses on fission and background traces, com- 
pletely uncorrected. C, are probabilities of m capture pulses, 
corrected for coincidence and background. P, are the final data, 
corrected for efficiency. 








n(or ») F,’ y Py 


0.0121 
0.0719 
0.2314 
0.3076 
0.2425 
0.0983 
0.0293 
0.0062 
0.0007 





0.0042 
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efficiencies obtained were 87+2 percent and 85+3 
percent, respectively, for neutrons with energies of 0 
to 100 kev and 2 Mev. These numbers have been 
corrected very slightly to apply to isotropic neutron 
sources, with the aid of the Monte Carlo calculations 
mentioned earlier. 

If it is assumed that neutron leakage is the primary 
reason for change in efficiency with energy, the Monte 
Carlo calculations may be used to plot a smooth curve 
of efficiency versus energy passing through the two 
experimental points. For fission-spectrum neutrons 
the average efficiency thus determined is 83:2 percent. 
No differences in the capture pulse-height spectrum 
have been observed in data taken with fission-spectrum 
neutrons and those of 0- to 100-kev and 2-Mev energy. 


III. ANALYSIS AND RESULTS 


To convert the observed probabilities of detecting 
various numbers of pulses per sweep into probabilities 
of various numbers of neutrons being emitted in fission, 
a series of three calculations was made. The symbols 
used were defined as follows: r=resolving time (0.15 
+0.05 usec by counting loss measurement); /() 
=normalized time distribution of capture pulses; 
k=2r/J f?(t)dt= probability of coincidence between any 
two capture pulses (experimentally, k=0.02); F,’ 
=probability of observing m pulses per fission sweep, 
uncorrected for coincidence loss; B,’=probability of 
observing » background pulses per sweep, uncorrected 
for coincidence loss; F,=probability of observing n 
pulses per fission sweep, corrected for coincidence loss ; 
B,=probability of observing m background pulses per 
sweep, corrected for coincidence loss ;C,= probability of 
observing fission neutron pulses per fission sweep; 
P,=probability of emission of » neutrons per fission; 
and e= detector efficiency. 

First, a small correction was made to the fission data 
for loss due to accidental coincidence of capture pulses. 
This correction made use of the equation 


n! (n+1)! 
P.{1—|—"—_]p] =| leas 
2!(n—2)! 2!(n—1)! 


A similar correction was made to the background 
data (kg=0.010). Then the effect of background on 
the observed distribution was removed by means of 
the relation 


Fr=CoBrt+CiBrit...+CnBo 


and from the observed sets of F, and B,, the values of 
C,, were calculated. Finally, 


n=20 n! 
P= > (1 


n= y!(n—y)! € 


from which the P, were obtained from the C,. The first 
and second moments, and (»*),, as well as other 
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TABLE II. Summary of results: » and (v)s, are the average and the average square of the number of neutrons per fission; Po, P1, 
P2,:++ are the respective probabilities of emission of 0, 1, 2,--- neutrons per fission. The quantity [(v*)y—v]/* is a measure of 
the relative width of the neutron multiplicity distribution. It would be equal to 1.0 for a Poisson distribution. The right-hand column 
gives results obtained by scattering neutrons from an anthracene crystal in the scintillator tank and triggering the oscilloscope sweep 


with proton-recoil pulses from the crystal. The efficiency used in this case was 0.872+0.015. 








Nuclide 


Neutron-induced fission* 


U2 


Us 


Pu 


Pu 


Spontaneous fission 


Cm™ 


Cf2s2 


Scattered 
neutrons 
(0-100 kev) 





Fissions 
analyzed 
7] 


(v*) py 
L{*) y—7)/? 
Po 


1632 
2.5850.062 
7.84+0.34 
0.786+0.013 
0.010+0.008 
0.151+0.024 
0.326+0.037 
0.301+0.044 
0.176+0.041 
0.042+0.028 

—0.010+0.017 
0.006+0.009 
— 0.002+0.002 


10715 
2.47+0.03 
7.32+0.15 
0.795+0.007 
0.027 0.004 
0.158 +0.010 
0.339+0.014 
0.305+0.015 
0.1330.013 
0.038+0.009 

—0.001+0.003 
0.001+0.002 
0.000-+0.000 


1376 
3.048+0.079 
10.62+0.53 
0.815+0.017 

—0.01+0.01 
0.110.03 
0.130.06 
0.56+0.08 
0.11-0.08 
0.060.09 
0.05+0.08 
0.00+0.06 

—0.01+0.03 


8355 
2.257+0.045 
6.37+0.21 
0.807 0.008 
0.049-+0.006 
0.214+0.012 
0.321+0.014 
0.282+0.017 
0.112+0.013 
0.021+0.008 
0.001+0.003 
0.000-0.002 
0.000-+0.000 


3301 
2.810+0.059 
9.20+0.34 
0.810+0.008 
0.009-+-0.005 
0.109+0.016 
0.292+0.023 
0.315+0.027 
0.224+0.027 
0.030+0.017 
0.021+0.010 
0.000+0.003 
0.000+0.000 


4545 
3.869+0.078 
16.59+0.62 
0.850-+0.006 
0.005+0.002 
0.004+0.009 
0.138+0.019 
0.223+0.032 
0.356+0.035 
0.175+0.034 
0.071+0.028 
0.022+0.017 
0.006+0.007 


1470 
1.000 
1.007+0.033 
0.007 +0.033 
0.001+0.013 
0.999+0.028 
0.000+0.015 


—0.002+0.004 


0.002+0.002 
0.000+0.000 








® Results given are for 80-kev neutrons. 
b Normalizing value. 


moments and the standard deviations, were also 
calculated. These calculations were made by means of 
I.B.M. 701 and card-programmed computers. 

The effect of these corrections on the original data 
is illustrated in Table I, where the original data and 
final corrected neutron distributions are given for the 
case of Cf*®, Backgrounds were not a serious problem 
at any time; average backgrounds were usually of the 
order of one or two pulses in ten traces. 

Final results are given in Table II. Thermal neutron 
data have been omitted because of the greater weight 
of the 80-kev data; there was no significant difference. 
The errors shown are standard deviations. Allowance 
has been made for counting statistics, uncertainty in 
the efficiency, and uncertainty in the coincidence 
correction. It should be pointed out that these results 
refer only to relatively prompt neutrons, emitted within 
a few microseconds after fission. In the last column, 
the results of a typical set of data obtained by detecting 
neutrons scattered from protons are shown. Since, in 
this case, v is always equal to unity, the fact that all 
P, are near zero except P; indicates that spurious 
effects such as multiple pulsing of the phototubes are 
absent. 

IV. DISCUSSION 


For each fissioning nuclide examined, the distribution 
of emission probabilities P, as a function of v is definitely 
too narrow to approach a Poisson distribution,’ 
P,=( exp(—») J/v!. 

A binomial type distribution,” given by 


a =e cara 


where m is the maximum number of neutrons emitted, 
is a close representation of the data, with m=5, 6, or 7. 
In some cases, a mixture of two binomial distributions 
gives a better fit to the data. The proper value (or 
values) of m may be determined from the observed 
second moment (v*). For a binomial distribution, 
(v") w= 9+ (m—1)*%/m; the Poisson case is obtained for 
m=. The value of [(*)w—#]/# is independent of 
counter efficiency and can be closely reproduced by the 
equation [ (v*),—#]/#=0.714+0.0359. This allows a 
close estimate of the second moment, if the first 
moment is known. 

All of the data reported here agree well with the 
calculations of Leachman.*® 
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The neutron number distributions from the spontaneous fission of seven isotopes have been measured 
by use of a cadmium-loaded liquid scintillation tank. The experimental distributions can be roughly approxi- 


mated by binomial distributions. 


The average number of neutrons per spontaneous fission have been found to be 2.30+0.19 for Pu®*, 
2.33+0.08 for Pu**, 2.18+-0.09 for Pu*, 2.65+0.09 for Cm**, 2.84+0.09 for Cm**, and 3.82+0.12 for 


Cf, all based on 2.257+-0.046 for Pu™. 





INTRODUCTION 


HE multiplicities of the neutrons from fission— 

i.e., the fraction of fissions producing 0, 1, 2, ---, 
neutrons—are of interest both in theoretical consider- 
ations of the fission process and in reactor design. 
Earlier studies have been limited by the low neutron- 
detection efficiency of the apparatus to measurements 
of the first and second moments of the multiplicity 
distributions.'“" The cadmium-loaded liquid scintil- 
lation tank” with its high neutron-detection efficiency 
permits an accurate determination of the neutron 
emission probabilities, recent measurements of which 
have been made by groups at Berkeley and Los 
Alamos."*-"* A theoretical study of these multiplicity 
distributions has been made by Leachman." 


APPARATUS 


The nuclide to be investigated was mounted as a 
very thin sample upon a platinum foil, which served as 


* This work was-done under the auspices of the U. S. Atomic 
Energy Commission. 

1 de Hoffmann, Serber, and Feynman, Los Alamos Laboratory 
Report La-101, i944 (unpublished) ; F. de Hoffmann et al., Los 
Alamos Laboratory Report La-183 (unpublished) ; F. de Hoffmann 
and R. Serber, Los Alamos Laboratory Report LAMS-336 
(unpublished) ; F. de Hoffmann, Los Alamos Laboratory Report 
LA-471, 1945 (unpublished). 

sj. Rotblat, George Holt Physics Laboratory, Liverpool, Report 
Br. 241, 1943 (unpublished). 

sE. "Segre, Los Alamos Laboratory Report LA-491, 1946 
(unpublished). 

‘E. Segré, Phys. Rev. 86, 21 (1952). 

S. de Benedetti, Atomic Energy Commission Report MonP- 
437, "1948 (unpublished). 

* Barclay, Galbraith, and Whitehouse, Proc. Phys. Soc. (Lon- 
don) A65, 73 (1952). 

TF. Barclay and W. Whitehouse, Proc. Phys. Soc. (London) 
A65, 73 (1952). 

* Crane, Higgins, and Thompson, Phys. Rev. 97, 242 (1955), 
and Phys. Rev. 97, 1727 (1955). 

® Higgins, Crane, and Gunn, Phys. Rev. 99, 183 (1955). 

” D. Hughes and if Harvey, Brookhaven National Laboratory 
Report BNL-325, 1955 (unpublished). 

UK. Geiger and D. Rose, Can. J. Phys. 32, 498 (1955). 

2 Reines, Cowan, Harrison, and Carter, Rev. Sci. Instr. 25, 
1061 (1954). 

8 Hicks, Ise, and Pyle, Phys. Rev. 97, 564 (1955), and Phys. 
Rev. 98, 1521 (1955). 

ed International Conference on the Peaceful Uses of Atomic 
Energy, A/Conf. 8/P/592 (1955), compiled by R. B. Leachman. 
See also R. B. Leachman, accompanying paper [Phys. Rev. 101, 
1005 (1956) }. 


the cathode in a 3-inch-diameter parallel-plate fission 
chamber. The fission chamber was positioned at the 
center of the scintillator tank by a 3-inch-diameter 
well along the axis of the tank. The neutron detector is 
nearly identical to that built at Los Alamos.”!5 The 
tank is 30 inches long and 30 inches in diameter, with 
}-inch steel walls. The inside surfaces have been sprayed 
with molten aluminum as a reflecting and protective 
coating. Although the reflectivity of aluminum is less 
than that of some other types of coatings, it was 
sufficient for our purposes and has shown no tendency 
to deteriorate over long periods of time. 

The scintillator consists of toluene, cadmium pro- 
pionate, p-terphenyl, methanol, and alpha-NPO, and is 
mixed as described by Reines ef al.” The cadmium-to- 
hydrogen atom ratio used is 0.0019, resulting in a mean 
capture time for the neutrons, after thermalization, of 
approximately 10 microseconds (Fig. 1). 

The curved surface of the tank has ninety }-inch 
glass windows of 2} in. diameter, sealed with Neoprene 
O-rings. A Dumont 6292 photomultiplier tube, mounted 
in a soft steel collar, is placed against the outside of 
each window, with the cathode end immersed in 
mineral oil to give good optical contact. The photo- 
multiplier tubes are wired in parallel in two banks of 
45 tubes each, both banks observing all portions of the 
scintillator. A copper shield is placed around the entire 
photomultiplier tube assembly, increasing the tank 
diameter to 48 inches. The entire apparatus is sur- 
rounded by 2 in. of lead and 0.5 in. of boric acid powder, 
the boric acid powder external to the lead. In order to 
keep the background low and constant, the apparatus 
was gated off during all cyclotron and linear accelerator 
beam pulses. 

The external wiring diagram is shown in Fig. 2. The 
phototube linear amplifiers were designed by William 
Goldsworthy and have a low-noise, wide-band 950-ohm 
triode input, matching the 950-ohm 1-microsecond 
delay line. The fission chamber amplifier and pre- 
amplifier are of standard design. The pulses from the 
fission chamber and the photomultiplier tubes are 

® The use of a loaded scintillator tank as an efficient neutron 
detector at this laboratory was conceived by Dr. Walter E. 
Crandall for use on another project. In the early stages of its 


development, information was received about the Los Alamos 
tank and its design was utilized. 
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displayed on the sweep of a Tektronix Model 517 
oscilloscope, the sweep speed being exponential, i.e., 


x=x9(1—e7*/*), 


where x is the distance that the sweep has progressed 
in time ¢. The sweep duration is set at 30 microseconds 
and the mean time r is set at 10 microseconds. A 
Dumont Model 321 oscillographic record camera was 
used to record the data. The data were read after 
projection with a Recordak film projector. 


EXPERIMENTAL PROCEDURE 


The spontaneous fission event occurring in the fission 
chamber_is accompanied by the release of prompt 
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Fic. 1. Experimental capture rates of fission neutrons 
in the liquid scintillator tank. 


neutrons and y rays. The neutrons transmit practically 
all of their energies to recoil protons in a time much 
shorter than a microsecond, although not all the neu- 
trons are completely thermalized until about four micro- 
seconds after the event. These recoil protons and any of 
the converted y rays from the fission appear as one 
prompt pulse from the liquid scintillator tank. The ther- 
malized neutrons then are captured exponentially in time 
by the cadmium-113 (or the hydrogen) in the solution. 
The Cd" radiative capture immediately gives a cascade 
decay with a total energy of 9.2 Mev,!* some fraction of 
which is converted in the tank and gives a pulse 
indicating the neutron capture. 

16 G. A. Bartholomew and B. B. Kinsey, Phys. Rev. 90, 355 


(1953); Can. J. Phys. 31, 1051 (1953); H. T. Motz, Phys. Rev. 
90, 355 (1953). 
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Fic. 2. External wiring diagram. 














A fission-chamber discriminator plateau was obtained 
for each isotope except Pu™*, and the discriminator 
bias was set so that all fissions and no alpha pile-up 
pulses were observed. In all but 0.3 percent of the 
events the fission pulse was accompanied by a prompt 
tank pulse. With Pu**, although the sample was so 
thin that a good discriminator plateau could in principle 
have been obtained, the activity was so low as to render 
this experimentally impractical. In this case the dis- 
criminator bias was set so low that some alpha pile-up 
pulses were observed, but these were readily distin- 
guishable from the fission pulses by the lack of prompt 
tank pulse. 

When a fission occurs, the oscilloscope is triggered 
and the fission pulse is displayed at the beginning of 
the sweep. The tank pulses are delayed one microsecond 
and also displayed on the sweep. Both the fission pulse 
and the prompt tank pulse were required before any 
trace was counted as a fission event. This eliminated 
any chance of mistaking pile-up alpha pulses for fission 
pulses (Fig. 3). 

Californium-252 was run periodically as a calibration 
for every isotope investigated; this procedure reveals 
immediately any changes in the over-all efficiency of 
the apparatus. Experience has shown that after several 
months the cadmium salt begins to come out of solution, 
and since appreciable periods of time elapsed between 
the availability dates of the isotopes, this method of 
obtaining the relative tank efficiency was the most 
satisfactory one. In the recent runs the tank efficiency 
was actually a few percent lower than in the earlier 
runs. Background pulses with the chamber fission in 
place were also recorded several times during each run 
by random triggering of the oscilloscope, using a rate 
generator. 

The absolute tank efficiency for detection of fission 
neutrons is based on # (the mean number of prompt 
neutrons emitted per fission) for Pu obtained by 





Fic. 3. Sweep triggered by fission-chamber pulse. Left to 
right: fission pulse, prompt tank pulse from fission y rays and 
recoil protons, and four neutron-capture pulses. 
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Fic. 4. Differential pulse-height distribution of the neutron- 
capture pulses on fission traces. Pulse heights less than 0.4 were 
not read because of rapidly increasing background in this region. 


Diven e¢ al.,!" this value having been measured relative 
to » for the fission of U* by thermal neutrons.'® The 
absolute tank efficiency at the time the Pu™ was run 
was 76.9+2.2 percent. 

There are various reasons for the tank efficiency to 
be less than 100 percent. Some of the neutrons escape 
from the tank without being captured. Some are cap- 
tured but give a capture gamma-ray pulse too small to 
be observed. Because the background counting rate 
increases rapidly as smaller pulses are accepted, a lower 
pulse-height limit was set, and this caused the loss of 
all neutron pulses smaller than this lower limit. The 
differential pulse-height distribution of the pulses on 
fission trace is given in Fig. 4, which also shows the 
lower acceptance limit. Since the oscilloscope sweep 
length was only 30 microseconds, approximately 7 
percent of the neutrons captured in the tank were 
captured after the sweep had ended. 

Since a possibility exists that the number of neutrons 
per fission event is correlated with the neutron kinetic 
energy, the neutron-capture efficiency of the scintillator 
tank as a function of the neutron energy must be 
considered. Monte Carlo calculations performed at the 


TABLE I. Observed neutron multiplicity distributions from 
spontaneous fission and background pulses per sweep. 








Pu%6 Pus 


42 569 
85 1532 2495 
78 1450 3584 
31 620 J 2312 
179 7 723 

25 159 

0 13 

0 2 


Pu20 Pu2? Cm? Cm 





0 
9857 


counts 


per 
sweep 0.0106 0.0108 0.0150 








17 B. Diven and J. Terrell (private communication). See also 
Diven, Martin, Taschek, and Terrell, preceding paper [Phys. 
Rev. 101, 1012 (1956) J. 
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University of California Livermore Laboratory show 
that the efficiency is about 99 percent for 1-Mev 
neutrons, 95 percent for 3-Mev neutrons, 89 percent for 
5-Mev neutrons, and 84 percent for 7-Mev neutrons, 
when the neutrons are emitted isotropically at the 
center of the tank. If it is assumed that the energy 
spectra of the neutrons from all the isotopes approxi- 
mate that from the fission of U*** by thermal neutrons, 
an over-all efficiency for capturing a fission neutron in 
the scintillator is calculated to be about 95 percent. 
Theoretical considerations by Leachman" indicate that 
the above assumption is quite accurate. In addition, 
preliminary results of an experiment being performed 
at the Nobel Institute'* indicate that the peak of the 
energy spectrum of the neutrons from the spontaneous 
fission of Cf is only slightly higher than the peak 
energy for U** fission by thermal neutrons. 

If all the high-energy neutrons originate from fissions 
giving only a single neutron, some bias would be 
expected in the data. Hammel and Kephart," however, 
working with a 16-in. diameter tank, have obtained 
emission probabilities of neutrons from Pu? fission 
that are in good agreement with those obtained in this 
work, and since their capture efficiencies for high- 
energy neutrons are considerably less than for the 
larger tank, it can be concluded that no very marked 
relation exists between neutron energy and number of 
neutrons per fission. 

We have considered the possibility that some of the 
pulses on a fission sweep were due to the decay of 
fission products with half-lives of a few microseconds. 
To check on this possibility, we repeated the Cm™ run 
using a scintillator solution with no cadmium, and time 
and pulse-height distributions were measured for the 
tank pulses. The time distribution was consistent with 
an exponential capture rate for neutrons in toluene. 
The pulse-height distribution showed the 2.2-Mev 
gamma ray from hydrogen capture, with a resolution 
of approximately 20 percent. We conclude from this 
that the effect of secondary fission products is negligible. 


ANALYSIS OF DATA 


The observed numbers of fissions giving 0, 1, 2, ---, 
pulses per sweep are given in Table I. Two corrections 
are made before the true multiplicity distribution is 
calculated. 

(a) “Resolving Time” 

Because of the exponential sweep the neutron-capture 
pulses are uniformly distributed distancewise along the 
sweep trace, so it is better to use the “resolving dis- 
tance” AL. The probability that two pulses fall within 
a cell AL long is 


L 4 
2AL f —dx=2AL/L. 
LD? 
0 


18H. Slitis (private communication, reporting work of E. 
Hjalmar, M. Punnis, H. Slitis, and S. Thompson). 
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TABLE II. Calculated probabilities of emitting » neutrons per spontaneous fission, P(v), and the average number of 


neutrons per spontaneous fission, 7, based on* =2.257+0.046 for Pu. 








Pu236 


Pu%s 


Pu? 


Pu22 


Cm? 


Cm 


Cf2s2 





0.062+0.035 
0.156+0.090 
0.38 +0.13 
0.28 +0.12 
0.096-+0.086 
0.033+0.036 


2.30 +0.19 


0.044+0.009 
0.175+0.026 
0.384+0.026 
0.237 0.027 
0.124+0.021 
0.036+0.009 


2.33 +0.08 


0.041 0.009 
0.219+0.021 
0.351+0.021 
0.241+0.020 
0.127+0.018 
0.020+0.006 
0.001 0.002 


2.257+0.046 


0.063+0.013 
0.192+0.034 
0.351+0.041 
0.324+0.047 
0.033+0.026 
0.036+0.013 


2.18 +0.09 


0.011-0.005 
0.126+0.018 
0.323+0.018 
0.347+0.020 
0.139+0,.013 
0.050+0.009 
0.004+0.002 
0.001+0.001 


2.65 +0.09 


0.001 +0.004 
0.099+0.017 
0.281+0.022 
0.365+0.018 
0.198+0.020 
0.049-+0.009 
0.007 +0.002 


0.001+0.001 
0.021+0.007 
0.111+0.019 
0.271+0.019 
0.326+0.018 
0.178+0.016 
0.077+0.013 
0.013+0.004 
0.003+0.001 


3.82 +0.12 








® See reference 17. 


If m pulses are observed on a trace, it is possible that 
there were n pulses, all of them resolved, or that there 
were +1 pulses, two of which are not resolved. 
Higher order corrections have been neglected. If F’’(n) 
is the number of fissions observed with m pulses per 
fission, and F’(n) the corresponding number for AL=0, 
then 


F" = F'(n)| 1—- 
(w) ol (m—2)!2! L 


(n+1)! 2AL 


CME Ae sitaee 
(n—1)!2! L 


n! =) 


The F’(n) were then calculated, with 2AL/ZL=0.0030 
+0.0015, and with the value for AL estimated from 
the appearance of the sweeps. The separation of two 
pulses was measured for a number of cases, at all 
positions along the sweep, where two pulses could just 
be identified as separate pulses. 


(b) Background 


The background count rate y was about 0.01 pulse 
per sweep. The corrected number of fissions is calculated 


from 
F(n)=((F' (n)—yF (n)]/ (1-7). 


The number of background sweeps with two or more 
pulses was completely negligible. The background rates 
for the various isotopes are given in Table I. 

If F(n) is the corrected multiplicity distribution, the 
true distribution P(v) is obtained from 


n=nmax n! 


P(v)= dD F(n)\— 


e"(e—1)""”. 
n= v'(n—v)! 

The errors on the calculated P(v) have five sources: 
(a) counting statistics, (b) uncertainty in the efficiency 
because of the uncertainty of # for Pu, (c) background 
fluctuations (which are negligible), (d) uncertainty in 
the value of AL used in the resolution corrections, 
(e) reading errors. [There are small differences in the 
data obtained when one person reads the film twice, 
and similar fluctuations among different readers. All 
film has been read at least twice. The uncertainty is 
small compared to (a), (b), and (d).] 


These calculations were made on an IBM Type 650 
calculator at Livermore. The calculated values of P(v) 
and their standard errors are given in Table II. 


DISCUSSION 


The multiplicity distributions of Pu’, Cm, and 
Cf are shown in Fig. 5. The distributions of the Pu”*, 
Pu*8, Pu”, and Cm* are similar to those shown in 
the figure. 

Points obtained from the binomial distribution, 
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PLUTONIUM - 240 
¥=2.26+.05 
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Fic. 5. The probabilities for prompt-neutron emission from the 
spontaneous fission of plutonium-240, curium-242, and cali- 
fornium-252. Binomial distributions roughly approximating the 
emission probabilities are also shown. 
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also are shown in Fig. 5. It can be seen that this distri- 
bution gives a fair approximation to the experimental 
points, but using the x? test we have been unable to 
find any binomial distributions that fit the experimental 
results with more than a negligible probability. 

The theoretical emission probabilities calculated by 
Leachman" are in good agreement with the results 
given in Table IT. 

It should be pointed out that the discrepancy as 
reported earlier between our preliminary value for # of 
Cf based on Pu™® and that of Crane, Higgins, and 
Thompson* has been partially resolved. The Pu source 
used in our preliminary work was rather thick, and 
about one-quarter of the fissions were lost by foil 
absorption. The error in the early value might be 
explained by assuming that the lower-energy fissions, 
which would be more easily lost by foil absorption, 
have a higher internal excitation and give off more 
neutrons than the high-energy fissions. Preliminary 
work indicates that this is true. We are comparing the 
average number of neutrons and neutron multiplicities 
with the energy mode of fission using a “back-to-back” 
fission chamber. The remaining discrepancy may be 
due to the different methods of absolute calibration. 


PHYSICAL REVIEW 


VOLUME 101, 


ISE, AND PYLE 


ACKNOWLEDGMENTS 


We were particularly fortunate in having the cooper- 
ation of the University of California Radiation Labora- 
tory Nuclear Chemistry Group, under the direction of 
Professor Glenn T. Seaborg, which supplied us with 
the seven spontaneously fissioning isotopes. In partic- 
ular we wish to thank Gregory Choppin, Bernard 
Harvey, Albert Ghiorso, Stanley Thompson, Richard 
Glass, Gary Higgins, and William Crane, of this group. 

We wish to acknowledge the useful discussions with 
the Los Alamos group under B. C. Diven, and with 
George Millburn of this laboratory. 

We are greatly indebted to the electronics group 
under Worrell Deuser, and in particular to William 
Goldsworthy, for their aid with the electronics prob- 
lems. 

The film was read by David Johnson and the machine 
calculations were made by James Baker, and Francis 
Halpern. The Monte Carlo calculations were performed 
under the direction of Edward Leshan. This research 
was made possible by the support and encouragement 
of Dr. Chester M. Van Atta. 


NUMBER 3 FEBRUARY 1, 1956 


Relativistic Radiative Transitions* 


W. B. Paynef And J. S. LEvInGER 
Louisiana State University, Baton Rouge, Louisiana 
(Received September 29, 1955) 


We have calculated the oscillator strength for electric dipole 
transitions with retardation between the 1s state and higher 
discrete states for a single Dirac electron in a Coulomb field. 
Numerical values for atomic number 82 show that the retarded 
relativistic oscillator strength for each shell is about 0.8 of the 
nonrelativistic value. We give numerical values for the relative 
intensity of the different K x-ray lines for lead, neglecting screen- 
ing: the Ka:/Kaz doublet intensity ratio is 1.93 as compared to 
the NR value of 2.0. We introduce an average “oscillator density” 
for transitions for discrete states, and extrapolate to the series 
limit to find the photoelectric cross section at threshold. Our 


I. INTRODUCTION 


HE oscillator strengths for electric dipole (£1) 
radiative transitions between discrete nonrela- 
tivistic (NR) states in a Coulomb field are given in 
closed form and tabulated numerically by Bethe.! The 


* Supported by the National Science Foundation, and by the 
Research Corporation. These calculations are presented in greater 
detail in W.B.P.’s Ph.D. dissertation [Louisiana State University, 
1955 (unpublished) ] referred to in this paper as WBP. (Copies 
may be obtained from the LSU Department of Physics and 
Astronomy; or from University Microfilms, 313 North 5th 
Street, Ann Arbor, Michigan.) 4 

+ Now at Operations Research Office, Johns Hopkins University, 
Chevy Chase, Maryland. 

1H. A. Bethe, Handbuch der Physik (Verlag Julius Springer, 
Berlin, Germany, 1933), Vol. 24, Part 1. 


numerical value for lead of 740 barns is 23% larger than the 
value given by Hulme eé? al. We also calculate the summed oscil- 
lator strength, using a cutoff at an arbitrary high energy to give 
convergence. The numerical results for lead are insensitive to the 
numerical value of the cutoff used: using 10 Mev, we find a 
summed oscillator strength of 0.85, with an increase of 0.01 for 
each factor of two increase in the cutoff energy. Our value of 
the summed oscillator strength is less than that calculated 
nonrelativistically by Thomas, Reiche, and Kuhn; or relativisti- 
cally by Gell-Mann, Goldberger, and Thirring. 


same approximation gives the Stobbe formula’? for the 
atomic photoeffect. The much more difficult relativistic 
calculations of the photoeffect have been performed 
numerically by Hulme ef al.* and approximate analytic 
forms given by Hall,‘ and Sauter.® 

Jacobsohn’s calculations® for discrete-discrete transi- 


2H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics 


(John Wiley and Sons, Inc., New York, 1953), Vol. 1. 

3Hulme, McDougall, Buckingham, and Fowler, Proc. Roy. 
Soc. (London) A149, 131 (1935). 

4H. Hall, Revs. Modern Phys. 8, 358 (1936). 

5 F, Sauter, Ann. Phys. 11, 454 (1931). 

*B. Jacobsohn, Ph.D. dissertation [University of Chicago, 
1947 (unpublished)]. 
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tions extend the nonrelativistic calculations in two 
ways: he gives relativistic oscillator strengths for dipole 
transitions from the L shell, and he gives NR calcu- 
lations of E2 oscillator strengths. Also, Massey and 
Burhop’ have calculated the relativistic nonretarded 
transition rate of Ka x-rays of 79Au. 

In the next section we shall present relativistic 
calculations of the oscillator strengths for £1 transitions 
with retardation from the 1s state in a Coulomb field 
to the 2piy2, 2ps/2, 3p1/2, 3psy2, 4p1/2, 4Ps/2, 71/2, and 
73/2 states. Numerical results are given for lead. We 
use Dirac wave functions for a Coulomb field. This 
means that for an actual atom we are neglecting the 
screening effects of the other atomic electrons. Even 
for the highly ionized s,Pbt, our use of the one-particle 
Dirac equation neglects effects such as vacuum polar- 
ization. We shall also discuss possible comparisons with 
relative line intensities and absolute line widths that 
might be obtained in x-ray measurements of heavy 
elements. In Sec. III, we introduce an average “oscil- 
lator density” for discrete-discrete transitions. We then 
extrapolate this oscillator density to the series limit, 
to compare with the oscillator density at the series 
limit found for lead by Hulme et al. We find a value 
23% larger than theirs. In the last section we calculate 
the summed oscillator strength for a single electron 
moving in the Coulomb field of a lead nucleus. Since 
Hall’s asymptotic formula gives an oscillator density 
proportional to the reciprocal of the photon energy, 
we cut off the integration at a finite upper limit to 
obtain a numerical result. This numerical result is then 
compared to the dispersion-theoretic result of Gell- 
Mann, Goldberger, and Thirring.* Our present numer- 


TABLE I. Oscillator strengths for s2Pb. 








Nonrelativistic* Relativistic> Retardede 

1sis2 to NR rel Fret 

2pis2 0.138 0.112 0.112 

2paj2 0.277 0.230 0.195 
L shell 0.416 0.342 

3pijs 


0.0263 
3paye 


0.0527 

Mshell —0,0790 
4piye 0.0097 
0.0193 

"9.0290 


0.00160 
0.00321 


0.00481 





0.317 
0.0174 0.0190 
0.0476 0.0409 
eee 0.0031 
0.0650 0.0630 
0.0064 
0.0151 
0.0016 
0.0231 


0.00101 
0.00258 


2 
0.00391 0.81 


0.0060 
0.0175 
0.0235 
0.00093 
0.00297 
0.00390 








® The nonrelativistic dipole oscillator strengths are taken from Bethe, 
reference 1, and are independent of atomic number. 

> The relativistic oscillator strengths for Pb are taken from WBP. 

¢ The retarded relativistic dipole oscillator strengths for Pb are found by 
evaluating the formulas in the Appendix. The oscillator strengths for £2 
transitions are taken from Jacobsohn, reference 6. 


7H. S. W. Massey and E. H. S. Burhop, Proc. Roy. Soc. 
(London) A153, 661 (1936); Proc. Camb. Phil. Soc. 32, 461 
(1936); W. Laskar, J. Phys. et radium 16, 644 (1955). 

8 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954), referred to GGT. 
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ical results appear to contradict the GGT assumption 
that at very high energies a bound electron has the 
same forward scattering amplitude as a free electron. 


II. CALCULATION OF OSCILLATOR STRENGTHS 


The oscillator strength is proportional to the square 
of the matrix element of a-e, exp(—ik-r), where a is 
the set of 3 Dirac matrices, and the photon has polar- 
ization direction e, and wave number |k|. These 
squared matrix elements must be summed over the m 
values of the final state, and averaged over the photon 
polarization. Neglecting retardation we put exp(ik-r) 
equal to unity, and for absorption by a single electron 
in a 1s state we obtain the expressions given by WBP 
[Eqs. (44) and (45) ] and Jacobsohn® [Eqs. (4.3a) and 
(4.3b) ]. For 1s—+y,2 transitions the oscillator strength 


(fav)™' is ‘ 
(fad) ret = ea f (3 fie8 p12) 


Hes foam] » (i) 


while for 1s—np3,;2 transitions we have 
(fara (16/9 | fF futsamrtr]. (2) 
0 
In these equations, €q» is the energy difference in units 
of mc’, while f;, and gi, are the small and large compo- 
nents, respectively, for the Dirac radial wave function 
for the 1s state, with analogous notation for f,:1/2), 
f(3/2)) Zp(1/2), aNd Bp3/2). We follow Bethe’s notation 
for Dirac Coulomb wave functions, with normalizations 
S| fas |?+ | gis |" J°’dr= unity. Explicit formulas for the 
large and small component radial wave functions are 
given by WBP for states from the 1s to the 4f, along 
with numerical evaluation of the relevant paramenters 
for 6 different atoms from 29 to 100. 

Equations (1) and (2) can be evaluated in a straight- 
forward manner. Formulas and numerical values for 
the matrix elements for transitions from the 1s to the 
2pij2, 2ps/2, 3piy2, 3p3/2, 4p1/2, and 43/2 are given by 
WBP. However, since retardation effects are appreci- 
able, we shall not give the details of this relativistic 
E1 oscillator strength, neglecting retardation, which 
we denoted by frei. 

The effects of retardation are included for E1 transi- 
tions by taking the spherically symmetrical part of 
exp(—ik-r), namely the spherical Bessel function 
jo(kr) =sinkr/kr. This extra expression is then inserted 
inside the integral, giving for the retarded-relativistic 
oscillator strength fre for transitions from the 1s to 
NP1/2 States: 


(fad) ret = /ew- f (3 fieBn.1/2) 


+erefouwn) sn(byrdr/t| , 
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and for transitions to mp3/2 states: 


2 


(Fala (16/9) ef f fis8 13/2) sn(br)ar/t| (4) 


We shall present the details of the calculations of 
Srety frei, and the nonrelativistic fyr for the 1s to 2p3,2 
transition. We shall present in the Appendix the 
formulas for fre for transitions to p states with principal 
quantum numbers 2, 3, 4, and 7; and we shall present 
in Table I numerical results for lead for these transitions 


for fret, frei, and also fr. 
For the 1s to 232 calculation, we evaluate Eq. (4) as 


(fis, 2p(3/2)) ret 


= (16/9) (es—e:) | In| [- (2Z/N,)¥etn 


X((2y1) N21 es €:)"(4N, (Ni+ 1)) e747" 
Xr-1(N +1) (2Z/N 3)¥947( (272) I? 
K (1+€3)!(4N (NV 3+ 2))-M2e-ZrI Ns 


2 


Xr(Net Derr] 
= (16/9) (es—€1)*(2Z/k3)64.A 3'[ (vi +72)! P 
XL (291) L272) FAW eR rt) 
X Lsin((yit+-72) ¢3)/(vity2) P, (5) 
R?=[(Ns+1)/2N 3 P+ (k3/2Z)’, 
s=tan—[N 3ks/Z(Ns+1)], 
ks=137.0(€3;— 1) in units of ag, 
Aj'=(1—«:)(1+6s)/32N3(N3+2), 
i= (1—a°Z*)"*, -y2= (4—0°Z?)", 
Ni=1, N3=2. 


where 


In these equations, ¢; and ¢; are the energies of the 
1s and 23/2 states; N; and N; are the apparent principal 
quantum numbers of the 1s and 23/2 states (in this 
case equal to the integral nonrelativistic principal 
quantum numbers); 7: is used for all 7=1/2 states, 
and 2 for all 7=3/2 states; and Im means take the 
imaginary part. The photon wave number & is given 
in units of ag~!, where dp is the Bohr radius. 

We neglect retardation effects in Eqs. (5) and (6) by 
taking (&;/2Z) much less than (V;+1)/2N3, so that R; 
becomes (N;+1)/2N;, and the angle ys; becomes 
N3k3/Z(N3+1). We then obtain the relativistic (non- 
retarded) oscillator strength, 


( fis, 2p(3/2)) re1= (16/9) (€s— €1) 12" +72) 16A 3! 


XCrity2) PL (271) AL (272) FP 
XN PVH (N 3 +1), (7) 
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(Our procedure here is to check fret; of course, fr.1 can 
be obtained more easily by evaluating the integral in 
Eq. (2), as was done by WBP.) 

We can then check this result by going to the NR 
limit, for aZ much less than unity. In this limit y; 
becomes 1, and 2 becomes 2. We have 


(€s—€1) 1A 3’ = (3a°Z?/8)!($a°Z*) (2)/32N3(N3+2), (8) 


and 
(fis, 2p(3/2) NR= §(2'8/39) = 3 (0.4162). (9) 


We use the statistical weight factor 2/3 since the 23/2 
transitions absorb 2/3 of the NR oscillator strength for 
transitions to the 2 state. Our result 2'°/3°=0.4162 is 
in agreement with the Bethe! equation (41.4) and Table 
XVI. 

In a similar manner, the retarded £1 oscillator 
strengths were calculated for transitions to the 21/2, 
3pry2, 33/2, 4pij2, 4D3/2, 7P1/2, and 7P3/2 states. The 
numerical values of fret, fre, and fyr are given in 
Table I, for s2Pb; while the lengthy formulas for fret 
are given in the Appendix. We also include in Table I 
as part of fre Jacobsohn’s values® of the £2 oscillator 
strength, calculated nonrelativistically without retar- 
dation. (fret for each shell should include the retarded 
relativistic oscillator strength for each transition to 
that shell. Our use of Jacobsohn’s £2 values represents 
a first step towards that end; but we see that the £2 
effects are rather small, so it is a reasonable approxi- 
mation to use an NR calculation of the £2 oscillator 
strength, and to neglect higher multipoles for transitions 
to discrete states.) 

Table I shows that the relativistic oscillator strengths 
frei are consistently smaller than the nonrelativistic 
Jnr for the same transition. Retardation effects give a 
significant decrease in the mpz,2 oscillator strengths; 
but actually increase the 1/2 oscillator strengths above 
the relativistic values. (This increase occurs because 
the retardation factor decreases the cancellation in the 
overlap integral.) After we include the estimated E2 
oscillator strength, the retarded relativistic oscillator 
strength for each shell is about 80% of the NR value. 

We shall not make a quantitative comparison of our 
results with those of Massey and Burhop’ for Au, 
since they use Slater’s screening constants as an 
approximate correction for the use of electron wave 
functions in an atomic rather than a Coulomb field. 

In suggesting a comparison of our results with x-ray 
measurements, we are trying to learn how significant 
relativistic and retardation corrections are, as compared 
to the corrections due to screening effects. X-ray 
measurements of various lines are usually given in terms 


of line intensities 7,, in erg/sec. 
Tav= (2€°h/me*)war' far, (10) 


where wa, is the angular frequency and the fa is the 
oscillator strength. In Table II we give NR intensity 
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TABLE II. X-ray intensity ratios for lead.* 








Relativistic and retarded 
(1eb/ Tab) rei (feb/ fad) ret 


1.00 
1.74 
0.170 
0.365 


Nonrelativistic 
(feb/ fab) NR (Ieb/Iba) NR 


1.00 1.00 

2.00 2.00 

0.191 0.318 
0.382 0.636 
0.022 0.037 
0.070 0.136 
0.140 0.273 


(Leo; ‘Tad) ret 


1.00 
1.93 
0.291 
0.640 


(feb/ fad) ret 


1.00 
2.05 
0.155 
0.425 


web/wad 


1.00 

1.035 
1.196 
1.206 


wed/ wad 


1.00 
1.00 
1.185 
1.185 
1.185 
1.25 
1,25 


From 


2pi/2(Kaz) 
2p312(Kay) 
3p1/2(KBs) 
3p3/2(KB1) 
3d 


4p1/2( KBs) 
4p3/2(KB2') 





1.00 
2.27 
0.265 
0.745 


0.115 
0.275 


0.057 
0.135 


0.109 
0.317 


0.054 
0.156 


1.263 
1.267 








® The subscripts ab refer to the Kaz transition and the subscripts cb to the transitions from other L and M and N states to the K state; w is the photon’s 
angular frequency; f the oscillator strength from Table I; and J ~w*/ the line intensity. Screening is neglected. 


ratios; and relativistic and retarded intensity ratios 
for s2Pb. The intensity ratio J,/I b= (wav/wr)*(far/ fer). 

We see that neglect of retardation can be serious, 
especially for comparison between doublets. Thus the 
Ka;/Kaz intensity ratio is 2.00, 2.27, and 1.93 for NR, 
relativistic, and retarded, respectively. Similarly the 
KB,/KB; intensity ratio is 2.00, 2.81, and 2.20 for the 
3 cases treated. We also note that the weak 3d to 1s E2 
transitions could probably be observed with high- 
resolution x-ray spectroscopy.’ 

The x-ray intensity ratios given in Table II will be 
significantly changed by screening; in general the 
intensities for the transitions from states of high m and 
j will be decreased most. 

The oscillator strengths given in Tavle I can also be 
used to calculate the radiative line width of the K-state 
(one electron missing from the K shell) which provides 
most of the line width of x-ray lines emitted by heavy 
atoms. 

X-ray measurements of relative line intensities or of 
line widths for heavy atoms seem very rare. For 
example, Gohkale’s recent work” only goes up to atomic 
number 50. California Institute of Technology measure- 
ments! resolved the Kai, Kaz and Kf, K8; doublets 
for 74W, and partially resolved the K@2', K82 doublet; 
but they do not report relative intensities, or absolute 


line widths. 
Ill. SERIES LIMIT 


We can introduce a fictitious “oscillator density” to 
smooth out the violent fluctuations of the delta function 
oscillator strengths for transitions from the 1s to other 
bound states. Since as we approach the series limit from 
the discrete side the oscillator density does smooth 
itself out naturally due to the increasing energy density 
of “discrete states,’’ we can hope to join the averaged 
oscillator density for the various discrete states to the 
true oscillator density (which is proportional to the 
cross section) for the continuum. For the NR oscillator 
strengths we can perform this calculation of the series 

® Note added in proof.—E. Inglestam [Nova Acta Reg. Soc. Sci. 
Upsaliensis, Ser. IV, 10, No. 5 (1936)] has observed the 3d to 1s 
transition. 

 B. G. Gokhale, Ann. phys. 7, 852 (1952); M. Mladjenovic, 
J. phys. radium 16, 545 (1955). 

4 Watson, West, Lind, and DuMond, Phys. Rev. 75, 505 
(1949). 


limit analytically both from the discrete and the 
continuous side; but here we shall merely present the 
numerical results. For the relativistic retarded oscillator 
strengths, we shall approach the series limit from the 
discrete side, and compare with the numerical value 
given by Hulme ¢ al.* for an approach from the con- 
tinuum side. 

For each discrete state we introduce the average 
oscillator density as the ratio of the oscillator strength 
to the energy difference between adjacent half-integral 
quantum number states. For example, for the NR 
case for n=2, the energy denominator is Z*R[ (3/2) 
—(5/2)*], where R is the Rydberg constant. This 
choice of denominator is rather arbitrary, but makes 
little difference for the cases of high quantum numbers, 
which are most important in determining the series 
limit. Since we are interested in Sec. IV in comparing 
the integrated values of NR and retarded oscillator 
densities, it is convenient to measure the energy 
denominator in units of the ionization energy J, which 
is Z’°R in the NR case, and 1.11 times this for the 1s 
electron bound in the Coulomb field of a lead nucleus. 
The energy denominator, in units of J, will be denoted 
by An; and the energy of the transition by 7. 

For the retarded case, we include Jacobsohn’s NR 
calculation of the £2 oscillator strength. We also take 
n and An as the average energy or energy difference for 
the shell, weighting 2:1 in favor of the 3/2 state. 

Numerical values of f/An are given in Table III. 
In the NR case, Fig. 1 shows that the “oscillator 
density” for the L, M, N, and Q shells extrapolates 
smoothly to the continuum value at the series limit, 
given by the Stobbe formula.'! One can show this in 
detail from the closed form for the NR oscillator 
strength to discrete states, or as follows: Bethe! gives 
the asymptotic value of the oscillator strength for high 
principal quantum number » as 1.6/n*. The energy 
spread An for each state is asymptotically — (d/dn) (1/n?) 
=2/n*. Hence f/An is 0.8, in agreement with Stobbe’s 
formula. (The precise numerical value is actually 
27/3e=0.781.) 

Our values of frt/An for the relativistic-retarded 
case for lead fall on a smooth curve for the L, M, N, 
and Q shells, which provides a useful check on our 
numerical work. However, the series limit value of 0.69 
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TABLE III. “Oscillator densities” for discrete transitions. 





Nonrelativistic, any Z 
Shell n> An 


Retarded for lead 
Sun/An ” An 





n=2 7 . 0.750 0.2844 
n=3 (M) 0.889 
n=4 (N) 0.938 
n=7 (Q) 0.980 
Series limit : 
extrapolated 
from discrete 
From continuum® 


1,463 0.761 0.267 
1.099 0.894 0.0755 
0.901 0.941 0.0309 
0.817 0.981 0.00554 


0.78 
0.781 








* fyr is from Bethe, reference 1. 


» mis the energy of the transition from the 1s state, in units of the 1s ionization energy. Ay is the energy difference between adjacent half-integral ‘‘states,’ 


in these units. The oscillator density is f/An. 
* free is the relativistic retarded oscillator ‘strength from Table I. 
4 See Fig. 1 for extrapolation 


¢* NR from Stobbe’s Somalia; “retarded from Hulme’s numerical value, reference 3. 


obtained by extrapolation from the discrete side is in 
disagreement with the value 0.56 obtained from 
Hulme’s numerical value of the atomic cross section. 
We do not understand the reason for this discrepancy. 

Hulme ef al.* give the atomic cross section for the 
photoeffect for lead at the series limit as 1510 barns. 
To find the cross section for a single K electron, we 
multiply by 4/5 to convert from the atomic cross 
section to the cross section for the K shell, and we also 
multiply by 1/2, giving 604 barns as the cross section 
for a single K electron at the series limit. Hulme’s cross 
section ¢=604 barns is converted to the oscillator 
density df/dy=0.56 by the equation: 


o= (29°eh/mc)I— (d f/dn) = 1080(df/dn) barns. (11) 


The numerical value uses the ionization energy J 
= 101.6 kev for lead. 

Our cross section for lead at the series limit is 740 
barns, or 23% larger than Hulme’s value. 


IV. SUMMED OSCILLATOR STRENGTH 


Gell-Mann, Goldberger, and Thirring® state that the 
summed oscillator strength for a bound electron should 
be unity. This statement is based on: (1) their proof 
of the validity of the dispersion relation between the 
forward scattering amplitude at one energy and the 
oscillator strength at all energies; (2) their assumption 
that at very high energies the forward scattering 
amplitude by a bound electron is e*/mc’, or identical 
with that for a free electron. 

The GGT sum-rule is better than previous sum-rules 
in that the GGT sum-rule uses the oscillator strength 
for all multipoles, including retardation; while the 
Thomas-Reiche-Kuhn sum-rule uses only the non- 
retarded E1 oscillator strength. However the effects of 
higher multipoles and retardation on the oscillator 
strength are the same order of magnitude as relativ- 
istic effects, so we would like to check the GGT sum-rule 
for a relativistic system. 

As discussed by GGT, it is not clear whether the 
summed oscillator strength for a bound Dirac electron 
even converges, since according to Sauter’s® or Hall’s 


equation‘ at very high energies the oscillator density is 
approximately proportional to 1/y. In this paper we 
shall obtain a numerical value for the summed oscillator 
strength for lead by stopping the integral at an arbitrary 
upper limit 7,,. We shall find that the summed oscillator 
strength is insensitive to the value chosen for the 
cutoff 7,,. Our present arbitrary procedure is clearly 
less satisfactory than achieving an understanding for 
the lack of convergence of the integral of Hall’s equa- 
tion. (But note that the finite size of the lead nucleus 
does provide a cutoff.) 

The separation of photoeffect from pair production 
integrated cross sections (or Rayleigh from Delbriick 
scattering amplitudes) has some arbitrary features. 
Brown” has proposed a separation that seems preferable 
to that of GGT in a calculation using the one-electron 
Dirac equation. (Note that in the many-electron Dirac 
equation we should include vacuum polarization effects 
in finding the electronic wave functions in a Coulomb 
field.) Brown argues that we should consider absorption 
cross sections for electron plus vacuum minus the 
absorption cross section for the vacuum: i.e., we should 
replace the GGT photoeffect cross section op.z, by 
(cp.z.—op.p.), where op.p, is the change in the pair 
production cross section due to the presence of the K 
electron. (In the one-electron theory, op.p. is the cross 
section for pair production in which the produced 
electron would occupy the same state as the already- 
present K electron.) Brown’s procedure would achieve 
convergence in the integrated cross section /(op.x. 
—gop.p.) and in the corresponding forward scattering 
amplitude. Brown’s procedure would also give a smaller 
value for the integrated cross section than found in this 
paper, where we follow the GGT procedure, introducing 
an arbitrary high-energy cutoff to achieve convergence.” 

As discussed by GGT, the major weakness in their 
sum-rule is the need for an assumption concerning the 


2 G. E. Brown (private communication). 

8 Note added in proof—We, and also M. L. Goldberger, are 
now in agreement with Brown’s procedure. Following Brown’s 

rocedure, we obtain a summed oscillator strength of 0.87 (J. S. 
perme and M. L. Rustgi, Houston meeting of the American 
Physical Society, February, 1956). 
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TABLE IV. Oscillator densities used for the lead photoeffect. 








=hy/ Nonrelativistic® Relativistic-retarded> 
Ionization energy In In 


1.0 0.781 0.56 
2 0.115 0.104 
4 0.0153 0.0176 
10 921X10-* 2400 X 10-* 
20 102 10~* 820X 10-* 
40 10.6X 10-* 330X 10-6 
100 0.504 10-6 118 10-* 
400 0.0046 x 10-* 28X 10° 








* The oscillator density per ionization energy is obtained from the cross 
section using Eq. (11). The NR cross section is Stobbe’s equation. 

> The relativistic-retarded cross section is based on Hulme’s values at 
n=1, 3.5, and 11, joined by Miss White to Hall's high-energy cross section. 


high-energy scattering amplitude. Thus in checking 
their sum-rule we are checking the validity of this 
assumption. (We are also checking the validity of our 
cut-off procedure, and the accuracy of the numerical 
values of the oscillator strengths for discrete states 
and the oscillator density to the continuum.) We would 
like to remark here that the paper on forward scattering 
by one of us" contains dubious mathematical approxi- 
mations, as well as the dangerous use of the Born 
approximation for the intermediate state in photon 
scattering by a bound electron.'® 

The summed oscillator strength fret for discrete 
states is, from Table I, 0.407 for transitions to the L, 
M, N, and Q shells. For transitions to all other discrete 
states we used Bethe’s NR value! of 0.035, multiplied 
by the factor 0.80 for fret/ fr which holds for the M, 
N, and Q shells. Thus the summed retarded oscillator 
strength for all discrete states for a single electron 
bound in the Coulomb field of a lead nucleus is 0.435. 
(Compare with the NR value of 0.564.) 

For the integrated oscillator density for the con- 
tinuum we use an oscillator density df/dn based on 
Hulme’s values at the series limit, at 350 kev (n=3.5), 
and at 1.12 Mev (n= 11.0). For higher energies we used 
Miss White’s numerical values'® for joining Hulme’s 
values to Hall’s high-energy equation. The numerical 
values used are given in Table IV. We show for com- 
parison the nonrelativistic df/dn based on Stobbe’s 
equation. (Note that the NR expression for df/dn vs 
holds for any value of Z.) We see that for the continuum 
the relativistic-retarded oscillator strength falls below 
the NR value, up to »=3, or hyv=300 kev. The rela- 
tivistic 1/hyv tail has quite a small ordinate, so that the 
contribution of the tail to the integrated oscillator 
density is rather small—unless it is infinite. 

Using the data of Table IV, we find for the relativistic 
oscillator density, 


(12) 


f (df/dn)dn=0.41. 


4 J. S. Levinger, Phys. Rev. 87, 656 (1952). 


16 Brown, Peierls, and Woodward, Proc. Roy. Soc. (London) 
A227, 51 (1954); Brenner, Brown, and Woodward, Proc. Roy. 
Soc. (London) A227, 59 (1954). 

16 Gladys White, National Bureau of Standards (private 
communication). 














Fic. 1. Average “oscillator density” for transitions to discrete 
states vs the photon energy for a single electron in the Coulomb 
field of a lead nucleus. The numerical values are given in Table 
III. The solid line shows the nonrelativistic oscillator densities, 
while the dotted line shows those calculated relativistically, with 
retardation. The points are our calculations for the L, M, N, and 
Q shells; and at the series limit the NR photoeffect results of 
Stobbe, and the relativistic photoeffect result of Hulme et al. 


(For comparison, the same integral for the NR oscillator 
density gives a slightly larger value of 0.43.) If we cut 
off the integral at 7,=20, we would reduce this value 
by 0.02; if we cut off the integral at »,,= 500, we would 
increase the integral by 0.02. Thus the integrated 
oscillator density increases by about 0.01 for each factor 
of two increase in the cutoff used. 

While we found in the previous section that our value 
for the oscillator density at the series limit, obtained by 
extrapolation from the discrete side, was 23% larger 
than Hulme’s value, we do not change the integrated 
oscillator density greatly by changing to our value, 
since we still join on to Hulme’s point at n=3.5. If we 
used our threshold oscillator density, the integral 
would be increased by 0.03. 

Combining the integrated oscillator density (to 
nm=100, or hymn about 10 Mev) with the sum over 
discrete states, we find 


> (fon) rete = 0.85. 


Here the summation sign means that we sum over 
discrete states and integrate over the continuum, 
stopping at 10 Mev. 

Our summed oscillator strength appears distinctly 
different from the value of unity given by GGT. We 
believe that the difference from unity is outside the 
numerical errors of the calculation: for instance, the 
use of our value instead of Hulme’s for the threshold 
oscillator density gives an increase of only 0.03; and 
Hulme’s quoted error of 6% for the calculational 
accuracy for the points at 7=3.5 and 11 gives only 
another error of 0.02. Our use of an arbitrary cutoff nm 
is suspect, but the final numerical result is insensitive 
to the cut-off value. We conclude that the forward 
scattering amplitude at very high energies by an 


(13) 
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electron bound in the Coulomb field of a lead nucleus 
may be somewhat less than that for a free electron. 
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APPENDIX 


The retarded relativistic oscillator strengths for 
various £1 transitions from the 1s,;2 state are given in 
the equations below. We generally follow Bethe’s 
notation! for the relativistic Coulomb wave functions, 
with +; and 2 given by our Eq. (6). We use the addi- 
tional notation 


R’=((N+1)/2N F+ (k/2Z), 
o=tan[Nk/Z(N+1)], 


where R, ¢, and the apparent principal quantum 
number WN are different for each final state. The energy 
e= (1—a°Z*/N*)"* (in mc units); and the photon 
wave number & (in ao“! units) is 137.0 times the energy 
difference of the quantum states. 

For p12 states, we use 


A= (3/2)[ (1+) (1—«)/32N(N—1)}, 
B=[1/2(1—«:)(1+¢)/32N(N—1) }”, 
C=(A+B)(N—-1), 
D=(A—B)(n—1), 
N=[n?—2(n—1)(1—11) }”. 
The general expression for the oscillator strength is 
found by expressing the 1/2 wave function in terms 
of confluent hypergeometric functions,! and expressing 


the Laplace transform of a confluent hypergeometric 
function as a hypergeometric 2F; function. We have 


fis, npcas2y = (32/9) (e— 1) (2Z/k)*L (n— 1) 17 
K N-@rt) R-4n1 (27 ,-+-0— 1) If (21) }Qy)7 
X{D Im[e™" oF (—n4-2, 271; 271 +1; e'*#/RN) | 
+C Im[e*¢ Fi (—n+1, 2713 
2yi +1; e*/RN) }}?. 


Because the second and third terms in the hyper- 
geometric function differ by unity, we can rewrite this 
expression using the binomial coefficient notation. Thus 


D Im[e*# oF 1(—n+2, 271; 271 +1; e'*/RN)] 


(Al) 


(A2) 


(A3) 


=e ("*)-neeny 


m=1 m 


Xsin[(2yi+m)¢]/(2yi+m). (A4) 
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We shall give the detailed expression for the retarded 
oscillator strength for the transition to the 21/2 state. 


Sis, 29472) = (32/9) (€2— €1)“1(2Z/Ra)?N Orth 
XRr-*1(2y1+1){ (D2+C2) sin(2y1¢2)/271 
— (C2/N2R2) sin[ (2y1+1) ¢2)/ (2y1+1)}, 


where n=2, and N.=[4—2(1—y;) ]!*. The apparent 
principal quantum number JN, is used to determine the 
energy ¢2, and from this the photon wave number kp, 
then R, and ¢», and also A», Bz, C2, and De. [Note 
that in Eq. (A3), ¢: refers to the energy of the 151/2 
state, while the parameters without subscripts have 
different values depending on the value of m of the 
npi/2 state. } 
For the 31/2 state, we have 


Fis, apcaj2) = (16/9) (€4— €1)*(2Z/Ra PN OVO R-™ 
X (2y1+2) (271 +1){ (De t+Cy) sin(2y191)/211 
—(Di+2C,)(N Ra) sin[ (271+1) eV (211+) 

+C4(N4Rs) sin[ (271 +2) ¢4/ (271 +2)}’, 


where m= 3, and N4=[9—4(1— y1) #”. 
For the mp3/2 state, we use 


A'=(1—€:)(1+6)/32N(N+2), 
N=[n?—2(n—2)(2—Y2) }!”. 


(AS) 


(A6) 


(A7’) 
We find 
Fis, np(a/2) = (64/9) (e— €1)“"(2Z/k)?(272-+n—2)! 
X((272)! FL (n— 2) "AN Ort) Rare) 
XL (vit v2) PCr) SL (272) ty)? 
X {Im[— (n—2)er+9)¢ Fy (—n+3, yit123 
2y2+1; e'?/RN)+(N+2)e(ut ¢ 
X oF i(—n+2, vity2; 2y2+1; e*/RN)]}*. (A7) 


Here the hypergeometric functions cannot be written 
in terms of binomial coefficients; but they are poly- 
nomials with at most n—1 terms. The case n=2 is 
written as Eq. (5) of the text. The case n=3 gives 


fis, 39/2) = (64/9) (es— €1)“1(2Z/ks)?(2y2+1) 
KN sO Ret (yy tye) | P 
XL (21) TL (2y2) P's’ (Ns+1) 
Xsin[ (yit72)¢6)/(vit72)—(Nst+2) (A8) 
X (RsN 5) sin[ (yvitve+1) ¢5]/ 


Ns=[9—2(2—72) }!”. (2y2+1)}’, 
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Investigations of I'** 
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Department of Physics, Columbia University, New York, New York 
(Received August 5, 1955) 


The 8, y and electron capture processes of I'% were investigated with the solenoidal magnetic 
spectrometer, a single-channel scintillation spectrometer, a multiple-channel selective coincidence 
scintillation spectrometer, and a proportional counter spectrometer. Three 8~ groups with energies 2.120, 
1.665, and 1.125 Mev and relative abundance 76.0:15.5:2.0, and four y radiations with energies 0.455, 
0.540, 0.750, and 0.990 Mev and relative intensities 100:9.7:1.7:1.8 were found. The ele¢tron capture 
branch was determined to be 6.4% of the total disintegration. The ratio of electron capture to the 
ground to that to the first excited state of Te’* is 19:1. Spin and parity were assigned to the ground and 
excited states of the daughter nuclei Te!** and Xe"®, and a decay scheme was proposed for I. 





INTRODUCTION 


NE of the main objectives of the study of 6 and 
spectroscopy is to investigate the properties of 
selected states of nulcides and to discover regularities 
of nuclear structure. Once certain regularities of the 
states are recognized and confirmed, they in turn serve 
as valuable guides in further investigations of energy 
level schemes. The most outstanding example of this 
is shown by the discovery and identification’? of the 
rotational level of nuclei in the rare earth region for 
90 << N <108. Recently it has been pointed out* that 
there is a second group of even-even nuclei in the 
region 66<.A <150 where the ratio E2/E; of the energy 
of the second excited state to that of the first excited 
state is surprisingly constant, fluctuating around 2.2. 
Xenon and tellurium both have a long series of 
stable even-even nuclides. Most of these nuclides are 
well investigated, and their level schemes are indeed 
confined to the regularities mentioned above. However, 
the low-lying excited states of Xe!* and Te’ are not 
well investigated and their position could be learned 
through the investigation of the 6 and y radiations of 
Ts, [8 can be easily produced by the I'?’(n,v)I'** 
reaction. However, because of its short half-life of 
24.99 min,‘ its decay scheme was not thoroughly 
studied. It was known only that it decays by both 6- 
and electron-capture processes.® The maximum energy 
of the 8 spectrum is 2.02 Mev.® One gamma-ray with 
an intensity of 7% at 0.428 Mev was reported by 
spectrometer investigation,’ and more recently another 
y line was reported at 0.98 Mev.’ Our investigations*® 
revealed that there are four y lines of energies 0.455, 


1 G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953); P. Preiswerk 
and P. Stahelin, Nuovo cimento 10, 1219 (1953). 

2 A. Bohr and B. R. Mottelson in 8-y Ray Spectroscopy, edited 
by K. Siegbahn (Interscience Publishers, Inc., Amsterdam, 1955), 


Chap. 17, p. 468. 
( *G Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 1186 
1955). 
4D. E. Hull and H. Seelig, Phys. Rev. 60, 553 (1941). 
5 J. H. Reynolds, Phys. Rev. 79, 789 (1950); W. B. Mims and 
H. Halban, Proc. Phys. Soc. (London) A64, 753 (1951). 
6 K. Siegbahn and N. Hole, Phys. Rev. 70, 133 (1946). 
7 Wapstra, Verster, and Boelhouwer, Physica 19, 138 (1953). 
( 8 Benczer, Farrelly, Koerts, and Wu, Phys. Rev. 100, 955(A) 
1955). 


0.540, 0.750 and 0.990 Mev with relative intensities 
100:9.7:1.7:1.8 respectively. Three @- groups were 
found with energies 2.120, 1.665 and 1.125 Mev and 
their relative abundances are 80.0%, 16.3%, and 3.7% 
respectively. Using the more accurate value for 62/83 
=7.8 as obtained from the y-ray intensities, the 
following relative intensities for the three 8- groups 
were obtained: 81.3:16.5:2.1. The electron capture 
branch is only 6.4% of the total decay and the 0.750- 
Mev line is in the electron capture branch. Furthermore, 
our findings are in excellent agreement with the 
predictions® based on the regularities of the even-even 
nuclei in the region of 66 <A <150 as mentioned above. 


CHEMICAL PREPARATION 


[8 was prepared by bombarding ethyl iodide with 
slow neutrons from the Columbia cyclotron. The 
Szilard-Chalmers method was used for the separation. 
The activated ethyl iodide was shaken with 10 cc of 
0.05M Na2S20; for at least 15 seconds. The aqueous 
solution was then separated and warmed slightly. 
Approximately 20 ug of Ag+ was added to the solution 
and AglI precipitated. To attain very high specific 
activity of I'*8, the minute quantity of iodine in the 
ethyl iodide due to photodissociation was always 
removed prior to bombardment. 
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Fic. 1. Beta spectrum of I'*, 
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Fic. 2. Kurie analysis of the 6 spectrum. (a) Kurie plot 
showing high-energy 8 group with end-point energy of 2120+-10 
kev. (b) Kurie plot of remaining 8~ groups obtained after subtrac- 
tion of highest energy group from the composite spectrum showin, 
a second 8 group with end-point energy of 1665+15 kev. (c 
Kurie plot of lowest energy 8~ group also obtained by subtraction 
methods, with end-point energy of 1125+20 kev. 


6- SPECTRA 


The distribution of 8~ particles of I'** was investigated 
in the magnetic solenoidal spectrometer. The measured 
spectrum was corrected for decay (7,=24.99 min) 
and is plotted in Fig. 1. The Kurie analysis of the 
highest energy portion of the 8- spectrum as shown in 
Fig. 2(a) reveals a linear Kurie plot with an end point 
of 2120410 kev. After subtracting the highest energy 
8- group from the composite spectrum, the remainder 
can again be resolved into two linear Kurie plots. One 
has an end point of 1665-15 kev [Fig. 2(b)] and the 
lowest energy one has an end point of 1125220 kev 
[ Fig. 2(c) ]. This value was obtained from the difference 
between the maximum energy of 8; and the energy 
of Y2- 

The relative intensities of the two highest energy 
8 transitions as determined by comparing the area 
under these two component spectra are 6;:82=4.9:1 
as shown in Fig. 3. The intensity ratio of the two 
lower energy groups was not calculated by comparing 
the area under the two corresponding spectra, as it is 
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Fic. 3. Resolved momentum distribution for the three B~ spectra. 


felt that the area of the lowest energy group might have 
been distorted by the scattering and absorption effects. 
To obtain the ratio of 82/83, the measured gamma-ray 
intensities are used instead. It is found that 62/8; 
= (y1—2)/ (vet 14) =7.8. 


GAMMA-RAY SPECTRUM 
(A) Spectrum Analysis 


The gamma-ray spectrum was investigated using the 
conventional single-channel Nal scintillation spectrom- 
eter. The spectrum obtained after correction for 
decay is plotted in Fig. 4. Four gamma rays associated 
with I'*8 are identified at the energies 455+5, 540+5, 
75047, and 990+10 kev. After suitable corrections 
were made for background, Compton radiations from 
higher gamma rays, and variations in efficiency with 





Fic. 4. y-ray spectrum of I". 


energy, the relative intensities of the gamma rays are 
determined with an accuracy of about 10% and listed 
in Table I. The possibility of the 990-kev radiations 
arising from the summation of the 455-kev and the 
540-kev gamma rays was eliminated by taking several 
spectra at varying source-detector distances and 
comparing the ratios of the corresponding peak heights. 


(B) Coincidence Measurements 


The gamma rays and the x-rays emitted in the decay 
of I'8 were investigated further by using the selective 
coincidence spectrometer. The results show that the 
455-kev and the 540-kev gamma rays are coincident 
[ Fig. 5(a)] and also that the 750-kev gamma rays are 
coincident with the Te x-rays and thus belong to the 
electron-capture branch [Fig. 5(b)]. The relative 
intensity of the 455-kev gamma ray to the 540-kev 
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gamma ray was also calculated from the coincidence 
data. The result is listed in Table I and agrees well 
with the analysis of the spectrum obtained with the 
single-channel spectrometer. No attempt was made to 
determine the intensity ratio for the 750-kev gamma ray 
and the Te x-rays from the coincidence data. 


INTENSITY OF THE 455-kEV RADIATION RELATIVE 
TO THE INTENSITY OF THE §- RADIATIONS 


In order to tabulate the relative intensities of the 
various branches, one must calculate the intensity of 
the 455-kev gamma radiation relative to the intensity 
of the @~ radiations. This ratio can be directly calculated 
from the relative intensity of the three groups of @- 
particles and the relative intensity of the 455- and 
540-kev lines. 


Y1 a Yi +3 v1 
Bit+B2t+Bs B2(4.94+-1+1/7.8) 6.0(y1—72) 


An independent auxiliary experiment with the use of 
Au’ was carried out to check this relative intensity 
ratio. First the 8- spectrum of Au"®* was investigated in 





= 18.4%. 


TABLE I. Relative intensities of the gamma radiations. 








Relative intensities 


Energy of from from 
¥ radiation single-channel coincidence 
kev analyzer spectrometer 


455 100 100 
540 9. 9.1 
750 1. 

990 1. 











the magnetic solenoidal spectrometer under exactly 
the same condition as that for I'?8, and the ratio of the 
areas under the two spectra (Au’§, 18) was thus 
obtained. The relative intensities of the 455-kev line 
of I'*8 and the 411-kev line of Au'* were compared on 
the Nal scintillation spectrometer. Since the decay 
scheme and the conversion coefficient of Au are 
well known, the intensity of the 455-kev radiation 
relative to the intensity of the 6 radiations in I'** can be 
calculated. It yielded a value for y1/(6:+62+83)= 
20+2%, which is in good agreement with that derived 
from the first method described above. 


DETERMINATION OF THE RELATIVE INTENSITY 
OF THE ELECTRON CAPTURE PROCESS 


The electron capture process in I'** should lead both 
to the first excited state and to the ground state of 
Te'8 with the emission of the characteristic Te x-rays. 
The intensity ratio of the Te x-rays to the 455-kev 
gamma radiation may be determined by a comparison 
method which has been employed in the investigation 
of I'** and Sb™.!° The basic principle of the method 

® Koerts, Macklin, Farrelly, van Lieshout, and Wu, Phys. Rev. 
98, 1230 (1955). 


0 Farrelly, Koerts, Benczer, van Lieshout, and Wu, Phys. Rev. 
99, 1440 (1955). 
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Fic. 5. y-ray coincidence spectra of I'*. (a) Radiation in 


coincidence with the 455-kev line. (b) Radiation in coincidence 
with the Te x-rays. 








involves the measurements of the relative intensities 
of the 455-kev gamma line of I'** to the 661-kev gamma 
line of Cs'*? with a scintillation spectrometer and that 
of the Te x-ray to the Ba x-ray of the same sources with 
a proportional counter. The intensity of K-capture 
transitions relative to the intensity of the 455-kev 
gamma radiations was thus determined to be 31.6%. 
Since the ratio of the intensity of the 455-kev gamma 
radiation to the intensity of the total 8- radiations was 
determined to be around 20%, one gets for the ratio of 
K-capture to B- emission a value of 6.3%. If one 
assumes L-capture to be about 10% of the K-capture, 

TABLE II. Relative abundance and log ft values of the three 


8 radiations, the two electron-capture branches, and relative 
intensities of the y radiations (normalized to the 6-). 








Radiation (Mev) 


Bi 2.120+0.010 
Be 1.665+0.015 
Bs 1.125+0.020* 
By Not observed 
E.C.,=0.550 

E.C..= 1.300 

v1 0.455+0.005 
v2 0.540+0.005 
¥3 0.750+0.007 
v4 0.990+0.010 


Abundance (%) 


76.0+3.0 
15.5+0.7 
2.0+0.2 


log ft 


6.12 
6.31 
6.58 





0.32+0.03 
6.08+0.60 
17.16+1.7 
1.78+0.18 
0.31+0.03 
0.29+0.03 


5.72 
5.17 








® This energy was obtained by taking the difference between the maxi- 
mum energy of #:~ and the energy of +:. 
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Fic. 6. Proposed decay scheme of I'*8. 


then the ratio of (K+) capture to total @- emission 
is about 6.9%. 

The branching ratio for K+ capture to the excited 
state and to the ground state of Te!* can be estimated 
from the intensity ratio of the 455-kev and the 750-kev 
lines. Since the total intensity of the K+JZ capture 
transitions is 35% of that of 455-kev line and the 
intensity of 750-kev lines is only 1.7% of that of 455-kev 
line, it follows that the ratio of electron capture 
processes to the excited state relative to those to the 
ground state is 1:19. 


RESULTS AND CONCLUSIONS 


The final results of the investigation of I'** are 
tabulated in Table IT. The proposed decay scheme is 
shown in Fig. 6. The log ft value for the three @- 
transitions varies from 6.12 to 6.58. The log ft values 
for the electron capture branches are calculated on the 
basis that the Q value of I'*—TeS is probably very 
close to the value predicted from the energy-systematics 
curve of Way." Since the log ft is very sensitive to the 
value of the maximum energy, the inaccuracy in the 
value of Q could contribute a large error in the calculated 
log ft values of the electron capture process. The 
log ft values are rather near the upper limit permitted 
for allowed transitions in that region but they are still 
less than that for the first forbidden ones (about 7).! 
The spin and parity of the ground states of the even- 
even nuclei Xe!* and Te'** must be 0*. A first forbidden 
transition would require that I'** has odd parity and spin 
1. The shell model predicts even parity for all levels for 
N and Z between 50 and 82, with the single exception of 
the Ai2 level. If one assigns 11/2 to the odd neutron 
to give the required odd parity, one still cannot obtain 
a spin value J=1 with the two plausible assignments 
ds/2 OF g7/2 for the 53rd proton. However, if one assumes 
the transition as an allowed one, then the parity and 
spin of s5sI'**;; should be 1*. It could be due to the 
configuration of (ds/2,d3/2). This is indeed different from 
the spin and parity assignments of 53I'®°;3 and 53I'*°;; 
which are 2- (g7/2,/11/2) and 6~ (dsy2,A11/2). With only a 

1K, Way and M. Wood, Phys. Rev. 94, 119 (1954). 


2 E. Feenberg, Shell Theory of the Nucleus (Princeton Univer- 
sity Press, Princeton, 1955), p. 93. 


few exceptions the spin and parity of the ground, first 
and second excited states of even-even nuclei are in gen- 
eral Ot, 2+, 2+ or O*, 2*, 4+. In the case of 54Xe"*,,, since 
the three 8~ transitions from the ground state of I'?8 to 
the first three levels of Xe'** are all allowed, the most 
logical assignments for the spin and parity of these 
three levels should be 0*, 2+, 2+. A 4+ level for the 
second excited state would make the 8 transition an 
unique second forbidden transition of log ft around 12. 
Therefore it is ruled out. 

In the introduction, we have pointed out that a 
well-established regularity in the nuclear level structure 
could serve as a useful guide in further investigations. 
It is particularly valuable when one works with a 
short-lived radioactive substance because much time 
could thus be saved. Figure 7 shows the four energy- 


2 














NUMBER OF NEUTRONS 


Fic. 7. Energy-systematics curves for the first and second 
excited states of Xe and Te. The open circles represent the 
predicted positions of the first and second excited states of Xe!?® 
and Te’, The actually observed values of these states are listed 
in Table IT. 


systematics curves for the first and second excited 
states of Xe and Te, with Xe'* and Te’ indicated by 
open circles “o”’. It is interesting to see that the ex- 
perimental findings are in excellent agreement with the 
values indicated by the open circles. The energy of the 
second excited state of Te'*® must be larger than 1.4 Mev 
which is beyond the reach of the Q value of I'8—Te!®. 
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Conversion of the Pt'** Gamma Rays* 
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The conversion coefficients of the 331- and 354-kev transitions in Pt", following electron capture of Au'*, 
were measured with the aid of a lens spectrometer adapted for coincidence measurements. The lower, 354-kev, 
gamma ray is an £2 transition whereas the K-conversion coefficient of the 331-kev gamma ray was found to 
be 185% larger than that of a pure £2 transition. From the good agreement of this excess with that ex- 
pected for the 4.5% M1 admixture derived from angular correlation measurements (18+2%), it is concluded 
that the fraction of conversion electrons due to an electric monopole transition is 0+5% (standard error). 
The intensity ratio of the two transitions is 0.278+0.010. 





INTRODUCTION 


HE decay scheme of Au’, as established by 
Steffen et a/.' and Staehelin,? is shown in Fig. 1. 
From the conversion coefficients, the two gamma rays 
in Pt'® were found to be electric quadrupole transitions.! 
Steffen and Roberts*® confirmed this assignment by 
angular-correlation measurements which also yield spin 
2 for both excited states. With improved angular- 
correlation equipment, Steffen was able to show that 
the 331-kev transition is a mixture of 5+1% M1 and 
95% E2 radiation. More recent, unpublished measure- 
ments yield an M1 admixture of 4.5+0.8% (error 
limit). The independence of the angular correlation 
from the type of source used (metal, AuCl;, aqueous 
solution of AuCl;) is taken as proof that the angular 
correlation is not disturbed by extranuclear fields.® 
The present investigation started as an attempt to 
check the mixed character of the 331-kev transition by 
measuring its conversion. According to the tables of 
Rose eé al.’ the K-conversion coefficient is 0.050 for 
pure £2 radiation, 0.059 for a 4.5% M1 admixture. The 
difference between these values appears large enough 
to allow a determination of the M1 admixture to within 
perhaps 25%. There exists, however, the possibility of 
a further contribution to the conversion line by electric 
monopole transitions.* From the formulas of Thomas,’ 
with a matrix element M=R?=(1.2X10~-A"/*)?, one 
obtains \,(#0)~10" sec~!. For 0—O transitions, Drell 
and Rose" found the decay rate to be reduced by factors 
of 10 to 50, giving in the present case \,(#0)~2X 10° 


* Work supported by the U. S. Atomic Energy Commission. Part 
of a doctoral thesis submitted by M. T. Thieme to the faculty of 
Purdue University. 

t Now at Los Alamos Scientific Laboratory, Los Alamos, New 
Mexico. 
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8 Note added in proof.—See E. L. Church and J. Weneser, 
Phys. Rev. 100, 943 (1955). 

9R. Thomas, Phys. Rev. 58, 714 (1940). 

0S. D. Drell and M. E. Rose, Progr. Theoret. Phys. (Japan) 7, 
125 (1952). 


to 10° sec—!. This should be compared with the emission 
rate of H2 and M1 conversion electrons which, however, 
is not known at the present time since the lifetime of 
the 685-kev state has not been measured. The theo- 
retical estimates for single-particle gamma-ray tran- 
sitions," \,(#2)~10° sec and \,(M1)~10" sec, are 
not compatible with observation. The E2 decay is 
probably enhanced to \,(£2)~10" to 10" sec, the 
M1 transition weakened to 5X 10*® to 5X 10° sec~". The 
rate of emission of E2 and M1 conversion electrons 
would be of the order of \,(E2+M1)~5X 108 to 5X 10° 
sec!, and the monopole conversion rate (210° to 
10° sec') might be quite important. An argument for 
the reduction of its intensity, however, may be found 
in the collective character of the 2+—2+ transition 
which is thought to be connected with the disappearance 
of a phonon, with a corresponding (vector) change of 
the nuclear angular momentum. 

The interpretation of the measured conversion co- 
efficient, then, will depend on whether one assumes the 
E0 transition to be negligible—which allows a check of 
the M1—£2 mixing ratio—or whether one adopts the 
mixing ratio obtained from the angular-correlation 
measurements and tries to determine the amount of 
monopole conversion. 








Fic. 1. Decay scheme of Au. The energies (in kev) are taken 
from Staehelin,? the branching ratios from Steffen et al.! The values 
given in parentheses are obtained in the present work. It is 
assumed that electron capture to the ground state of Pt’ is 
negligible.’ 


1V, F. Weisskopf, Phys. Rev. 83, 1073 (1951). 
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SPECTROMETER CURRENT 


Fic. 2. Conversion electrons of Au, measured three weeks 
after bombardment. Spectrometer resolution : 2.7%. 


SOURCE PREPARATION AND APPARATUS 


Au’ was produced by bombarding Pt with the 
internal 9.5-Mev deuteron beam of the cyclotron. The 
simultaneous production of Au™, Au’, and Au'® 
complicated the measurements, but no other production 
method [e.g., Ir"*(a,2)Pt!**] gave sources strong enough 
for spectrometer and coincidence studies. The Pt was 
dissolved in aqua regia, the nitric acid boiled away, 
adding 6N HCl, and the gold extracted carrier free with 
ether. After evaporating to dryness in a Teflon beaker, 
the gold chloride was taken up in a few drops of water 
and deposited on a ~1-mg/cm? Mylar foil. Charging 
effects were prevented by covering the source with a 
10-yg/cm? nylon film upon which a thin Al coat was 
evaporated. 

The measurements were performed with a double-coil 
lens spectrometer adapted for coincidence measure- 
ments,” using scintillation detectors for both the 
electrons focused in the spectrometer and the radiations 
coincident with them. 


MEASUREMENTS 


The quantity that can be measured with the highest 
accuracy is the ratio of the K-conversion coefficients 
of the 331-kev and 354-kev transitions. Its deter- 
mination requires the measurement of the intensity 
ratio of the two conversion lines and an accurate re- 
determination of the intensity ratio of the two gamma 
rays which had been given by Steffen ef al.’ as 
0.38+0.03. 


Conversion Electrons 


From the spectrum of the conversion electrons (Fig. 
2), the gamma-ray energies were determined to be 
331.040.4 kev and 354.0+0.4 kev (all our errors 
quoted are standard deviations), in good agreement 
with the values found by Staehelin.? The ratio of the 
areas of the K-conversion lines is 


N.(331)/N.(354) =0.38120.005. 


12 J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 


The unresolved Z+-M line of the 426-kev transition 
in Hg allows an approximate determination of the 
beta-decay branching of Au, Using the value 
az4m (426) =0.009+0.003 determined by Staehelin,? the 
measured value ax (354) =0.042+0.003 (see below), and 
the relative intensities of the respective conversion 
lines, one obtains a beta branching of 12+4%, if no 
electron capture to the ground state of Pt! is assumed. 


Photoelectrons 


The ratio of the gamma-ray intensities was deter- 
mined by measuring the photoelectrons from a 5-mg/ 
cm’ gold radiator. The ratio of the K-shell photoelectron 
cross sections for the two gamma rays was taken from 
Davisson and Evans to be o(331)/o(354)=1.196 
+0.005. The resulting intensity ratio of the two gamma 
rays is 

N,(331)/N (354) =0.284+0.011. 


Electron-Gamma Coincidences 


Since the gamma-ray intensity ratio was found to be 
appreciably different from the earlier result, a second, 
independent determination was made by measuring the 
probability that the 354-kev transition is preceded by 
a 331-kev gamma ray. The K-conversion electrons of 
the 354-kev transition were focused in the spectrometer 
(counting rate S) and coincidences (C) with the 331-kev 
gamma ray, detected by a Nal crystal behind the 
source, were recorded. The ratio of coincidences to 
spectrometer counts is given by 


C/S= e(1 — K331) Ww. 


Here, ¢ is the intensity ratio of the two transitions, 
kss1 the fraction of converted 331-kev transitions, and 
w a correction factor (1.068) for the angular correlation 
between the 354-kev conversion electrons and the 331- 
kev gamma rays. It was obtained by integrating the 
angular-correlation function W(@)=1+0.129P2(cos#), 
calculated from the tables of Biedenharn and Rose," 
over the solid angles subtended by the spectrometer 
and the Nal crystal according to the procedure given 
by Rose.!® An admixture of 4.5% M1 radiation is 
assumed ; the final result does not depend much on this 
assumption. The last factor, wy, is the counting effi- 
ciency of the Nal crystal (for isotropically emitted 
gamma radiation). It is energy dependent and was 
measured, using the same technique, for the 354-kev 
line in Pt", and by 8,y coincidences for the 411-kev 
and the 279-kev gamma rays which follow the decays 
of Au’ and Hg, respectively. In these cases, the 
branching ratios, ¢, are equal or close to unity. An 
angular-correlation correction (0.922) was applied only 


in the case of Pt!; for Au’ the 8,7 correlation is known 


; (1982) Davisson and R. D. Evans, Revs. Modern Phys. 24, 
9 : 

4L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1955). 

16 M. E. Rose, Phys. Rev. 91, 610 (1953). 
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to be negligible,!* and in the case of Hg” it is pre- 
sumably small since the beta spectrum has been found 
to have the allowed shape.!”-!8 

With the gamma-ray sensitivity w,(331) obtained 
by interpolation between these calibration points, the 
product e(1—x33:) was found to be 0.245+0.009. The 
ratio of the gamma-ray intensities is V,(331)/N (354) 
= €(1—x331)/(1—x354). The total conversion fraction of 
the 354-kev transition could be calculated from the 
theoretical K-conversion coefficient and the experi- 
mental ratio ax/az4m. It was also determined directly 
with the aid of electron-electron coincidences. 


Electron-Electron Coincidences 


The K-conversion electrons of the 331-kev transition 
were focused in the spectrometer (S) and coincidences 
(C) with the conversion electrons of the lower transition 
were measured with the aid of an anthracene crystal 
placed about 3 in. behind the source. The ratio C/S is 
given by 

C/ S=k354@eW. 


The detection efficiency of the anthracene crystal for 
electrons, w,, is essentially the solid-angle fraction sub- 
tended by the crystal at the source. It was determined 
by measuring coincidences between the conversion 
electrons of Au"®* (where x is known") and the preceding 
beta particles. The angular-correlation correction, w, 
was calculated to be 0.923 for the coincidences between 
the two K-conversion electrons. The correlation func- 
tions for the outer-shell electrons are not available and 
the same correction factor was assumed. 

With the total conversion fraction x354=0.060-+-0.004 
obtained in this manner, the ratio of the gamma-ray 
intensities becomes N,(331)/N,(354)=0.261+0.010, 
in fair agreement with the value obtained from the 
photoelectron measurements. 

By reversing the roles of the two transitions in the 
electron-electron coincidence measurements, one ob- 
tains an independent determination of ex33: (0.022 
+0.002). The K-conversion coefficients are then cal- 
culated from the ratio of the K-conversion lines to the 
sum of all conversion lines which is proportional to 
K3sat+ €k331. In this manner, uncertainties in the sepa- 
ration of the two broad L+M lines are avoided. 


16S, L. Ridgway, Phys. Rev. 78, 821 (1950). 
17S. C. Wilson, Phil. Mag. 42, 762 (1951). 

18 N. Marty, Compt. rend. 240, 291 (1955). 

19 P, E. Cavanagh, Phys. Rev. 82, 791 (1951). 
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TABLE I. Conversion coefficients of the Pt! gamma rays. 








Ey 331 kev 


K 0.079+0.008 
ax/aLsM 2.0 +0.2 
OK,exp 0.059+0.004 


ax, th(E2) 0.050 
ax, th(M1) 0.253 


354 kev 


0.060+0.004 
19 +0.2 
0.042+0,003 


0.042 
0.210 











SUMMARY AND DISCUSSION 


The results of the measurements are summarized in 
Table I. 

The ratio of the gamma-ray intensities is taken as 
N,(331)/N , (354) =0.272+0.010, the intensity ratio of 
the transitions as e=0.278+0.010. 

The comparison of the experimental and the theo- 
retical K-conversion coefficients shows, as expected, 
that the lower gamma ray is an £2 transition, whereas 
the conversion of the 331-kev transition is too high for 
pure £2 radiation, indicating the admixture of M1 
and/or E0 conversion. 

The ratio of the two K-conversion coefficients is 
1.40+0.06 (standard error). This is in very good agree- 
ment with the value, 1.41+0.04 (error limit; it is 
assumed here that errors in the theoretical conversion 
coefficients are negligible compared to the experimental 
uncertainties) expected for the admixture of 4.5+0.8% 
M1 radiation found from the angular correlation of the 
two gamma rays. If one assumes this admixture to be 
correct, the fraction of conversion electrons of the 331- 
kev transition due to monopole radiation is 0+5% 
(standard error). Accepting a generous upper limit of 
15% for the fraction of monopole conversion electrons 
and a lifetime of 10-" sec for the second excited state 
(an enhancement of the £2 transition by a factor 100), 
one obtains A,(Z0)<10° sec? and a matrix element 
M <0.1R?. It would seem desirable to measure the life- 
time—which is probably longer—in order to obtain a 
more significant upper limit of M. 
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The clouded crystal ball model was used in the calculation of the cross section for excitation of the 0.8-sec 
metastable state of s2Pb*’ (Stelson and Campbell’s experimental data). Values of Xo? were varied from 
140 to 172, two values of ¢ were considered, {=0.03 and ¢=0.05, and two values of the radius, R=1.45A# 
10% cm and R= (1.27A4!+0.7)X10-" cm. The clouded crystal ball model and the strong-interaction 
model both fit the experimental data. The former, however, is extremely sensitive to changes in the pa- 
rameter Xo*. The radius R=1.45A4!X10-" cm fits the data better than R= (1.27A!+0.7)X 10-8 cm. 





I, INTRODUCTION 


N their development of the theory for the inelastic 
scattering of neutrons, Hauser and Feshbach! used 
a compound nucleus model with a statistical distribution 
of levels for the compound states. Margolis? used this 
theory with considerable success in applying the strong- 
interaction model* to the excitation of metastable 
nuclear states by the inelastic scattering of mono- 
energetic neutrons. Feshbach, Porter, and Weisskopf* 
later proposed a clouded crystal ball model which was 
particularly applicable in the calculations of total cross 
sections and angular distributions. Thus far, little has 
been done about the application of the clouded crystal 
ball model to inelastic scattering data.’* We have, 
therefore, used this model to calculate the cross sections 
found experimentally by Stelson and Campbell for the 
excitation of the 0.8-sec metastable state of s2Pb”’ by 
inelastic scattering of neutrons.’ Stelson and Campbell 
have already fitted these data successfully by means of 
the strong-interaction model. We are interested in 
seeing how sensitive the clouded crystal ball model is 
for inelastic scattering and whether parameters different 
from those used to fit total cross-section data are 
needed to fit the inelastic scattering data. We are also 
interested in how much the clouded crystal ball model 
differs in its predictions from the strong-interaction 
model. 


Il. THEORY 


Hauser and Feshbach derived the following expression 
for the inelastic scattering cross section for a neutron 
of initial energy E from the target nucleus with spin 7 
to a neutron with final energy E’ and a residual nucleus 


+ Research performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 W. Hauser and H. Feshbach, Phys. Rev. 87 366 (1952). 

2 B. Margolis, Phys. Rev. 93, 204 (1953). 

’ Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947); 
H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 (1949). 

4 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 
96, 448 (1954). 

5S. Oleksa, Brookhaven National Laboratory Report BNL-273 
(T-45), 1953 (unpublished). 

6 J. J. VanLoef and D. A. Lind, Phys. Rev. 101, 103 (1956). 

7 P. H. Stelson and E. C. Campbell, Phys. Rev. 97, 1222 (1955). 


with spin 7’: 
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where J =the spin of a level in the compound nucleus, 
X=)/2x=1/k, k, the wave number, =0.22(M/M+1)E! 
X10** cm with Z in Mev, M=mass of target nucleus 
and in neutron masses, j1,2=i-} 


2, if both 7, and j, satisfy 
e;,.7=41, if either 7; or 72 but not both satisfy 
0, if neither 7; nor 7, satisfies 
|J-U Sj (J+0. (2) 


(ie) 











Fic. 1. Energy level 
diagram of the low-lying 
levels of g2Pb*®’. The 
spins given in parenthe- 
ses were not determined 
experimentally but come 
from shell structure con- 
siderations. 
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INELASTIC SCATTERING CROSS SECTION OF NEUTRON 


Equation (1) includes the competition due to capture 
elastic scattering and the inelastic scattering of the 
neutrons by other levels. It does not take into con- 
sideration the (n,y) process or emission of particles 
other than neutrons since, in the energy range we 
consider, these events are very small compared to 
neutron emission. The 7” refers to all possible final 
channel spins, the /” to all possible final neutron orbital 
angular momenta, and the E, to all possible final 
neutron energies. The 7’ refers to the two values of the 
final channel spin, the /’ to all values of the orbital 
angular momenta of the neutrons emerging from the 
particular excited state that is being considered, and 
E’ to the final energy of these neutrons. The prime in 
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Fic. 2. Calculated cross sections based on the clouded crystal 
ball model for ¢=0.03 and R=1.45A!X10-8 cm. The parameter 
X¢ is varied from 140 to 172.1; the ¥’s are Stelson and Campbell’s 
experimental points. 


the sum requires the omission of those terms for which 
Eyv=E’, I’=I', and j=either value of 7’. In other 
words, the sums are over all the energy levels of the 
residual nucleus, over all the residual channel spins and 
all the angular momenta which are possible, excluding, 
however, the level to which the decay proceeds. The 
values pertaining to the level to which the decay 
proceeds are found in }°y, ; €;,v7Ty(E’). Conservation 
of parity leads to the fact that all even /’ or all odd /’ 
are found in this expression. 

The 7,(E£) are transmission coefficients which show 
what fraction of the bombarding particles penetrate 
into r<R, where R equals the nuclear radius. Blatt and 
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Fic. 3. Calculated cross sections based on the clouded crystal 
ball model for ¢=0.05 and R=1.454?X 10-8 cm. The parameter 
X is varied from 144 to 172.1. The %’s are the experimental 
points. 


Weisskopf® show that 


—4s,Imf; 
T,(E)= 


(Refi—A,)*+ (Imfi—s,)” 


with A;+is;= 1+ xh)’ (x)/hi(x), where x= R/X=RR and 
hi(x) is a spherical Hankel function of the first kind. 
fi is the logarithmic derivative of the wave function at 
the boundary; Ref; is the real part of f; and Im/; is 
its imaginary part. The form of f; depends upon the 
model used. In the strong-interaction model, the 
nucleon upon entering the target nucleus immediately 
forms a compound nucleus in which its motion is 
completely integrated with the motions of all the other 
nucleons into a collective whole. Here f/f; is approxi- 
mately equal to —iK R,° where (KR)?= (RkR)?+ (KoR)* 
=x?+ X¢°. Ko is the wave number of the particle within 
the nucleus for zero incident energy. The clouded 
crystal ball model suggests more of a shell structure 
which permits the nucleon to exist as an individual 
particle for some time before it is absorbed into a 
compound nucleus. It is described by a complex square- 
well potential of the form 


V(r)=—Vo(1+it) for r<R, 
V(r)=0 r>R, 


8 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 334. 

® The logarithmic derivative f; here is not quite equal to —iKR. 
It should be the limit obtained from the clouded crystal ball 
model for a large ¢. The numerical results, however, are not 
affected if one uses f= —iKR. 
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Fic. 4. Calculated cross sections based on the clouded crystal 
ball model which best fit the experimental data indicated by the 
%’s. R=1.45A*X 10-8 cm. 


where Vo=the depth of the well, ¢ determines the 
amount of independence and is related to the absorption 
probability. For ¢=0, the clouded crystal ball model 
reduces to the independent-particle model; for ¢=0.1, 
the clouded crystal ball model approaches the strong- 
interaction model. f; here is equal to 1+Xj7,'(X)/X, 
where 7;(X) is the spherical Bessel function and 
X?= 22+ XP?(1+if) with Xe = (2m/h?) V oR?= K PR? and 
x? = (2m/h*)ER*=k*R*®; m is the reduced neutron mass 
and £ is the energy of the incoming neutron. The 
calculations in this paper have been done in terms of 
the parameters X,°, x, and ¢&. 


Ill, CALCULATIONS 


The assignments of spins, parities, and energies to 
the low-lying states of s2:Pb””’ are shown in Fig. 1.7 The 
spins given in parentheses were not determined experi- 
mentally but come from shell structure considerations. 
In Fig. 2, the experimental data of Stelson and Camp- 
bell are given; the absolute values are correct to +40 
percent. Although their experimental data go up to 
3.1 Mev, in Fig. 2 they are shown only up to 2.7 Mev. 
This is so because our calculations are valid only up to 
2.5-2.6 Mev. Because of the uncertainties in spin 
assignments we did not include any state higher than 
the 13/2+ state. There is a level at 2.34 Mev but its 
effects up to 2.5 Mev are small. For these calculations 
values of the angular momenta up to /=6 were in- 
cluded. 

In Figs. 2, 3, and 4 we show how the calculations 


with the clouded crystal ball model fit the experimental 
data. The calculations in Fig. 2 were done for R= 1.45A! 
X10-" cm, ¢=0.03 and X,? varying from 140 to 172; 
the calculations in Fig. 3 were done for R=1.45A? 
10-8 cm, ¢=0.05 and X¢ varying from 144 to 172. 
X?=144 corresponds to a well depth of 41 Mev 
instead of the value 20 Mev used in earlier clouded 
crystal ball calculations* because Feshbach, Porter, and 
Weisskopf‘ and Adair” found that the former value 
gives a better fit to the total cross-section data. It can 
be seen from these figures that the clouded crystal ball 
model is extremely sensitive to the choice of X?, which 
is proportional to the product of the well depth and 
radius squared. A small change in X¢° (really in the 
depth of the potential well since the same radius is used) 
can affect the cross section significantly. A comparison 
of Figs. 2 and 3 show what effect a change in ¢ from 
0.03 to 0.05 has. In Fig. 4, we show the best fit to 
the experimental data. These curves were obtained by 
interpolation from the curves in Figs. 2 and 3. 

In Fig. 5, we show the results of the strong-interaction 
model. Stelson and Campbell were able to fit their 
experimental] data with X;?=64 (R=8.0X10-" cm and 
K=1 X10" cm“ which is equivalent to a well depth of 
20 Mev). In the same figure, we fit the data with the 
same model but with X,?=144 and R=1.45A!xX10-" 
cm (R=8.58X10-" cm). Again the fit is a good one. 
The agreement between the two calculations is fortui- 
tous. Isolated points, however, were checked for X°? 
=140, 148, and 152 for R=1.45A?X10-" cm. The 
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Fic. 5. Calculated cross sections based on the strong-interaction 
model. The X’s are the experimental point. 


”R. K. Adair, Phys. Rev. 94, 737 (1954). 
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differences between these values and those obtained for 
X¢?= 144 were negligible. Unlike the clouded crystal 
ball model, the strong-interaction model is not too 
sensitive to changes in X,°. 

Recent analyses" of the cross-section data indicate 
that a better radius for the square-well model is 
R= (1.27A#+-0.7) X10-" cm (R=8.22X10-" cm). In 
Fig. 6, we compare the results obtained for R=1.45A! 
10-8 cm and R= (1.27A!+0.7)x10-" cm for X¢ 
=152, ¢=0.05, XP°=154, ¢=0.03, and X= 144 for 
the strong-interaction model. In each case, the larger 
radius gives a better fit to the experimental data. 


IV. CONCLUSIONS 


Both models fit the experimental data for a radius of 
R=1.45A!X10-" cm. They differ, however, in their 
sensitivity to changes in X¢*. The clouded crystal ball 
model is particularly sensitive to this parameter, the 
strong-interaction model much less so. This is to be 
ascribed to the differences in the penetrability coeffi- 
cients. The 7;(Z) values for the strong-interaction 
model are all the same form and smoothly approach 
an asymptotic value. A 5 percent change in X¢? would 
not affect the shape of the curves and would not make 
much difference in the absolute values. The 7;(E) 
values for the clouded crystal ball model, however, do 
not rise smoothly to an asymptotic value but have 
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Fic. 6. Comparison of the calculated cross sections for R 
= 1.45A4*X10-8 cm and R=(1.27A!+0.7)X10-" cm. The X’s 
are the experimental points. 


11 V. F. Weisskopf, Proceedings of the International Conference 
on the Peaceful Uses of Atomic Energy, Geneva, 1955 (unpub- 
lished). 


1.0 





Lisiiil 


| 


1 


Liiiitl 


i 














xee44 


STRONG 
INTERACTION 
MODEL 











Fic. 7. Comparison of 7;(Z) values for the clouded crystal ball 
model and the strong-interaction model. 


peaks and valleys. The positions and shapes of these 
peaks and valleys depend sensitively on the potential 
well and radius. A 5 percent change in X,? could easily 
shift or depress a peak. A comparison of the 7,(E) 
values for both models is shown in Fig. 7. 

The clouded crystal ball model was most successful 
in the calculations of total cross sections and angular 
distributions. Total cross-section data led to the selec- 
tion of £=0.03 in preference to the original value of 
¢=0.05. Within the errors of calculation (estimated to 
be about 10 percent) the inelastic scattering cross 
section for this particular level does not distinguish 
between ¢=0.05 and ¢=0.03. The calculations with 
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the parameter ¢=0.05 fit the data as well as the results 
for ¢=0.03. Because of the large experimental error 
quoted by Stelson and Campbell, for a particular ¢ we 
varied the Xq° so that the results would bracket the 
experimental data. ¢=0.05 fits the data for a slightly 
smaller well depth V» better than does ¢=0.03. 

With the square-well model, the most recent total 
cross-section data indicate that for lead the smaller 
radius of R= (1.27A'+-0.7) X 10-" cm is to be preferred 
to R=1.45A!X10-" cm. For the calculation of the 
inelastic scattering cross section into the isomeric level 
of s2Pb”’, the opposite is true, i.e., the larger radius 
seems to be preferred as can be seen in Fig. 6. In 
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Fig. 6, we kept Xo? constant. Had we kept V» constant, 
the difference between the results would have been 
greater, with the larger radius even more favored. The 
strong-interaction model gives the same result so far as 
the size of the radius is concerned. 
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The scheme for the decay of Yb'”* and Hf!”5 to Lu!”5 is analyzed theoretically on the basis of the Bohr- 
Mottelson strong-coupling unified model. A set of spins and parities for all the levels involved is found to be 
uniquely consistent with the available experimental data and the level-structure predictions of the model. 
The anomalously large ratio of M2 to E1 radiation observed in two of the gamma transitions is accounted 
for as a consequence of configuration forbiddenness. Parallel remarks are made concerning the 


spectrum of Hf?"’. 


1. INTRODUCTION 


ECENTLY, a rather detailed experimental investi- 
gation of the decay of Yb'” and Hf!” to the low- 
lying levels of Lu’ has been performed by Mize, 
Bunker, and Starner.' The Yb decay has been studied 
also by de Waard,? Akerlind, Hartmann, and Wiedling,? 
and Marty’ and the Hf decay by Burford, Perkins, and 
Haynes.‘ Since these nuclei lie in a region of large 
deformation, the strong-coupling unified model’ may 
be expected to provide useful guidance in the inter- 
pretation of the level structure and characteristic 
features of the decay scheme. Conversely, the example 
furnishes an opportunity to subject the model to further 
experimental test. 

Relevant essentials of the strong-coupling unified 
model are here briefly recalled. For axially symmetric 
nuclei the component K of the total nuclear angular 
momentum J along the symmetry axis is supposed to 
be an approximately good quantum number. For an 
odd-A nucleus the rotational band based on a particular 

*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Mize, Bunker, and Starner, Phys. Rev. 100, 1390 (1955); 
hereafter referred to as MBS. 

2 H. de Waard, Phil. Mag. 46, 445 (1955); Akerlind, Hartmann, 
and Wiedling, Phil. Mag. 46, 448 (1955). 

3N. Marty, Compt. rend. 240, 963 (1955). 

4 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955). 


5A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


intrinsic structure is constituted of levels with spin 
sequence = K, K+1, K+2, ---, all of the same parity 
as the intrinsic structure. The rotational energies are 
given by 


Wrot= (h?/29)[I(I+1)—K(K+1)], (1) 


except in the special case K=Q=1/2, 9 being the 
moment of inertia. In the low-lying levels encountered 
here, there is no vibrational excitation, whence K=Q, 
where Q is the sum of the components of the angular 
momenta of unpaired nucleons along the nuclear sym- 
metry axis; also, no more than a single nucleon is 
excited, whence 2 is equal to the contribution of the odd 
nucleon only. States of an odd nucleon are conveniently 
identified (in the independent-particle approximation) 
by Q, J, and 7, the last two being good quantum numbers 
only in the limit of zero deformation. 

Calculations by Nilsson® of independent-particle en- 
ergy levels and wave functions for a spheroidal well 
with spin-orbit coupling have made possible a more 
detailed and unambiguous application of the strong- 
coupling model.’ His energy levels as functions of 
deformation are shown in Fig. 2. 


6S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

7 A survey of ground and low excited states of deformed nuclei 
based on these calculations has been made by B. R. Mottelson 
and S. G. Nilsson [Phys. Rev. 99, 1615 (1955)]. 





NUCLEAR LEVELS AND 


The decay scheme for the present case as found by 
MBS! is shown in Fig. 1. Spins and parities have been 
assigned on the basis of the following considerations. 


2. CONSIDERATIONS OF LEVEL STRUCTURE 


The measured spin 7/2 of the ground state of Lu!” 
agrees with that predicted from Fig. 2 for a reasonable 
prolate deformation, as noted by Nilsson and Mottel- 
son’ (who give the deformation 6~0.28); the state of 
the odd proton is designated gz2(Q=7/2), and the 
entire extra-closed-shell proton configuration is (1gz/2)’ 
X (2d5/2)* (1h11/2)8(2d3/2)?. Evidence that the 114- and 
251-kev levels observed by MBS are the 9/2+ and 
11/2+ rotational excitations of the ground state is 
discussed by the experimenters; the energy ratios are 
in good agreement with the theoretical prediction of 
20/9. The assignment 5/2+ to the 343-kev level! 
accords well with the prediction from Fig. 2 of a low 
excited ds;2(Q= 5/2) state. The 9/2— level at 396 kev'? 
is identified as the /11/2(8=9/2) particle excitation.’ 

It has been observed by Burford et al.‘ that the level 
at 432 kev lies within one kev of the position of the 
expected first rotational excitation (7/2+) of the 343- 
kev (5/2+) particle state (assuming the same moment 
of inertia as for the ground state). Assignment of 7/2+ 
to this level accords with an assignment of 5/2— to 
the ground state of Hf!”*, whose electron capture to that 
level is apparently first-forbidden. A 5/2— ground state 
for Hf!” is also predicted from Fig. 2, deriving from 
an f72(2=5/2) odd-neutron state.* An alternative in- 
terpretation has been suggested by MBS. Since they 
observe no electron capture to the ground state of Lu'”, 
they propose the assignment 3/2— to the Hf!” ground 
state and therefore 5/2+ to the 432-kev level of Lu'”. 
From the point of view of the unified model, however, 
all available evidence except the absence of electron 
capture to the ground state lends support to the first 
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Fic. 1. Decay scheme for Yb!5 and Hf!” to Lu!”5. Levels are 
labeled by (/;,0)Ja, where / and j refer to the principal component 
of the odd-nucleon state as obtained from Nilsson’s calculations,® 
© is the component of angular momentum along the symmetry 
axis, J is the nuclear spin, and = is the parity. The experimental 
scheme is that given by Mize, Bunker, and Starner (reference 1). 
Energies are in kev. 


8 This 5/2— state in Fig. 2 is obtained continuously with in- 
creasing deformation from an hgy2 state; it is labeled here by f7/2 
because at the large deformation in question the admixture of f7/2 
predominates. The /7/2 and f7/2 (Q=5/2) states exchange character 
due to “crossing.” 
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Fic. 2. Spectra for protons from Z=50 to Z=82 (below) and 
neutrons from N=82 to N=128 (above) as functions of nuclear 
deformation 6 (from S. G. Nilsson, references 6 and 7). Only 
prolate deformations are shown. The deformation parameter is 
related to the intrinsic quadrupole moment Qo by the relation 
Qo™#ZR.*6, where Ro is the nuclear charge radius. We are grateful 
to Dr. Ben R. Mottelson and Dr. Svend Gidsta Nilsson for com- 
municating their results to us prior to publication. 


interpretation. Furthermore, a plausible resolution of 
the apparent electron capture difficulty on the basis of 
this model has been given by Alaga.® Additional points 
pertaining purely to level structure which favor the 
present interpretation are the measured 5/2 spin of 
Yb', which like Hf'”® has 103 neutrons, and the un- 
availability of any state with spin 3/2 according to 
Fig. 2. It would likewise be difficult to account for a 
second 5/2+ state in Lu’, 

The assignment of 7/2— to the ground state of Yb!”, 
inferred by MBS, again is in agreement with the pre- 
diction of Fig. 2.7"! 


9G. Alaga, Phys. Rev. 100, 432 (1955). 

10 Hf!"7, with the same number of neutrons, is also expected to 
have a 7/2— ground state. Recent evidence! tends to confirm 
this, in contradiction to the earlier tentative assignment of 1/2 
or 3/2.7 With the 7/2— interpretation, the decay of Lu'”’ and the 
consequently observed levels of Hf'”? constitute a case with the 
spins of all levels equal to those of corresponding levels in the 
Yb!— Lu!” case, but with parities opposite. Thus the 113- and 
250-kev levels in Hf!” are interpreted as 9/2— and 11/2— first 
and second rotational excitations, the 321-kev level as a 9/2+- 
particle excitation (from the ii3/, (Q=9/2) state in Fig. 2), and 
the Lu!”’ ground state is assigned 7/2+ in agreement with Lu!”. 

1 P, Marmier and F. Boehm, Phys. Rev. 97, 103 (1955); 
McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 (1955); 
ti Heydenburg and G. M. Temmer, Phys. Rev. 100, 150 

1955). 
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3. CONSIDERATIONS OF BETA AND 
GAMMA TRANSITIONS 


A possible explanation for the lack of observable 
electron capture to the ground state of Lu!” (if the 
ground state of Hf'”® is assumed to be 5/2—) has 
recently been given by Alaga.® He notes that the 
transition to the ground state cannot occur via the 
principal components of the nucleonic states involved, 
since these differ by two in the component of orbital 
angular momentum along the nuclear axis. This selec- 
tion rule is not operative in the transitions to the 
rotational sequence based on the 5/2+ state. Hence, 
the ground-state transition is hindered relative to the 
others. It may be noted, however, that the Nilsson 
wave functions for the state involved in the hindered 
transition do contain considerable admixtures, so that 
some accidental cancellation may be required in order 
to account fully for the observed slowness. 

An indication in favor of the rotational interpretation 
of the 432-kev level, cited by Burford ef al.,‘ is the 
strength of the transition to the 5/2+ state relative to 
the much more energetic transitions to the 7/2+ and 
9/2+- states. 

Ratios of reduced transition probabilities for beta or 
gamma transitions of given multipolarity” to different 
members of a rotational band depend only upon a 
geometrical factor": 


B(L, I-1,) (I, L Ki; Ky—K;| I; L 1, Ky)" 
B(L,Imly) Uy L Ki Ky-KilliL Ip Kp)* 





7 


where L is the multipolarity of the transition, f and f 
denote members of the same rotational sequence 
(K;=Ky), and the (|) are Clebsch-Gordan coefficients. 
The Hf electron capture to the rotational band based 
on dsz is predominantly of multipolarity L=1 (A7=0, 
+1; yes). (The first-forbidden L=0 (AI=0; yes) 
transition to the 5/2+ state is inhibited because the 
transition involves principally a change of one in j, 
a violation of the particle selection rule Aj=0, while, 
in general, the first-forbidden L=2 (AJ=0, +1, +2; 
yes) transition is considerably slower than the first- 
forbidden L=0 or 1 transitions.) The ratio of the ft 
values computed from (2) for the L=1 electron capture 
(upper:lower) is 2.5, in precise agreement with the 
experimental value. In the case of Yb, the beta decay 
can proceed by L=1 to both the ground and first rota- 
tional states, but also by L=0 to the (g7/2) ground state 
inasmuch as the ground state of Yb, which is primarily 
hg;2, contains an admixture of f7/2. Thus the ratio of ft 
values (upper:lower) computed from (2) can give only 


In the case of beta transitions, the term multipolarity here 

refers to the total angular momentum of the electron and neutrino. 

Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 


a lower bound. The theoretical estimate obtained in this 
way is 3.5 compared with the experimental value 7.9. 

One of the distinctive features of the observed gamma 
transitions is the relatively large ratio of M2 to the E1 
radiation in the decay of the 9/2— to the 7/2+ and 
9/2+ levels. An explanation for these mixtures is 
obtained immediately from the present model. From 
the Nilsson wave functions, one may calculate the E1 
transition rate as a function of the assumed deformation. 
At zero deformation the transitions in question are 
between pure /y1y2 and gz nucleonic states; hence 
Aj=-—2 and the E1 rate vanishes. In the limit of very 
large deformation the components of nucleonic orbital 
angular momentum and spin along the nuclear axis, 
A and 2, are individually good quantum numbers; the 
initial and final nucleonic states for these transitions 
then have opposite spin components and the £1 transi- 
tion rate again vanishes. Even for intermediate deforma- 
tions the theoretical transition rate remains quite 
small. In particular, for the deformation 6=0.28 the 
E1 rate for the 9/2—-+7/2+ transition is inhibited 
relative to the corresponding spherical independent- 
particle model result (for an //2—g7/2 transition) by a 
factor 1.4X10-*. There are a number of possible Z1 
transitions in other nuclides which should be inhibited 
in precisely the same way. 

From the observed E1+ M2 mixtures and the relative 
gamma intensities' for the transitions from the 9/2— 
state to the 9/2+ and 7/2+ members of the ground- 
state rotational band, one can obtain the ratio of the 
transition rates (9/2—-39/2+ to 9/2—-+7/2+-) for 
the £1 and M2 radiations separately. For the M2 
radiation the ratio agrees within experimental error 
with the prediction of Eq. (2); for the £1 radiation, 
the ratio is larger than that obtained from Eq. (2) by a 
factor ~8. The discrepancy in the case of the £1 
radiation is not surprising, since the #1 transitions are 
nearly forbidden and only small admixtures to the 
strong-coupling wave function due to rotational excita- 
tion are required to increase the E1 intensity by such 
a factor.!® 
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4 Among these are the transitions in Hf!”’ from the 9/2+ state 
to the rotational band based on the 7/2— ground state. For a 
deformation é=0.26 the £1 transition 9/2+--+7/2— is calcu- 
lated to be slower than a spherical independent-particle model 
t11/2—>ho2 transition by a factor probably no greater than 4X 10-* 
and perhaps much smaller, the exact value depending on the 
radial integrals for admixed states of different orbital angular 
momentum. Such an inhibition accords with the interpretation of 
this transition as an E1+M2 mixture. 

16 A similar case-4 may occur in Hf!"’, for which the ratio of 
the 9/2+-9/2— to the 9/2+-—+7/2— £1 transition rate appears 
also to be much larger than that predicted from Eq. (2)." 
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A new search for double beta decay in Ca‘ and Zr®, using two scintillation detectors in a 4m solid angle 
geometry, was performed far underground, in order to reduce the background counting rates to small values 
in the spectral regions of interest. The results of this experiment showed no evidence for double beta decay 
in either Ca‘ or Zr®*, Lower limits for the half-lives of these isotopes were estimated as follows: Ca**, 74>2 


X 10!8 yr; Zr, T}>0.5X 108 yr. 





N experiment to check McCarthy’s seemingly 
positive evidence for the existence of double beta 
decay in Ca** and Zr !.? has been made. 

A 4r solid angle scintillation spectrometer generally 
similar to the one employed by McCarthy! was used. 

The experiment was performed in a salt mine, at a 
depth of 1070 ft (900 m.w.e.). Thus, the part of the 
background due to cosmic rays was very small, and the 
main source of background counts was low-energy 
gamma rays, with counting rates and pulse heights 
consistent with those expected from the decay of K® 
in the natural potassium existing in the mine. The 
detectors were shielded locally by 1 in. of iron. 

The samples used were supplied by the Isotope 
Division of the Oak Ridge National Laboratories. The 
calcium sample was enriched to 84.28% in Ca‘*. It was 
in the form of CaCOs, and the amount of Ca‘**® was 182 
mg. The Zr of the Zr®* sample was enriched to 85.25% 
in Zr, it was in the form of ZrO2, and the amount of 
Zr was 200 mg. The natural calcium sample was in 
the form of chemically pure CaCO; from the Merck 
Chemical Company. 

Because of the uncertainty in the mass determinations 
for Ca**, Ti**, Zr, and Mo*%** because of the finite 
energy resolution of the spectrometer, and because of 
the thickness of the sources, events due to the double 
beta decay of Ca** were looked for in the 3.0- to 4.75- 
Mev region of the observed spectrum. In the case of 
Zr, the corresponding region was 2.5 to 4.5 Mev. 

Sometimes a record was made of all pulses, and at 
other times only those pulses were recorded which 
involved a coincidence of counts between the two 
detectors. 

A résumé of the important data and results is given 
in Table I. 

Since there was no activity which could be speci- 
fically assigned to either Ca** or Zr, lower limits for 
the half-lives of these isotopes for double beta decay 
were estimated from the value of the background 

* This work was assisted by the U. S. Atomic Energy Com- 
mission. 

+ Now at Louisiana State University, Baton Rouge, Louisiana. 

1J. A. McCarthy, Phys. Rev. 90, 853 (1953). 

2J. A. McCarthy, Phys. Rev. 97, 1234 (1955). 

3T. L. Collins et al., Phys. Rev. 84, 717 (1951) and 86, 408 
BG Hogg and H. E. Duckworth, Can. J. Phys. 31, 942 


TABLE I. Summary of the main data and results of the search 
for double beta decay in Ca** and Zr*, 








Counting rates 
in region 
2.5-4.5  3.0-4.75 
Mev Mev Half-life 
(events/100 hr) (yr) 


Running Detection 
time efficiency 


Sample (hours) (%) 





Total activity measurements 
303.97 81 24.0 12.8 
207.27 ae 26.5 14.2 
319.24 60 25.5 13.4 


Ca*® 
nat-Ca 
Zr 


>1.1 X10" 
>0.36X 10'8 


Coincidence activity measurements 
640.49 35 74 44 
8 4.4 
5 4.9 


Ca‘® 
nat-Ca 
Zr 


>2 X10" 


252.13 are 4. nae 
5. >0.5 X10'8 


503.52 25 








counting rates and the detection efficiency of the 
spectrometer. The criterion used for the detectability 
of any activity was that the net excess activity due to 
the active sample over the inactive one be twice the 
standard deviation corresponding to the total number 
of counts. 

These lower limits for the half-lives are probably too 
high to be explained by using Majorana neutrinos’; 
however, they are not inconsistent with the half-lives 
predicted by using Dirac neutrinos. 

These half-lives are also in disagreement with those 
found by McCarthy in his experiments, particularly in 
the case of Ca** where his results seem better sta- 
tistically than in the case of Zr. Although no ex- 
planation is offered for this discrepancy, it may be 
pointed out that the present experiment was carried 
out under more favorable circumstances than 
McCarthy’s. 

The author wants to express his indebtedness to Dr. 
H. W. Fulbright for suggesting this problem and for 
his encouragement during its solution. He also thanks 
Raymond Santirocco for some interesting discussions 
concerning the Fermi formalism for beta and double 
beta decay. Finally, he wishes to express his gratitude 
to the officers of the International Salt Company, 
Scranton, Pennsylvania, and to T. F. Courthope, S. 
Martin, and W. B. Root in particular, for their per- 
mission to use their salt mine at Retsof, New York, 
and for their generous cooperation in making this 
experiment possible. 


5 H. Primakoff, Phys. Rev. 85, 888 (1952), and private communi- 
cation November 7, 1955. 
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University of Michigan, Ann Arbor, Michigan 
(Received August 15, 1955) 


By using Yb of high purity (99.8%) irradiated in the maximum flux of the Argonne pile and studied 
by scintillation and magnetic photographic spectrometers, a reevaluation of the energies of the radiations 
has been made. Several previously unreported gamma rays are found and nuclear level schemes for Tm™, 
Lu'”5, and Lu!” are proposed. Several of the levels appear to be rotational states in the unified nuclear model. 
Yb'® decays with a half-life of 30.6 days by K capture, followed by eleven gamma rays in Tm'®™, Rotational 
levels lie at 8.4, 118.3, and 139.1 kev. The gamma energies are 8.4, 20.6, 63.2, 93.6, 109.9, 118.3, 130.7, 177.7, 
198.6, 261.0, and 308.3 kev. Yb'”* decays with a half-life of 4.2 days by 8 emission (471 kev max) followed 
by five gamma rays in Lu!”*. Rotational levels exist at 114.1, and 251.9 kev. The gamma energies are 114.1, 
137.8, 145.0, 282.9, and 397.0 kev. Yb'”’ decays with a half-life of 1.88 hour by 8 emission followed by gamma 
transitions in Lu'”’. In addition to any lower energy gamma rays, two high-energy transitions are found at 
1.080 and 1.228 Mev. The latter is a cross over for the 1.080- and 0.148-Mev gammas which are in coinci- 
dence. The expected well-known daughter product Lu”, if present at all, is too weak to be observed by the 
magnetic spectrometers. 





TTERBIUM exists in nature as seven stable 
isotopes, with masses ranging from 168 up to 176, 
except for 169 and 175. Neutron capture might be 
expected to produce radioactive Yb'®, Yb!”°, and Yb!”. 
Previous studies have been made!~* on these activities 
with some disagreement in reported results. Since Yb 
samples of high purity (99.8%) are now available 
and the neutron flux density in the pile is much greater 
than was used in the earlier irradiations, a reinvesti- 
gation of the radioactivities seemed worthwhile. 
Specimens were irradiated in the maximum flux 
region of the Argonne pile and were studied in both 


magnetic photographic and scintillation spectrometers. 
The beta spectrum of Yb'”® was observed in the double- 
focusing magnetic spectrometer. Studies of the short- 
lived (1.88 hour) activity were made on spectrometers 
located adjacent to the pile. 

Due to the very great source strength, spectrograms 
could be obtained with exposures of a few hours, with ex- 
cellent geometry. Some sixty electron conversion lines 
were observed and measured. The electron lines ap- 
peared to belong to two distinct groups as judged by their 
half-lives and their K-L-M energy fits. One group satis- 
fying the work functions of Tm (Z=69) decayed with a 


half-life of 30.6 days. These transitions are believed to 
occur in Tm!” following K capture in Yb'®™. Since Yb'** is 
not abundant (0.14%) in normal Yb, it must have 
a very large capture cross section to produce the high 
yield of Yb'®. The energies of the electron lines that 
decay with the 30.6-day half-life, exclusive of those of 
Auger origin, are presented in Table I. The interpre- 
tation of these lines confirms the existence of eleven 
gamma rays. Certain of these (8.4 and 261 kev) had 
not been observed before. Some gamma rays previously 
reported’ could not be found, particularly those of 
energy 142.6 and 160 kev. Conversion lines attributed 
to these gamma energies are otherwise interpreted. 

Table II shows the energies of the gamma rays to- 
gether with their K/L ratios and the relative intensities 
of the Z lines, where observable. The no-screen photo- 
graphic emulsion appears able to record energies as low 
as 5 kev. The lowest energy gamma ray (8.4 kev), 
which is of considerable theoretical interest, can 
energetically yield on conversion only M and N 
electrons. These observed electron lines at 6.1 and 7.9 
kev are believed to be not of Auger origin because of 
their sharpness. The relative intensities of many of the 
electron lines were determined from microphotometer 
traces of the photographic plates. Corrections were 
made for varying radius and emulsion sensitivity with 
energy. In some cases only a visual estimate could be 
made of the relative intensities. 
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TaBLe I. Conversion electron energies due to transitions in 
Tm (Auger lines omitted) in kev. 








Energy 
sum 


Interpre- 
tation 


Electron 
energy 


6.1 M 101.1 

7.9 N . 107.5 
10.5 Ly : 108.7 
18.3 M 109.5 
20.3 A 118.3 
34.2 120.4 
50.5 120.9 
121.9 
128.6 
130.4 
139.4 
167.6 
175.2 
176.9 
188.4 
196.0 
198.0 
201.6 
248.7 
298.2 
306.4 


Interpre- Energy 
tation sum 


Electron 
energy 





109.8 
109.8 
118.3 
110.0 
177.7 
130.5 
130.5 
130.6 
130.9 
130.9 
198.8 
177.7 
177.5 
177.4 
198.5 
198.3 
198.5 
261.0 
308.1 
308.3 
308.7 


— 


is 
SEESSRSQASSSES: 


PUNT ST NW 


WOR WwWrIoOAw 
= 0.0 
bab 
SHH 
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SSELELS 


_ 


109.8 








* This work was supported jointly by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Cork, Keller, Rutledge, and Stoddard, Phys. Rev. 78, 95 
(1950). 

2 A. Sunyar and J. Mihelich, Phys. Rev. 81, 300 (1951). 

3 Martin, Jensen, Hughes, and Nichols, Phys. Rev. 82, 579 
(1951). 





RADIATIONS FROM 


Since most of the gamma rays enter into coincidence 
with others, and with Tm x-rays, the lifetimes of all 
unstable levels must be short. A comparison of the 
observed line intensities with the calculated internal 
conversion coefficients of Rose et al.‘ for the K, Li, and 
L, shells and with the relative conversion coefficients 
for the Z; subshell given® by Church and Monahan, 
makes possible an assignment of multipolarities for 
most of the gamma rays. Where the ratio of intensities 
for the L lines was not supported by the K/L ratio, in 
making an assignment of multipolarity, less weight was 
given to the latter because of the large and somewhat 
uncertain variation in emulsion sensitivity with energy. 
The preferred assignments of multipolarity are shown 
in column 6 of Table II. It appears in several cases that 
the observed intensities can best be satisfied by a 
mixture of M1 and £2 radiations, although for the 
63.2-, 93.6-, and 109.9-kev transitions the possibility 
of an E1 assignment cannot be eliminated on the basis 
of the relative line intensities alone. 


TABLE IT. Gamma energies in Tm'® with intensities and multi- 
polarities. (The symbol x indicates that only one L line was 
observed.) 








Gamma . : 
energy Rel, intensity 


kev C/L 4 Le 
8.4 


Multi- 
polarity 





20.6 M1 


63.2 

93.6 
109.9 
118.3 
130.7 
177.7 
198.6 
261.0 
308.3 


M1, E2 
1.6+0.2 M1, E2 
2.9+0.3 M1, E2 
0.9+0.3 E2 
0.8+0.2 E2 
5.6+0.2 M1, E2 
6.6+0.2 M1, E2 


3.50.2 E2 








Although the resolution of the scintillation spectrom- 
eter is not comparable with that of the magnetic instru- 
ments, important information on coincidences and 
summations was obtained with it. A single crystal 
yields the distribution shown in Curve A of Fig. 1, 
indicating six peaks, some of which are composite. A 
coincidence curve with thulium x-rays (50 kev) is 
identical in shape with the singles curve. A similar 
result is obtained with the fixed channel set on 20 kev. 
Since there exists the possibility of back-scattered iodine 
x-rays (29 kev) from the crystal and the subsequent 
escape peaks of the thulium x-rays, the above simi- 
larity in results is not unexpected. The high-energy side 
of the 115-kev peak (130.7) was found to be in coinci- 
dence with the low-energy side of the 190-kev peak 
(177.7). The 261-kev peak was in coincidence with the 
110 or 118 or both but not with the peaks at 130, 190, 


4 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report No. ORNL-1023, 1951 (unpublished); and subsequent 
letters. 

5 E. L. Church and J. E. Monahan, Phys. Rev. 98, 718 (1955). 
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ISOTOPES OF Yb 


— 


ARBITRARY SCALE 








Fic. 1. Scintillation spectrometer peaks; A—singles, 
B—source in crystal well. (Energies in kev.) 


261, or 308 kev. With good geometry the 308-kev peak 
is found in coincidence only with the 50-kev peak. On 
the other hand, with 27 solid angle a coincidence peak 
appears at 115 kev which is attributed to summations 
between thulium x-rays and the 63-kev gamma. When 
the source was placed in a narrow well in the Nal 
crystal so as to give summation effects, the 20-kev peak 
disappeared and the 50- and 190-kev peaks were les- 
sened in height while those at 115, 261, and 308 kev 
were augmented as shown in Curve B, Fig. 1. 

A nuclear level scheme for Tm'® is presented in Fig. 
2. The spin of the ground state for the odd-A (Z7=69, 
N=100) nucleus has been measured to be 1/2. This is 
interpreted from the shell model as an s; state. Some 
calculations of the low-energy gamma rays to be ex- 
pected in Tm'®, assuming them to be transitions 
between rotational states in the unified nuclear model, 
have been made by Mottelson and Nilsson.* Their 
expression for the energy E, in terms of the spin J is 


E,= (@?/2J){I(I+1)+a(—1)'**(1+})}, 


where J is the moment of inertia and a is a constant as 
I takes values 1/2, 3/2, 5/2, 7/2, 9/2, etc. Using the 
values for the low-energy gammas reported* by Jensen 
et al., which are somewhat in error, they derived a value 


® B. R. Mottelson and S. G. Nilsson, Z. Physik 141, 217 (1955). 
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Fic. 2. Nuclear level scheme for Tm’ following K capture in 


Yb'®, (Energies in kev.) Spin along axis of symmetry, total spin, 
and parity are shown in parentheses. 








of a equal to —0.74. From our values for the energies 
of the first three levels (8.4, 118.3, and 139.1 kev), @ is 
obtained by comparing each of the upper energies with 
the lowest. Its value is found to be —0.775 and the 
excellent agreement between calculated and observed 
energies for the first three levels is shown in Table III. 
The lack of agreement for the two higher spins indicates 
that these possible rotational levels are not observed. 
Since the rotational levels are of the same parity, short- 
lived transitions between them can be only M1 or E2 
in nature, in agreement with the multipolarity assign- 
ments noted in Table II. 

From the results with the source in the crystal well, 
support is obtained for the arrangement of levels as 
shown in Fig. 2. A metastable level of half-life 610-7 
second had been observed? in Tm!” and it was believed 
to be derived from K capture directly. It now appears 


TABLE III. Energies in kev of rotational levels, 
together with observed energies. 








Observed 


8.4 
118.3 
139.1 
316.8 


Calculated 





118.8 
138.6 
337 


368 
380.0 


SCHMID, AND HELMER 


INTENSITY 


Loe 
s 








50 
DaYs 


Fic. 3. Analysis of the decay curve for Yb. 


from the summation evidence that the 316.8-kev level 
is most likely the delayed state. The presence of an 
unsummed x-ray peak strongly suggests a K-capture 
branch terminating at this level. The highest summation 
level appears to be 317 kev, which is reasonable since 
the transitions above it could not be included because 
of the delay. The increased peak height at 115 kev could 
be due to the sum of 63 kev and Tm x-rays (50 kev). 
The placement of the strongly converted 93-kev gamma 
transition is based on the augmented peak at 263 kev 
which could be the sum of 118, 93, and 50 kev. 

The level at 211.9 kev is expected to be a single 
particle state, which may be either ds5,2 or gz/2 in agree- 
ment with the shell model and the M1 character of the 
93.6-kev transition. The 316.8-kev level should also be 
a single-particle level. It is observed that if this level is 
assigned a spin of 3/2 and the moment of inertia is 
assumed to be the same as in the ground state, the first 
rotational excitation will come 62.2 kev higher, as 
compared with the observed transition of 63.2 kev. 

An analysis of the rate of decay shown in Fig. 3 
indicates half-lives somewhat different than previously 
found.! This must be due to the higher purity of the 
Yb specimen. The long half-life of Yb'® appears to be 
30.6+0.2 days. The previously reported intermediate 


TasLe IV. Conversion electron energies in kev in Lu!” 
following 8 emission from Yb!"5, 








Electron 
energy 


50.5 

74.5 

81.7 
103.1 
103.6 
104.9 
111.7 
113.5 
127.3 
219.6 
272.6 
333.5 
386.5 
394.9 


Energy 
sum 


Interpretation 





113.8 
137.8 
145.0 
114.0 
114.0 
114.1 
114.2 
114.0 
138.2 
282.9 
283.0 
396.8 
397.4 
397.4 











RADIATIONS FROM ACTIVE 


half-life of 6.7 days attributed to Lu!” could not be 
observed. For Yb!” the half-life is 4.2+0.1 days. The 
absence or extreme weakness of the 6.7 day Lu!” 
activity as noted both in the decay curves and in the 
lack of conversion lines for the well known gamma 
transitions in Hf raises a serious question. The previous 
observation of the rather strong activity must have 
been due to Lu being present in the Yb as an impurity. 
Since Yb! is abundant (12.7%) in all Yb, it is 
difficult to understand why Yb!” with its half-life of 
1.88 hours would not build up the Lu'” daughter 
activity. Either the capture cross section in Yb!”* is 
very small, which does not appear to be the case, or 
some assignment of mass may be in error. 
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Fic. 4. Nuclear level scheme for Lu!”> following 8 emission 
from Yb!"5, (Energies in kev.) 


The electron conversion lines that decay with the 
4.2-day half-life are shown in Table IV together with 
their interpretations. It appears without doubt that 
there are five gamma rays, whose energies and relative 
conversion intensities are presented in Table V. This 
is in agreement with the recent results’ of Mize, Bunker, 
and Starner on Yb'”*. Only one of these gamma rays 
(114 kev) is observed® in the decay of Hf'”*. In the 
Coulomb excitation of Lu!” both of the levels 114 and 
252 kev are found to exist.? The K/L ratios for the 114- 
and 397-kev gammas were determined from micro- 
photometer traces of the photographic plates. The 


7 Mize, Bunker, and Starner, Phys. Rev. 99, 671 (1955). 
8 Burford, Perkins, and Haynes, Phys. Rev. 99, 3 (1955). 
9G. Temmer and N. Heydenburg, Phys. Rev. 94, 1399 (1954). 
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Fic. 5. Kurie plot of the 8 spectrum of Yb!”. 


values for the 138- and 283-kev transitions are based 
upon visual estimates of the blackness of the lines. The 
choice of M1, £2 for the 114-kev gamma is based upon 
the agreement with calculations‘ for the L/L» ratio, 
and is supported by agreement with the empirically 
expected”® K/L ratio. To satisfy the observed K/L ratio 
and the presence of a strong LZ» line for the 283-kev 
gamma a mixture of £2 and M1 transitions also appears 
likely. The other selections are based upon the K/L 
ratios together with the assumption of very short life- 
times. A nuclear level scheme for Lu'”® based upon 
excellent energy fits is presented in Fig. 4. 

The spin of the ground state in Lu'”® has been meas- 
ured to be 7/2, which from shell theory is interpreted 
as g72. If the lower energy levels are regarded as ro- 


TABLE V. Gamma energies in kev in Lu!” and relative electron 
line intensities. (The symbol x indicates that only one L line was 
observed.) 








Multi- 
polarity 


Mi, E2 
E2 


Gamma 
energy K/L Ii 


114.1 2.9+0.4 10 
137.8 ~2 

145.0 
282.9 
397.0 





~6 ‘ M1, E2 
5.4+0.3 E2 








1M. Goldhaber and A. Sunyar, Phys. Rev. 83, 906 (1951). 
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TaBLE VI. Relative intensities of the K—L-—L auger lines. 








K-Li-Lu 


K-Li-Lu 


K-Lu-Lu K-Lu-Lin K-Lin-Lin 





Observed 4 1.6 
Calculated* 1.02 


1.5 mr 2.0 0.9 
1.65 0.24 1.46 0.81 








* See reference 13. 


tational in nature, then their energies may be calculated 
from that of the gamma ray of lowest energy. As the 
spins are given successive values of 9/2, 11/2, etc. and 
the 114-kev gamma regarded as basic, then the fol- 
lowing levels should have energies of 253.6 and 418.5 
kev. The 253-kev value is in good agreement with an 
experimental level, as shown in Fig. 4. The level at 397 
kev is sufficiently divergent from the expected 418-kev 
value, to assume that it is not rotational. The transitions 
between the rotational levels, with no change in parity, 
should be M1 or £2 or a combination of both, agreeing 
with the choices indicated in Table V. The 397-kev level 
is expected to be a single-particle state. The multi- 
polarities of the various gamma rays, together with the 
fact that the energy available in beta decay will permit 
at most an ordinary first forbidden transition, suggest 
that this level has spin 9/2 and even parity, with an 
frj2 ground state for Yb'”*. The spin of 9/2 for the 397- 




















Fic. 6. Nuclear levels in Lu'”’ following 8 emission in 
Yb'7". (Energies in Mev.) 


kev level is in agreement with the angular correlation 
work of Akerlind e¢ al." 

The beta spectrum of Yb'7® was observed with the 
double-focusing magnetic spectrometer, using a Scotch 
tape source and Zapon (~15 micrograms per square 
centimeter) counter window, with a resolution of 0.5%. 
The Kurie plot is shown in Fig. 5. The spectrum appears 
to be complex, with an upper energy limit of 471+3 kev. 
After subtraction of this high-energy component, there 
is found to be a rather large scatter in the points of the 
residual Kurie plot. A least squares fit to these points 
in regions where no interference from internal con- 
version lines is expected gives a component of maximum 
energy 374+ 30 kev, whose intensity is about 25% that 
of the high-energy component. The level scheme re- 
quires an additional low-energy component at about 
80 kev, which would be difficult to observe due to the 
many internal conversion lines in this region. 

The activity in Yb!” was induced by short irradiation 
in the maximum flux region of the pile and was studied 
in a ten channel scintillation spectrometer and magnetic 
photographic spectrometer near the pile. A recent paper 
reports” the existence of two gamma rays of energy 119 
and 146 kev and three beta rays with a maximum 
energy of 1.3 Mev. In the present investigation two 
additional high-energy -gamma rays are found with 
energies of 1.228+-0.005 and 1.080+0.005 Mev. The 
former is undoubtedly a cross-over transition for the 
1.080- and 0.148-Mev gammas which are found to be 
in coincidence. All gamma rays appear to decay with a 
half-life of 1.88+0.1 hr. The gamma ray reported at 
119 kev has not been identified but is included as a 
dotted line in the provisional level scheme shown in 
Fig. 6. It has previously been assumed that the ground 
state of Lu!” has a half-life of 6.7 days followed by the 
emission of certain well-known highly converted gamma 
rays in Hf!’’. It is quite certain that this activity, if 
present at all, is extremely weak in the high-purity Yb 
source. 

Auger electrons following K-capture to Tm'® were 
also observed. Their relative intensities, determined 
from microphotometer traces of the photographic plates, 
are presented in Table VI, together with the calculated 
intensities of Hill!* for Z=80. 


1 Akerlind, Hartmann, and Wiedling, Phil. Mag. 46, 448 (1955). 


12H. deWaard Phil. Mag. 46, 445 (1955). 
%R. D. Hill, Phys. Rev. 91, 770 (1953). 
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Optical Model Analysis of Scattering of 14-Mev Neutrons* 


GLEN CULLER, SIDNEY FERNBACH, AND NOAH SHERMAN 
Radiation Laboratory, Department of Physics, University of California, Livermore, California 
(Received September 28, 1955) 


Preliminary results for the scattering of 14-Mev neutrons using exact phase-shift calculations are pre- 
sented. The model used consists of step-well potentials both with and without spin-orbit interactions. 





INTRODUCTION 


HE optical model of the nucleus! has been applied 

with considerable success to the scattering of 
nucleons by nuclei. The best correspondence between 
this model and experimental results was obtained for 
total neutron cross sections as a function of mass 
number of the scattering nucleus at moderately high 
energies.' A fairly complete analysis’ of the experimental 
data for energies above 40 Mev was made using the 
WKB approximation which seemed successful at 90 
Mev. 

An exact phase-shift analysis in the low-energy region 
(1-3 Mev) was also successful in giving at least the 
qualitative features of the scattering cross sections 
both as a function of mass number and energy.* 

At the intermediate energy of 14 Mev, there exist 
detailed experimental data on reaction cross sections 
and angular distributions of elastically scattered neu- 
trons, as well as total cross sections. Corresponding 
calculations based on an optical model can be compared 
with these data and thus provide a sensitive test of the 
model. In this note, we report on the early results 
of such calculations, which were performed on the 
UNIVAC at this laboratory. In all cases, exact phase 
shifts were calculated. 
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Fic. 1. Parameters describing the potential wells used. 
* Work sponsored by the U. S. Atomic Energy Commission. 
1 Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
2 T. B. Taylor, thesis, Cornell University, 1953 (unpublished). 
3 Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 


Fic. 2. 


DISCUSSION OF CALCULATIONS—STEP WELLS 


The initial attempt to fit the 14-Mev scattering data 
by means of various choices of complex square-well 
potentials proved inadequate. The next attempt was 
made with the “‘nonsquare wells” shown in Fig. 1. The 
tail on this potential is a suitably chosen fourth degree 
polynomial in the radial variable. The tail on the real 
part of the potential need not be of the same functional 
form as that of the imaginary part, and indeed the best 
results were obtained with the imaginary tail falling off 
faster than the real tail. Calculations with such po- 
tentials were very time-consuming on the UNIVAC, 
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Fic. 3. Step-well potential which gives best agreement 
with experimental] data. 
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Fic. 4. Differential scattering cross section for carbon. 


so that equivalent “step walls” (Fig. 1) were used. 
The equivalent step well was taken to be identical with 
the nonsquare well in the region out to a radial dis- 
tance, d, from the edge. Over the remaining distance 
the depth of the imaginary part was greatly reduced 


and the depth of the real part was kept the same or 
slightly reduced. The ratio between the edge distance, 
d, and the corresponding length of the nonsquare well’s 
imaginary tail, was found to be ~0.4. The equivalence 
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Fic. 5. Differential scattering cross section for magnesium. 
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Fic. 6. Differential scattering cross section for aluminum. 


of these potentials in fitting the data is shown in Fig. 2, 
where the differential cross sections derived from them 
appear to agree well within experimental accuracy. 
Other comparisons also demonstrated that the step- 
wells were equivalent to the polynomialI-tail wells. Since 
the experimental results are not considered to be suffi- 
ciently accurate to warrant any preference between 
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Fic. 7. Differential scattering cross section for calcium. 
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Fic. 8. Differential scattering cross section for copper. 
: Fic. 10. Differential scattering cross section for tin. 
these two well shapes, the subsequent calculations were 
performed with step wells. 

The step well which yields the best over-all fit to the 
experimental data is shown in Fig. 3. The solid curves 
in Fig. 4 through Fig. 12 show angular distributions of 
elastically scattered neutrons for C, Mg, Al, Ca, Cu, 
Cd, Sn, Pb, and Bi, for which experimental data are 


available.*> (These experimental results have not been 
corrected for multiple scattering, so that only quali- 
tative agreement between theory and these data was 
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Fic. 11. Differential scattering cross section for lead. 


‘The elastic scattering angular distributions are tentative 
results communicated by J. Coon. ; 
5 William Cross, Chalk River (private communication). 
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Fic. 9. Differential scattering cross section for cadmium. 
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Fic. 12. Differential scattering cross section for bismuth. 


attempted.) Figure 13 compares the theoretical and 
experimental results for reaction cross sections®’ and 
total cross sections.’~* 

Although such pictures should not be taken too 
seriously, it is perhaps heuristic to interpret the shape 
of the best-fitting step-well in terms of nuclear structure. 
Since no “absorption” of the incident beam occurs in 
regions where the imaginary part of the potential is 
zero, we see that the edge, d, of the step well is such a 
region. The finite real potential produces elastic scat- 
tering, so that the edge can be regarded as a region in 
which the incoming neutron begins to experience nuclear 
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Fic. 13. Reaction and total cross section as function 
of mass number, A. 


® Phillips, Davis, and Graves, Phys. Rev. 88, 600 (1952). 

7 E. Amaldi et al., Nuovo cimento 3, 203 (1946). 

8 Coon, Graves, and Barschall, Phys. Rev. 88, 562 (1952). 

§L. S. Goodman, Atomic Energy Commission Report AECU- 
1913, 1952 (unpublished). 
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Fic. 14. Percentage polarization of primary beam after 
single scattering by aluminum. 


forces and interacts with the nucleus as a whole. In 
the interior of the nucleus, within a radius R,, the 
“absorption” describes inelastic scattering, correspond- 
ing to energy-transferring collisions with nucleons, and 
is accompanied by further elastic scattering. We can 
thus regard the radius R, as describing the region 
containing nucleons which can be excited by the neutron 
and the larger radius R as representing the range of 
nuclear forces usually called the “nuclear radius.” 
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Fic. 15. Percentage polarization of primary beam after 
single scattering by copper. 
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Fic. 16. Percentage polarization of primary beam after 
single scattering by tin. 


Since R,=1.22K10-"A! cm and R= (1.22A!+0.74) 
X10- cm=1.45X10-"4! cm, for medium range A, 
both of these parameters fall within the range of 
nuclear radii as derived from a variety of experiments. 


DISCUSSION OF CALCULATIONS—STEP WELLS 
WITH SPIN-ORBIT INTERACTION 


The effect of adding a spin-orbit interaction term to 
the real part of the potential was investigated to see 
what effect it would have on the scattering cross 
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Fic. 17. Percentage polarization of primary beam after 
single scattering by lead. 
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Fic. 18. Comparison of polarization curves for copper 
using f(r) =1 and 4 Mev. 


sections. This additional term was tried in the form of 
f(r)o-L, where f(r) was considered constant and of the 
order of 2 Mev in the region R, to R. Putting the o- L 
with a coefficient of 2 Mev on this edge seemed to be 
equivalent to taking its coefficient equal to } Mev when 
taken over the entire nucleus so far as any significant 
differences in the angular distributions were concerned. 
In the figures contained in this report, the spin-orbit 
term appears only over the edge, a region of 0.74 10— 
cm. 

The results of these calculations are shown as broken- 
line curves in Fig. 5 through Fig. 12. Figures 14 through 
Fig. 17 show the percent polarization of the primary 
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beam after a single scattering. It is apparent that the 
effect on the angular distribution is slight when f(r) ~2 
Mev. The polarization curves show fairly low per- 
centage polarization for small angles, but the structure 
indicates a greater average positive polarization for 
larger mass numbers. It is interesting that this polar- 
ization is positive for small angles rather than negative 
as it is at higher energies (~300 Mev). Figure 18 
shows the effect of varying f(r) from 1 to 4 Mev and 


” Fernbach, Heckrotte, and Lepore, Phys. Rev. 97, 1059 (1955). 
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Fig. 19 shows the corresponding effect on the angular 
distribution. The most significant effect on the angular 
distribution seems to be the damping of the diffraction 
oscillations with increasing f(r). 

Further scattering calculations are being made for 
different energies, for incident neutrons and protons, 
both with and without the spin-orbit term. A new 
UNIVAC calculation providing for potential of arbi- 
trary shape is now in use. The results of these calcu- 
lations will be made available as soon as feasible. 
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Low-Lying Levels of P*° 


C. Broupe, L. L. Green, J. J. Smvcu, AnD J. C. Wittmotr 
Nuclear Physics Research Laboratory, University of Liverpool, Liverpool, England 


(Received September 26, 1955) 


New states in P® are identified by determination of y-ray energies from the reaction Si®(p,7)P™. The 
angular distributions of transitions to the ground and first excited states have been determined and spins 
and parities assigned on the basis of these measurements. The first excited state is thus identified as the 


first T=1 state of P™. 


HE lowest lying states of isotopic spin 7=0 and 
T=1 in A=4n+2 nuclei have been surveyed by 
Moskowski and Peaslee.' The first T=1 state of the 
nucleus P®, which is one of this series, has not previously 
been identified with certainty. Using a reasonable value 
of the nuclear radius, Moskowski and Peaslee predict 
that this state should be at approximately 500 kev 
above the ground state. 

Endt, Kluyver, and Van der Leun® have observed 
y-Tay transitions involving a state at 0.688+-0.007 Mev 
in the reaction Si®(p,7)P*®. They studied this reaction 
at resonances occurring at proton energies of 414 kev 


737 kev = 696 kev 


p>? 


Fic. 1. 


1S. A. Moskowski and D. C. Peaslee, Phys. Rev. 93, 455 (1954). 
* Endt, Kluyver, and Van der Leun, Phys. Rev. 95, 580 (1954). 


and 326 kev, but were unable to determine the spin and 
parity of the 0.688-Mev state with certainty and so 
establish the isotopic spin of this state. 

Using Nal scintillation spectrometer techniques, 
which have been described in a previous paper,’ we 
have studied the y radiation from the Si*(p,y)P* 
reaction at three resonances occurring at proton energies 
737 kev, 696 kev, and 414 kev. The y-ray energies 
observed fitted into the decay scheme shown in Fig. 1. 
This decay scheme was checked at each resonance by 
intensity and coincidence measurements. New states 
in P® are observed at 1.46, 1.97, 2.53, 2.73, and 2.92 
Mev. 

At the 414-kev resonance, the angular distribution of 
5.33-Mev y ray and the 690+ 10 kev y ray involved in 
the cascade, resonance level—690-kev state—ground 
state, have been observed. The 690-kev y ray is iso- 
tropic. This could be due to (a) the resonance being 
formed by s-wave protons or (b) the formation of a 
J=0* resonant state by s- or p-wave protons or (c) the 
690-kev state itself being J=0*. The first two possi- 
bilities are ruled out by the observation that the 
5.33-Mev y ray which feeds the 690-kev state from the 
resonance level is not isotropic but has a strong angular 
distribution of the form 1—0.3 cos*@. These results can 
only be explained if the 690-kev state has spin and 
parity 0* and can therefore be identified with certainty 
as the first 7=1 state of P®. 

The separated Si* target was provided by the Atomic 
Energy Research Establishment, Harwell. We wish to 
thank Professor H. W. B. Skinner for his encouragement 
and advice. 


3 Green, Singh, and Willmott, Phil. Mag. (to be published). 
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Neutron Absorption Cross Sections of Pa®*' and Pa**** 


R. R. Smutu, N. P. ALttey, R. H. Lewis, AND A. VANDERDOES 
Atomic Energy Division, Phillips Petroleam Company, Idaho Falls, Idaho 


(Received October 24, 1955) 


Activation studies of Pa®' in the graphite region of the Materials Testing Reactor have resulted in a 
value of 200+15 barns for the thermal neutron absorption cross section of Pa*!. Resonance neutron effects 
were eliminated by the method of cadmium differences and by conducting the irradiations in a region 
where the ratio of resonance to thermal neutrons is small. 

Measurements of the Pa” and Pa*™* activities produced in a highly intense neutron irradiation of Pa** 
have resulted in a value of 760+100 barns for the absorption cross section of Pa®*. 





I. INTRODUCTION 


DDITIONAL measurements of the thermal 

neutron cross section of Pa*! have been conducted 
in an effort to resolve the large discrepancies existing 
among previously reported values. At least six inde- 
pendent measurements, conducted over the past ten 
years, and giving values ranging from 107 to 290 barns, 
have been reported.’ A rigorous intercomparison of 
these results is prevented by the widely varying 
conditions under which the measurements were con- 
ducted. Some measurements were based on determina- 
tions of the induced Pa* activity, while others were 
based on alpha assays of the U” daughter. The use of a 
wide variety of flux-monitoring techniques introduces 
additional uncertainties. In some instances effective 
flux values were computed from power-flux calibrations; 
in other instances fluxes were measured with gold 
foils calibrated in terms of a known neutron source 
strength; while in a third series of measurements the 
flux was calculated from the Pu** content of Np? 
monitors irradiated with the samples. An additional 
ambiguity, perhaps the most serious, concerns possible 
extreme differences in the energy distribution of 
neutrons in the various reactors used for the measure- 
ments. 

The values reported here were based on absolute 
measurements of the Pa® activity produced in a highly 
thermalized neutron irradiation of Pa. Resonance 
neutron effects were eliminated by conducting the 
irradiations in a region where the resonance neutron 
population was relatively low, and by the method of 
cadmium differences. Additional irradiations conducted 
in an extremely high neutron flux were used to evaluate 
the absorption cross section of Pa”. 


* Research carried out under contract with the U. S. Atomic 
Energy Commission. 

1Q. Van Winkle, Argonne National 
ANL-4281 (unpublished). 

2 Seller, John, and Elson, Argonne National Laboratory Report, 
ANL-4282 (unpublished). 

3 A. H. Jaffey and Q. Van Winkle, Argonne National Laboratory 
Report, ANL-4283 (unpublished). 

Chalk River, Canada Progress Report, PR-CRR-24, 1954 
(unpublished). 


Laboratory Report, 


Il. EXPERIMENTAL 
A. Absorption Cross Section of Pa?*! 


About 25 microliters of a nitric acid solution of 
Pa”™!, having a specific activity of 4X 10‘ disintegrations/ 
min ml, were sealed in quartz ampules and were 
irradiated for periods of up to 80 hours in a thermal 
neutron facility of the Materials Testing Reactor 
(MTR). In their irradiation positions, the ampules 
were located approximately on the vertical center line 
of the reactor and were separated from the lattice by 
approximately one foot of beryllium and four feet of 
graphite.® Moderation in the beryllium and graphite is 
sufficient to give a cadmium ratio of about 10° for gold. 

Following the irradiations the samples were diluted 
with 6N HNO; and the protactinium was purified by 
a series of extractions with di-isopropylketone (DIPK) 
and thenoyltrifloroacetone (TTA), 0.05M in benzene. 
Finally, the protactinium was stripped from the TTA 
with a series of 0.1N HNO; washes and was concen- 
trated by evaporation. The activities were prepared 
for absolute beta counting by vacuum evaporation from 
a tungsten filament onto aluminum foils having a 
weight area ratio of 120 micrograms/cm?. In this 
manner uniform and extremely thin specimens of the 
activity were obtained. Beta-particle absorption in 
the sample itself may be regarded as negligible. A small 
fraction of the weaker particles are, however, absorbed 
in the backing material. Absorption studies made with 
foils equivalent in thickness to the backing showed the 
effect to be of the order of two percent. Accordingly, 
the activity measurements were corrected to this 
extent. Although corrections made in this manner are 
not exact, disintegration rate measurements involving 
such corrections are expected to be more reliable than 
those conducted on solvent evaporated deposits where 
sample localization effects, hence large self-absorption 
effects, are almost certain to occur. 

The decay of the Pa* was followed over a period of 
10 half-lives with a windowless 47 beta counter. The 
presence of alpha emitters (the parent Pa™') under an 
operating voltage corresponding to the midpoint of the 


beta plateau is noted by an increase in the background 


5J. R. Huffman, Nucleonics 12, No. 4, 20 (1954). 
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Fic. 1. Decay of Pa*” produced in a thermal neutron 
irradiation of Pa*', 


counting rate over the usual room conditions. This 
increase, however, presents no problem since the 
increased background may be established without 
ambiguity after the 1.32-day Pa® has disappeared. A 
typical decay curve is given in Fig. 1. Coincidence loss 
corrections, amounting to 0.4 percent per 10° counts/ 
min have been applied to the data shown. Subtraction 
of the background from the gross decay gives the decay 
of a single activity having a half-life of 1.32 days in 
agreement with the value reported by Jaffey and Hyde.® 

Assuming the Pa*™!/Pa* ratio to be unchanged in 
the post-irradiation chemistry and in the process of 
foil preparation, the Pa* produced per unit amount of 
Pa*™! may be established from the 44 beta measurements 
and from direct observations of the alpha activity on a 
given foil. Measurements of the alpha activities were 
conducted with a 4 windowless counter under a voltage 
corresponding to the midpoint of the alpha plateau. 
Since the range of Pa™! alphas in aluminum is approxi- 
mately fifty-fold greater than the backing thickness, 
practically all particles emitted under the 27 solid 
angle in the direction of the backing are recorded. From 
the range of Pa™! alphas in aluminum and the backing 
thickness, it may be shown that particles emerging 
at angles less than 1.3° in the direction of the backing 
are absorbed. Geometry considerations lead to a correc- 
tion factor of 1.0 percent which may be applied to the 
activity measurements. 

Particle counting under these conditions was shown 


6 A. H. Jaffey and E. K. Hyde, Phys. Rev. 79, 280 (1950). 
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to be quantitative by repeating the activity measure- 
ments in a conventional 24 alpha chamber. The 
2x/4m counting rate ratio, averaged for several samples, 
was found to be 0.51, somewhat lower than the 0.52 
geometry commonly assumed for alpha counting from 
infinitely thick backings. Because the exact backscatter- 
ing factor for the 2x measurements was not known, 
the 4% measurements were considered more reliable 
and were, accordingly, used in the cross-section 
calculations. 

The results of five runs conducted over a period of 
thirty days are summarized in Table I. A cadmium- 
covered irradiation, run No. 5, was used to establish 
the magnitude of the resonance neutron absorption 
effect. Column 2 lists the disintegration rate A}.° of 
Pa*’ extrapolated to zero time and corrected to 
irradiation saturation. A correction amounting to two 
percent has been applied to account for beta absorption 
in the backing. Column 3 gives the Pa™! disintegration 
rate A,;° determined from 4m counting. A one percent 
correction has been applied to correct for absorption 
effects in the backing. An additional correction has 
been applied to correct for the growth of the alpha 
emitting U" following the post-irradiation purification 
of protactinium. Column 4 lists the ratios of the Pa® 
and Pa™! activities, A12°/A 1°. Subtraction of the value 
of A12°/A1;° for run No. 5 (cadmium-covered) from the 
respective values for runs 1-4 gives the Pa™*/Pa™! 
activity ratios co:rected for resonance activation, 
column 5. Column 6 lists values for the thermal neutron 
flux ¢, and column 7 gives the values of the thermal 
neutron absorption cross section oi, found from the 
relation 

Xr F AY y, 0 
a 11(A 32°/ 43, Yeh (1) 
$th 


A simple average of the results gives as a final value 
on = 200+15 barns for the thermal neutron absorption 
(activation) cross section. The precision limits assigned 
to this value are based on estimated uncertainties of 
+15 and +10 percent in the values used for (A1:°/ 
Ax") and din, respectively. 

The thermal neutron flux values were established 
from measurements of the Co activity produced in 
Co flux monitors irradiated with the samples. Measure- 
ments of the specific ionization were carried out in a 
high pressure ionization chamber calibrated with 
National Bureau of Standards samples of Co. Conver- 


Taste I. Activation analysis of Pa”, 








(Ai2®*/ th X10 oth 


n/cm?sec barns 


0.831 205 
0.852 215 
0.886 176 
0.914 203 


A112 X108 Ai 
dis/min dis/min A12/Aw® Aur )th 
14.2 53.3 266 263 
66.4 232 286 283 
18.1 71.2 254 251 
73.3 252 291 288 

0.95 351 3 
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sion of specific ionization values to thermal flux involved 
the use of the following constants: 7;(Co®)=5.30 
years, and o(Co®)=37.0 barns. Corrections for 
self-protection and flux depression were applied to the 
thermal flux values in the manner outlined by Hughes.’ 


B. Absorption Cross Section of Pa*** 


A measurement of the pile neutron absorption cross 
section of Pa”? was made from determinations of the 
Pa and Pa™* activities produced in a prolonged high- 
flux irradiation of Pa™'. In this instance the sample was 
irradiated for 386 hours in a lattice position of the 
MTR in an average thermal flux of 1.5610" n/cm? 
sec. Following the irradiation the protactinium was 
purified as previously described with a series of DIPK 
and TTA extractions. Since Pa” has a large thermal 
neutron fission cross section substantial quantities 
(activity-wise) of fission products relative to Pa™ are 
formed. Accordingly, special precautions were taken to 
eliminate those fission products whose activities would 
interfere with the determination of the 27.4-day Pa*™*, 
Three DIPK extraction cycles followed by three with 
TTA were found adequate for this purpose. Zr®® which 
follows protactinium chemistry was eliminated by the 
addition of Zr holdback carrier prior to the solvent 
extraction cycles. 

The decay of the sample, given in Fig. 2, is separable 
into two components, one corresponding to the 1.32-day 
Pa*’, and the other corresponding to the 27.4-day 
Pa**, Corrections for resolving time losses and for 
room and counter background have been applied to 
the data shown. The identity of the 27.4-day activity 
as Pa** was further verified by pulse-height analysis 
of the sample with a NalI(TI) spectrometer. The 
absence of gamma active impurities, particularly Zr®®, 
was also demonstrated by the pulse height data. 

The zero time counting rate intercepts of the 
separated activities, obtained from Fig. 2, may be 
used to evaluate the neutron absorption cross section 
of Pa. The production rates of Pa* and Pa™* in a 
neutron flux of @ neutrons/cm? sec are given by 


dN ,/dt=go.No— (Ai+¢01) Mi, (2) 
dN2/dt= g01N1— (A2+¢02) No, (3) 


where the subscripts 0, 1, and 2 refer to Pa™!, Pa”, and 
Pa**, respectively, and where N, oc, and A have their con- 
ventional meanings. The flux destruction terms ¢o; 
and ¢o2 have been included since for fluxes of the order 
of 10'* n/cm? sec the product ¢¢ may be comparable in 
magnitude to X. 

Dividing the solution of Eq. (2) by that of Eq. (1) 
and multiplying the result by 2/1 gives a lengthy but 
straight-forward expression for the Pa**/Pa™* activity 
ratio in terms of ¢, ¢, 01, 72, and the decay constants. 


TD. Hughes, Pile Neutron Research 


; (Addison-Wesley 
Press, Cambridge, 1953). 
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Fic. 2. Decay of Pa and Pa®* produced in a 
high-flux irradiation of Pa*!. 


Substitution of values for these terms and a value of 
5.82X10~* (corrected for absorption in the backing) 
for the Pa**/Pa*" zero time activity ratio (from Fig. 2) 
into this expression results in a value of 760+100 
barns for the absorption cross section of Pa”. 

The values used for the decay constants were those 
corresponding to half-lives of 1.32 and 27.4 days; the 
value used for @ was 1.5610" n/cm? sec; and ¢ was 
taken as 386 hours. The value used for oo, i.e., the cross 
section of Pa**, was 130 barns, an average of the 
152-barn value reported by Halperin ef al.* and the 
107-barn value reported by Smith e/ al. 


III. DISCUSSION 


Within the approximation that Co® and Pa”! are 
1/v absorbers in the thermal region, and that resonance 
absorption effects are eliminated by the method of 
cadmium differences, the cross section of 200+15 
barns for Pa”! corresponds to an energy for which the 
cobalt cross section was measured. Since the value used 
for Co was the thermal value of 37.0 barns, the cross 
section of Pa*! also corresponds to thermal energy, or 
0.025 ev. 

Since cadmium-covered irradiations were not con- 
ducted in the high-flux irradiations of Pa! the value of 
760+100 barns for the Pa cross section must be 


8 Halperin, Stoughton, Ellison, and Ferguson, Atomic Energy 
Commission Report TID-2010, Vol. 3, No. 3, September, 1953 
(unpublished). 

®Smith, Passell, Reeder, Alley, and Heath, Atomic Energy 
Commission Report IDO-16226 (to be published). 
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regarded as that corresponding to a pile neutron 
distribution. This value is seen to be in considerable 
disagreement with the value of 40{39 barns reported 
by Elson and co-workers.’ No explanation for this 
large discrepancy is immediately apparent. However, 


the 760-barn value is consistent with that expected 
# Elson, Sellers, and John, Phys. Rev. 90, 102 (1953). 
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from cross-section systematics in this mass region." 
Since Pa consists of an odd number of protons and an 
odd number of neutrons, the binding energy for an 
additional neutron is high; hence, an absorption cross 
section considerably higher than those of Pa*' and Pa** 
is to be expected. 


J. E. Evans, Phys. Rev. 96, 845 (1954). 
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N"(a,n)F"” and Na*(a,n)Al** Reactions*{ 


W. T. Doytef anp A. B. Rossins§$ 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 


(Received October 17, 1955) 


The N“(a,n)F" and Na**(a,n)AP* reactions have been studied by two methods, a proton recoil teiescope 
and a slow neutron threshold detector. An energy level in F!’ at 0.54--0.04 Mev has been observed and a 
ground state Q value of —4.76+0.07 Mev was determined. Energy levels in Al** were found at 0.3, 1.0, 
1.4, 1.8, 2.5, and 2.9+0.2 Mev and a ground-state Q value of —2.9+0.2 Mev was determined. In the latter 
reaction an excitation curve of the seven-second beta activity in Al** has been observed with a threshold Q 
of —3.2+0.2 Mev, indicating the presence of an isomeric state in Al®* at about 300 kev. 


I. INTRODUCTION 


ECENT interest in the hypothesis of charge 
independence of nuclear forces and conservation 
of isotopic spin has made desirable the studying of 
nuclear level structure by several reaction routes. As 
mentioned in a previous paper,' (a,z) reactions have 
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1A. R. Quinton and W. T. Doyle, Phys. Rev. 101, 669 (1956). 


been neglected in the past. In the present work the 
reactions N“(a,7)F'” and Na*(a,m)Al"* are investigated. 


II. METHODS 


The energies of the neutron groups were determined 
using a proton recoil telescope. The recoil protons from 
a hydrogenous radiator were absorbed in aluminum 
giving integral range curves, the geometry being 
determined by coincidences from two unpeaked propor- 
tional counters. 

Threshold reaction energies for different levels were 
determined using an enriched BF; counter as a slow- 
neutron detector and varying the energy of the alpha- 
particle beam from the cyclotron in a helium range 
cell. A detailed description of these methods has been 
given in an earlier paper.’ 
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Fic. 2. Slow-neutron threshold curve for N“(a,n)F!" reaction. 
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Fic. 3. Beta excitation 
curve for N*(a,n)F!” 
reaction. 
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One state in each of the reactions was determined 
from the threshold for beta activity observed with a 
thick Nal crystal and scintillation detector. The energy 
of the alpha-particle beam was varied in the helium 
range cell and the beta activity was determined with 
the cyclotron off after a controlled bombardment. 


Ill. N'*(a,n)F" REACTION 


Thick targets of NH,NO;, deposited on a lead 
backing, were used in this experiment. Determination of 
the neutron energies at 0° was made with the proton 
recoil telescope using several layers of polyethylene as 
radiating material. The integral range curve is shown in 
Fig. 1, with the two sharp breaks indicating the ground 
state and the first excited state in F!’. The energies of 
the neutrons were obtained using recent range-energy 
curves for protons in aluminum.? The alpha-particle 
energy has been measured by several independent 
methods and the value used for the extrapolated beam 
energy is 8.16 Mev. 

The ground-state and first excited state Q values 
were determined independently for this negative Q 
reaction by observing the slow-neutron thresholds 
using the BF; counter. The results of a typical run 
are plotted in Fig. 2. Sharp changes of slope are again 
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Fic. 4. Integral range curve of recoil protons from Na™(a,n)Al?® 
reaction. Observation at 0°. 
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Fic. 5. Slow-neutron threshold curve for Na*(a,")Al* reaction. 


observed, corresponding to the ground state and first 
excited state. The Q values for the two levels were 
obtained from the average of 10 runs. 

The ground-state Q value was determined in still a 
third way by observing the 66-second beta activity 
from F"’ as a function of bombarding energy. The 
curve is shown in Fig. 3 and gives the best determination 
of the Q value for the ground state for this reaction. 

The results of the three experiments have been listed 
in Table I. The ground-state Q agrees within our 
experimental error with the Q value of —4.75+0.02 
Mev calculated for this reaction from mass defects as 
determined from other reactions.’ The excitation energy 
of the first excited state is in agreement with the 
value of 0.54+0.01 Mev obtained by Ajzenberg* from 
the O'*(d,n)F"” reaction. 


IV. Na*(a,n)Al’* REACTION 
Recently great interest has been shown in this isotope 


as the result of the discovery of isomerism in Cl* 
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Fic. 6. Beta excitation 
curve for Na™(a,n)Al** 
reaction. 
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TABLE I. N**(a,n)F"’ reaction. 


ROBBINS 


TABLE II. Na*(a,n)Al** reaction. 
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excitation 
Q (Mev) 
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Average Average 
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—4.70 
—§.25 


—4.79 
—5.32 


—4.76+0.07 
— 5.30+0.07 


0.00 


—4.75 
cee 0.530.04 








by Arber and Staehelin.® Staehelin,*® and independently 
Moszkowski and Peaslee,’ have suggested that Al?* may 
also have isomeric states. They reach this conclusion 
on the basis of observed regularities in the spins and 
positions of the lowest T=0 levels in the odd-odd 
N=Z nuclei. They find, in fact, that the spin of the 
lowest T=0 levels of these nuclei exhibits a periodicity 
from which they deduce a spin of J=5* for Al’. 
Moreover for these nuclei the height of the lowest 
T=1, J=0* states above the lowest T=0 state 
decreases regularly with increasing A, the order of the 
levels changing in the region near A = 26. According to 
Arber and Staehelin, in Cl* the ground state is T=1. 
The observed regularities would suggest that Al?* may 
also have a T=1 ground state. Since the T=0 level 
has J=0*, the two levels were expected to undergo 
independent 6* decay with the well-known 6.7-second 
activity assigned to the 7=1 state. Estimates of the 
half-life of the T=0 state range from 10* to 10° years. 
The predicted level has received striking direct con- 
firmation with the discovery of a long-lived positron 
activity in Al’* by Simanton, Rightmire, Long, and 
Kohman.* The question of whether the T=1 level 
lies below the 7=0 level as in Cl* has been raised in 
several recent investigations’ and it is considered here 
as well. 

The Na*(a,n)Al** reaction is studied here by several 
methods. Figure 4 shows the average of seven integral 
curves of the recoil protons taken with the proton recoil 


( 053) Arber and P. Staehelin, Helv. Phys. Acta 26, 433, 584 
1953). 

® P. Staehelin, Helv. Phys. Acta 26, 691 (1953). 

7S. A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 941 
(1954). 

8Simanton, Rightmire, Long, and Kohman, Phys. Rev. 96, 
1711 (1954). 

® Kluyver, van der Leun, and Endt, Phys. Rev. 94, 1795 (1954); 
Haslam, Roberts, and Robb, Can. J. Phys. 32, 361 (1954); 
C. P. Browne, Phys. Rev. 95, 860 (1954); and Kavanagh, Mills, 
and Sherr, Phys. Rev. 97, 248 (1955). 
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telescope. Observation was at 0°. Thin targets of NaBr 
and NaHCO; were used. Several groups, indicated by 
vertical arrows, are present. The gentle slope between 
the second and third group may well indicate the 
presence of an unresolved level at an excitation energy 
of 1 Mev. The strong rise at the fourth group suggests 
the presence of several levels, the lowest of which has 
the energy indicated. 

Slow-neutron thresholds for this reaction, using thick 
Na metal targets have also been observed. Figure 5 
shows a typical run. The ground-state threshold is lost 
in the background. Because of the Coulomb barrier it 
would be expected to be weak. As can be seen in Fig. 5 
the thresholds become progressively weaker at lower 
bombarding energies. The level at E*=1.4 Mev 
appears clearly in the threshold curve but it is absent 
or weak in the telescope curve. 

An excitation curve of the 8* activity in Al’* was also 
observed by bombarding thick Na metal targets at 
known beam energies in a range cell. After the target 
was saturated, the cyclotron was switched off and the 
activity was monitored for 15 seconds with a Nal 
scintillation counter. The excitation curve so obtained 
is shown in Fig. 6. The shape of the curve shows the 
influence of the Coulomb barrier as well as the thresh- 
old. The activity threshold coincides with the lowest 
neutron threshold observed and indicates that the 
6.7-second activity originates in an excited state of 
Al* at about 300-kev excitation. Kavanagh, Sherr, and 
Mills? have recently reported a level in this region at 
219 kev which they have shown to have the spin and 
parity appropriate to the 7=1 level expected in Al**. 

The Q values obtained using the three methods, 
together with mean Q values and excitation energies 
E*, are listed in Table IT. 
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The decays of Ca® and its daughter have been studied by beta- and gamma-ray scintillation spectroscopy. 
Ca was observed to decay with a half-life of 8.75+-0.20 minutes, exciting gamma-ray transitions in Sc® of 
3.10+0,03, 4.05--0.05, and 4.68+-0.05 Mev energy and relative intensities of 1.0, 0.11.02, and 0.0038 
+0.0010. Two beta-ray groups were resolved from the Ca spectrum of energy 1.95-+0.05 and 0.89+0.15 
Mev. In agreement with previous work, Sc was found to be a pure beta emitter. The beta-ray energy of 
Sc was measured as 2.05+0.05 Mev, and the half-life was found to be 57.2+0.7 minutes. Spin assignments 


are proposed on the basis of the single-particle model. 





INTRODUCTION 


ADIOACTIVE decay processes exciting nuclei 

having one nucleon more or less than a closed 
shell are of interest since the excited states may be 
studied from the point of view of the single-particle 
model, and may be compared with similar situations in 
neighboring nuclei. Such a case is the chain Ca*-Sc*- 
Ti®. Here Ca, with its closed proton shell and odd 
neutron, excites energy levels in Sc®, where the neutron 
shell is closed and a single odd proton past a closed 
shell is available for excitation. 

Early work by Walke! assigned two isomers to Ca” 
of half-life 30 minutes and 2.5 hours. Sc was found to 
have a half-life of 572 minutes and a beta-particle 
energy of 1.8 Mev. Irradiating enriched Ca** with slow 
neutrons, der Mateosian and Goldhaber? assigned an 
8.5-minute period to Ca and demonstrated that the 
Sc® of about one-hour half-life was the radioactive 
daughter of the Ca®. Aluminum absorption of the beta- 
rays indicated approximate energies of 2.7 and 2.4 Mev 
for Ca® and Sc, respectively. Although these experi- 
ments did not disclose any isomer of Ca, hard gamma- 
rays were seen in about equal intensity to that of the 
beta-particles. Recent measurements of Sc by Koester® 
confirm Walke’s half-life of 57 minutes, and indicate a 
beta-particle energy of 2.0 Mev. A limit to the gamma 
radiation was given by Koester as E,/8<0.05 Mev. 

For the investigation reported here, scintillation 
spectroscopy of both beta and gamma radiation was 
performed, and decay schemes for both Ca and Sc 
were evolved. 


EXPERIMENTAL METHODS 
Source Preparation and Purity 


The Ca® activity was prepared by slow neutron 
irradiation of either analytical reagent grade Ca(NOs)2 
or spectroscopically pure CaCO; enriched in Ca‘* to 
51.4 percent. Before irradiation, the target materials 
were handled with great care to prevent the introduction 

1H. Walke, Phys. Rev. 51, 439 (1937); 52, 777 (1937); Walke, 
Thompson, and Holt, Phys. Rev. 57, 163 (1940) ; 57, 171 (1940). 

2E. der Mateosian and M. Goldhaber, Phys. Rev. 79, 192 
(1950). 

3L. Koester, Z. Naturforsch. 9A, 104 (1954). 


of any foreign substances, since no chemical purification 
of the Ca® was made after bombardment. Irradiations 
were performed in the rapid transfer pneumatic tube 
of the ORNL Graphite Reactor for 8.5 minutes. After 
irradiation, samples were usually inserted in the ap- 
propriate scintillation spectrometer within 2 to 4 
minutes after removal from the reactor. All single- 
crystal beta- and gamma-ray spectroscopy measure- 
ments were made using the enriched CaCO; target 
material. Several spectra were run during a period of 
three to five half-lives for each gamma-ray sample, and 
it was established that all portions of the spectra 
decayed with the same half-life. 

Since the Ca® rapidly decays into Sc®, beta decay 
curves of Ca“ are complex and the half-life of Ca® is 
difficult to measure with precision by this method. A 
half-life measurement was therefore made using a 
single-channel analyzer set on the 3.1-Mev gamma-ray 
peak of Ca, which yielded a half-life of 8.75+0.20 
minutes over 8 half-lives. 

Samples of Sc were chemically separated from Ca® 
sources prepared by irradiating several grams of ana- 
lytical reagent Ca(NO3)2 in the ORNL Graphite 
Reactor for 10 minutes. The Ca(NOs3)2 was then dis- 
solved in 0.01M HCI containing ~1 mg Sc*** carrier, 
and stirred for another 10 minutes with 0.1M thenoyl- 
trifluoroacetone (TTA) in xylene. After washing the 
organic phase twice with water, the Sc was back- 
extracted into 1.0M HCl, and finally precipitated as 
the hydroxide. The measurements described below were 
performed on small portions of the Sc(OH); precipitate. 

The half-life of Sc beta particles was followed for 11 
half-lives on a 2x, flow-type proportional counter, and 
a value of 57.2+0.7 minutes was obtained from a least 
squares analysis of the data. 


Gamma-Ray Spectroscopy 


All gamma-ray studies used scintillation spectrom- 
eters composed of 3-inch high, 3-inch diameter, thal- 
lium-activated sodium iodide crystals attached to 
DuMont type 6363 photomultiplier tubes in the manner 
described by Lazar and Klema.‘ Sources were placed on 


4N. H. Lazar and E. D. Klema, Phys. Rev. 98, 710 (1955). 


1059 





1060 


the axis of the crystal, 9.3 cm from the top surface of the 
crystal. Polystyrene absorbers 1.3 g/cm? were placed 
between the source and crystal to remove the beta rays. 
A twenty-channel analyzer designed by Bell, Kelley, 
and Goss’ was used for pulse-height analysis. The 
spectrometer was calibrated with gamma rays from 
Na*™ (2.76 Mev), Y** (0.908 and 1.85 Mev), and ThC” 
(2.62 Mev) sources. 

The low-energy portion of a typical gamma-ray 
spectrum from Ca® is shown in Fig. 1. The peak at 0.51 
Mev is attributed to pair production in the lead shield 
surrounding the scintillation detector by the energetic 
gamma rays. An approximate calculation showed the 
intensity of this peak could be satisfactorily explained 
in this manner. The full energy peak and the middle 
and lower pair peaks for a gamma ray at 3.10 Mev are 
clearly shown. Several experiments under conditions 
similar to those of Fig. 1 failed to disclose any further 
peaks which were reproducible enough for interpre- 
tation, particularly in view of the rapid buildup of 
bremsstrahlung produced in the absorber by the 2.05- 
Mev beta ray from the decay of the daughter, Sc®. Any 
gamma radiation in the energy range of 0.7 to 1.9 Mev 
must have an intensity less than five percent that of 
the 3.10-Mev gamma ray or it could have been seen in 
these measurements. 

The high-energy gamma-ray spectrum of Ca® is 
displayed in Fig. 2, showing full energy peaks at 4.05 
and 4.68 Mev in addition to the 3.10 Mev peak already 
shown in Fig. 1. By using as a guide the shape of the 
spectrum from the 4.44-Mev gamma ray in the reaction 


COUNTS/SEC 


Co*%on 3x 3in. NoI at 9.3m 
~ 4300 mg/cm2 Polystyrene 
Absorber 


4.0 


ie) 200 400 600 800 


PULSE HEIGHT 


4000 4 
Fic. 1. Gamma-ray spectrum from Ca on 3-inch diameter, 
3-inch high NaI(T1) crystal to about 3.4 Mev. 


5 Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, 1951 (unpublished). 
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N*(p,ay)C” and the spectrum from the 2.76-Mev 
transition in Na™, the complex spectrum of Fig. 2 was 
analyzed as shown. Relative gamma-ray intensities 
were then calculated from the full-energy peak areas 
and from the intrinsic peak efficiences determined ex- 
perimentally using high-energy rays in certain nuclear 
reactions. Table I summarizes the data on the Ca 
gamma rays, including the intrinsic peak efficiencies 
used. 

A careful measurement of the number of beta-ray 
transitions per gamma ray was undertaken to check the 
hypothesis that ground-state beta transitions in Ca” 
are forbidden and are therefore present in very low 
intensity. A few tenths of a milligram of enriched 
Ca*8CO; was irradiated in the ORNL Graphite Reactor 
for one minute. As soon as possible after the irradiation, 
the sample was placed on a Formvar-polystyrene film 
about 25 micrograms/cm* thick, and covered with a 
similar film. With this source placed 9.1 cm above a 
3-inch high, 3-inch diameter sodium iodide crystal 
spectrometer, a measurement of the 3.10-Mev peak was 
made at a carefully determined time. The source was 
then transferred to a 4 beta counter® and the decay 
of Ca® and the growth-decay of Sc was followed in the 
4x counter for about 105 minutes. The Sc® counting 
rates at six times between 70 and 105 minutes after the 
end of the bombardment were analytically extrapolated 
to the mid-time of the bombardment as zero time, using 


400 


COUNTS / SEC 


Ca”* on 3x3 Nol 
ot 9.3 cm 
AID G4 
~ 4300 mg/cm? 
Polystyrene Absorber 
° 200 400 600 
PULSE HEIGHT 


800 4000 


Fic. 2, Gamma-ray spectrum from Ca on 3-inch diameter, 
3-inch high NaI(TI) crystal above 2.5 Mev. 


6 The authors are indebted to A. R. Brosi for the use of his 4x 
counting equipment. 
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TABLE I. Energies and intensities of Ca gamma rays. 








Intrinsic peak 
efficiency used 


0.076 


0.048 
0.041 


Intensity relative to 
3.10-Mev gamma ray 


Gamma-ray 
energy, Mev 


3.10+0.03 1.00 


4.05-+0.05 0.11-+0.02 
4,680.05 0.0038-+0.0010 











the 57.2-minute half-life reported above. The six values 
of the Sc® rates at zero time agreed with their mean 
value to 1 percent. From the ratio of the Sc and Ca” 
half-lives and an analytical decay correction for the 
time between zero and the gamma-ray analysis, the 
beta disintegration rate for the Ca sample was calcu- 
lated. The absolute number of 3.10-Mev gamma rays 
was obtained from the area of the full-energy gamma- 
ray peak corrected for the Compton and pair distri- 
bution from the 4.05-Mev gamma ray, applying the 
usual exponential correction for absorption in the 2 
g/cm? of polystyrene absorber placed between source 
and detector, and dividing by the product of geometry 
and intrinsic peak efficiency. From this measurement 
Na/N_,=0.95+0.10, where the quoted error reflects 
primarily the authors’ uncertainty in the sodium iodide 
peak efficiency for this high-energy gamma ray. It is 
concluded that all beta-ray transitions occur to excited 
states, within the experimental error. 

Gamma-gamma coincidence spectroscopy measure- 
ments on Ca® showed that neither the 4.05- nor 4.68- 
Mev gamma rays were in coincidence with the 3.10- 
Mev gamma ray, and that any gamma-ray transitions 
between the 4.05- and 3.10-Mev states were present in 
less than two percent of the intensity of the 3.10-Mev 
transition. 

A search was made for gamma radiation from Sc*®. 
A strong source of Sc® was located 9.3 cm above a 
3-inch X3-inch sodium iodide spectrometer. Directly 
beneath the source was placed a polystyrene absorber 
2 g/cm? thick. No peaks were seen, only the typical 
bremsstrahlung distribution with the approximately 
exponential decrease in counting rate with pulse height. 
The data from this experiment were used to set a limit 
on the number of 1.35-Mev gamma-ray transitions from 
the known first excited state’* of Ti®. For this calcu- 
lation it was assumed that a peak whose area was about 
1.5 percent of the area of the bremsstrahlung spectrum 
would have been easily discerned. Using an intrinsic 
peak efficiency of 0.174 for the 1.35-Mev gamma ray 
and 1.0 for the bremsstrahlung, the ratio of gamma ray 
to bremsstrahlung intensity becomes about 0.1. If the 
further assumption is made that the ratio of brems- 
strahlung photons to beta disintegrations in this 
geometry is approximately 5X 10-*, then the maximum 
number of 1.35-Mev gamma rays per beta disintegration 
is estimated to be about 5X 10~. 


7 Bretscher, Alderman, Elwyn, and Shull, Phys. Rev. 96, 103 
826A (1954). 
8 W. W. Pratt, Phys. Rev. 97, 131 (1955). 
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. 3, Fermi analysis of the Ca” beta-ray spectrum. 


Beta-Ray Spectroscopy 


Scintillation methods were employed for studies of 
the beta spectra from Ca and Sc®. The scintillation 
spectrometer used a 1-inch diameter, }-inch high 
anthracene crystal attached to the face of a DuMont 
6292 photomultiplier tube by means of silicone stopcock 
grease. The beta particles from the source were col- 
limated into a well in the top face of the crystal, forming 
a hollow crystal spectrometer of the type described by 
Bell. The measured resolution was 14 percent (full 
width at half-maximum counting rate) for the 0.625- 
Mev internal conversion electron line from Ba'™, 
Energy calibration for the spectrometer was obtained 
using the 0.625-Mev line of Ba" and the 0.976-Mev 
line of Bi*’. 

Sources of Ca® for measuring the beta-ray spectra 
were prepared by placing about 0.2 mg of irradiated 
Ca**CO; between the Formvar-polystyrene films, each 
about 25 ug/cm? thick. The total source thickness was 
approximately 1 mg/cm’. A Fermi plot of the beta 
distribution is shown in Fig. 3, after subtracting the 
gamma-ray background obtained by placing a thick 
copper absorber over the collimating hole of the spec- 
trometer. The figure shows the data resolved into 
components of 1.95+0.05 and 0.89+0.15 Mev. The 
8-ray intensity ratio obtained was Jo.9/I1.95=0.14. This 
may be compared with the ratio of the intensities of 
the 4.05 and 3.10 gamma rays, namely 0.11, since it has 
previously been shown that all beta decays are to 
excited states in Sc, and no gamma-ray cascades were 
seen. However, branching calculations using the 
gamma-ray intensities are to be preferred, since un- 
certainties in the amount of scattering of beta rays and 
the relatively poor resolution of the 8 spectrometer 
make intensity determinations from these beta-ray 
spectra somewhat tenuous. 


*P. R. Bell, Beta- and Gamma-Ray Spectroscopy, edited by K. 
Siegbahn, (Interscience Publishers, Inc., New York, 1955) Chap. 
5, p. 136. 
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Fic. 4. Proposed decay scheme for the decay chain 
Ca®—Sc®—Ti®. 


The Sc® beta-ray energy was measured in a similar 
fashion, except that the source was considerably 
thicker. An energy of 2.05+0.05 Mev was obtained 
from a Fermi analysis of the data. 

A summary of the beta-ray data is presented in 
Table II, where abundances of the Ca® beta groups and 
energies of the two lowest energy beta groups are 
inferred from the gamma-ray studies. 


DISCUSSION 
Mass Differences 


The results of the experimental measurements de- 
scribed above have been incorporated into the decay 
scheme shown in Fig. 4. 

Excellent confirmation of the decay scheme proposed 
for Ca® is seen by comparing the Ca“—Sc® ground 
state mass difference measured here with that calculated 
from the other data'*-" shown in Table III. The meas- 
ured mass difference of 5.05+0.05 Mev agrees very well 
with the calculated value of 5.21 Mev in view of the 
large uncertainty in the Q-values of the Ca**(d,p)Ca® 
reaction. 

The mass differences between Ca®, Sc®, and Ti® may 
be compared with other Ca-Sc and Sc-Ti mass differ- 
ences, plotting the data after the manner of Way and 
Wood." Such a correlation is shown in Fig. 5, where the 
experimental points are labeled according to the nucleus 
whose decay measures the mass difference. Nuclides 
reported here are underlined. The beta-decay energies 
used in the diagrams were obtained from the table of 


N.S. Wall, Ph. D. thesis, Massachusetts Institute of Tech- 
nology, 1953 (unpublished), and private communication to D. M. 
van Patter and W. Whaling, reported in Revs. Modern Phys. 26, 
426 (1954). 

" Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 

12 T. Okuda and K. Ogata, Phys. Rev. 60, 690 (1941). 

8 J. Mattauch and R. Bieri, Z. Naturforsch. 9A, 303 (1954). 

4K. Way and M. Wood, Phys. Rev. 94, 119 (1954). 


King,"® except for the Ca*’ point, which was measured 
by Lyon'*® and independently by Lidofsky et al.'7 The 
curves for the Ca-Sc and Sc-Ti mass differences show 
a marked nonlinearity as a function of neutron number, 
unlike the more nearly linear dependence exhibited by 
the nuclides of higher atomic number. Such deviations 
from linearity appear more conspicuously among the 
light elements.* The Sc® point falls on a smooth curve, 
but the Ca® decay energy shows the expected jump past 
the closed shell at 28 neutrons. 


Spin Assignments 


In the region of the closed shells, single-particle spin 
assignments are probably fairly reliable. Since Ca has 
a 20-proton closed shell, and contains one neutron more 
than the 28-neutron, f7/2 closed shell, the possibilities 
for the ground-state spin are fsx, Ps/2, and p12. Experi- 
mentally, it appears the 3/2 spin falls lower than the 
others in nuclides having 29 odd nucleons.'* Recent 
Ca‘*(d,p)Ca® angular distribution measurements by 
Braams” suggest /=1 for the ground state of Ca®, 
which is consistent with the proposed 3/2 configuration. 

Because of the 28-neutron closed shell in Sc® and its 
21 protons, the ground state is almost surely f7/2, in com- 
mon with other nuclei having 21 nucleons. The first 
two excited states would be expected to arise from 3/2 
and fs/2 orbitals. These assignments are in agreement 
with the log ft values for the beta transitions feeding 
the levels. An indication that the fs/2 state lies above the 
psy2 State is seen in the calculated gamma-ray transition 
probability for decay of the second excited state to the 
ground state relative to a decay to the first excited state. 
Both transitions are M1 according to the proposed 
decay scheme, and using single particle estimates” the 
probability for the 0.95-Mev transition is only about 
0.02 that of the 4.05-Mev gamma ray, or about 0.2 
percent the intensity of the 3.10-Mev gamma ray, and 
thus would not have been seen in the measurements 
described above. If the orbital assignments were re- 
versed the cascade gamma ray would retain its M1 


TABLE II. Summary of beta-decay data on Ca and Sc®. 








Beta-ray 
energy, Mev 


(0.37)* 

(1.00) 
1.95-+0.05 
2.050.05 


Abundance* 


0.0034 
0.10 
0.90 
1.00 


Nuclide 


Ca®* 
Ca® 
Ca® 
Sc* 











*® Calculated from gamma-ray data. 


16 R. W. King, Revs. Modern Phys. 26, 336-8 (1954). 

16 W. S. Lyon (to be published). 

17 Lidofsky, Benczer, and Fischer, Phys. Rev. 99, 658(A) (1955). 

18R. H. Nussbaum, thesis, University of Amsterdam, 1955 
(unpublished). 

1 C, M. Braams (private communcation to R. H. Nussbaum). 
See reference 18. 

2S. A. Moszkowski, Beta- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn, (Interscience Publishers, Inc., New York, 1955), 
Chap. 13. 
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character, but the ground-state transition would be £2. 
Again from the single particle formulas, the 0.95-Mev 
gamma ray would be about 40 times as intense as the 
4.05-Mev gamma ray, and would have been easily 
discerned in the experiments described here. 

No assignments have been made for the excited state 
at 4.68 Mev. That this level cannot be the expected 1/2 
state is established by the absence of gamma-ray 
transitions cascading from this state. If the 4.68-Mev 
level were 1/2, then the ground-state transition would 
be £3, and the 1.58-Mev transition to the 3/2 level 
would be M1 and in much higher intensity than the 
4.68-Mev gamma ray. 

The high energy of the first excited state in Sc (3.10 
Mev) is consistent with Nussbaum’s observation'® that 
in nuclides with 21 or 27 identical nucleons the first 
excited state lies more than 1 Mev above the f7/2 ground 
state. One might expect the level scheme of Ca*! to 
show some similarity to that of Sc®, since Ca‘ has 20 
protons and 21 neutrons. From angular distribution 
measurements of the Ca“(d,p)Ca* reaction, Holt and 
Marsham”' assigned an orbital angular momentum /= 3 
to the ground state of Ca*', and /=1 to the first two 
excited states. Similar measurements by Black” con- 
firmed the ground state and first excited state /-values. 
Because of strong capture gamma rays to the first two 
excited states in Ca*’, Kinsey et al.¥ concluded that 
these states should have a spin of either 3/2- or 1/2-. 
The above data strongly indicate that the ground state 
can be attributed to an f7/2 configuration and that the 
first excited state is 3/2. It is surprising that the 3.10- 
Mev ps2 state in Sc® lies so much higher than the 
corresponding 1.9-Mev state in Ca", since 20 is generally 


TABLE III. Data from various sources used for calculation 
of Ca*—Sc* mass difference. 








Experimental 
uncertainty, 


Mass difference, Mev Mev Reference 


1 Ca*+D*?=H'+Ca®+2.80 0.30 

2 4(C) = Ca*+44.32 0.09 
3 Ti®=4(C) +H!—55.82 0.05 
4 2(H') = D?+1.441 0.001 
5 
6 





This work 
Sum of lines 
1, 2, 3,4,5 


Sc®=Ti®+2.05 0.05 
Sc®=Ca®—5.21 








21 J. R. Holt and T. N. Marsham, Proc. Phys. Soc. (London) 
A66, 565 (1953). 

2 C. F. Black, Phys. Rev. 90, 381(A) (1953). 
os” Bartholomew, and Walker, Phys. Rev. 85, 1012 
1952). 
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Fic. 5. Correlation of Ca—Sc and Sc—Ti mass differences from 
beta decay data. Decay energies reported here are underlined. 


thought to be more “‘magic”’ than 28 and so the ground- 
state excited-state energy separation in that case might 
be expected to be more pronounced. 

Jeffries“ has measured the ground-state spin of Ti® 
as 7/2, and from studies of the reaction Ti**(d,p)Ti® 
Bretscher ¢f al.’ assign /=3 to this state of Ti®. There- 
fore the ground state is assigned an /7/2 orbital, again 
consistent with systematics in this region. The first 
excited state in Ti® is at 1.35 Mev’ but a gamma ray 
of this energy is not seen in the decay of Sc®. The 
probable assignment for this state is ps2,’ and so the 
beta-ray transition to this state would be second 
forbidden. Angular distribution measurements of the 
stripping reaction on Ti* also indicate that the second 
excited state at 1.70 Mev is a p-state.’? Thus the pure 
beta emission observed from Sc* is consistent with the 
known facts about Ti®. 
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The half-life of Pu was found to be (7.64+2)X10" years by measuring the activity of its Np* decay 
product. The possibility of detecting Pu in nature with current techniques and the role of Pu™ and its 
daughters as an early source of terrestrial heat are discussed. 





HE alpha half-life of Pu’, estimated to be 10° 
years,' is of interest because of the role probably 
played by Pu and its U™¥* descendant in the heat 
balance of the earth in its early history’; and because of 
the possibility of finding Pu™ or its effects in nature 
today.‘ Extensive neutron irradiation of Pu produced 
a sample (composition in Table I) containing (2.16 
+0.21)X10-* gram of Pu, enough to allow measure- 
ment of its specific activity. 
Pu™ has been proved to be beta stable, and its 
spontaneous fission half-life has been determined to be 
(2.50.8) X10" years.® Its principal mode of decay is 


a B- B-, 56 Mev 7(31%) 
Py Nip et 
14.1 hr 





7.3 min 


U™ and its Np*° daughter have previously been pro- 
duced through second order neutron capture by U™%, 
and the radiations characterized.*.? Since the 93 alpha 
disintegrations per minute of Pu are obscured by the 
(2.68+0.13)X10* alpha disintegrations per minute of 
other plutonium isotopes in the sample, and since the 
U™ beta radiations are obscured by those of the U7 
that is constantly formed from alpha decay of Pu*',*.® 
the Pu™ alpha activity was measured by means of the 
Np” activity in equilibrium with it. 

The Np activity was measured by two independent 
methods: (a) observation of the 0.56-Mev gamma of 
the Np* in equilibrium with 14.1-hour U™° after the 
uranium had been separated from the plutonium; 
(b) observation of the 7.3-minute Np™ beta decay after 
separation from its U™° parent which in turn had been 
separated from its Pu™ parent. Although the low 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 

? Glass, Thompson, and Seaborg, J. Inorg. and Nuc. Chem. 1, 
3 (1955). 

*D. B. Rosenblatt, Phys. Rev. 91, 1474 (1953). 

‘T. P. Kohman, Science 119, 851 (1954). 

® Fields, Gindler, Harkness, Studier, Huizenga, and Friedman, 
Argonne National Laboratory Report ANL-5387 [Journal of 
Inorganic and Nuclear Chemistry (to be published) ]. 

6 M. H. Studier and E. K. Hyde (private communication, 1948). 
aos” Bunker, Warren, and Starner, Phys. Rev. 91, 889 
“on Street, Ghiorso, and Reynolds, Phys. Rev. 80, 1108 

*F. Asaro, University of California Radiation Laboratory 
Report UCRL-2180, 1953 (unpublished). 


activity precluded precise results in either case, method 
(b) gave a more reliable half-life measurement. 


EXPERIMENTAL 


The production of the Pu™ and the initial purification 
of the irradiated plutonium from most of the fission 
products and from aluminum has been reported.":"! 
Further purification of the plutonium involved anion” 
and cation exchange columns, fluoride precipitation, 
methyl isobutyl ketone extraction, and finally, extrac- 
tion into 0.3M_ thenoyltrifluoroacetone (TTA) in 
benzene.” 

The plutonium in TTA benzene solution allowed 
extraction of the uranium daughter into 0.5M HCl, 
leaving the plutonium in the organic phase for sub- 
sequent separations. The procedure followed was: 

1. Two to three days before each measurement the 
plutonium in TTA benzene solution was contacted with 
3M HC! to remove fission products, Am™', and uranium 
that had been generated by the plutonium. 

2. The plutonium in TTA-benzene solution was con- 
tacted with 3M HCl containing a known amount of 
U** tracer. After contacting twice more with HCl, the 
aqueous phases were combined, scrubbed with fresh 
TTA-benzene solution, and finally scrubbed with ben- 
zene to remove any TTA dissolved in the aqueous phase. 
This procedure was varied in the last run to investigate 
the possibility that U"° might have been formed in the 
U (IV) state in the organic phase, and hence might not 
have exchanged with the U (VI) tracer. In this run the 
U*” was formed in dilute HNOs, tracer was added, the 
plutonium was reduced with HO» in concentrated 
HNOs, and the plutonium was extracted into TTA- 
benzene from }M HNOs3. Within the broad limits of 
error of this measurement, no evidence for lack of 
exchange of U? with its U™* tracer was found. 

3. The aqueous phase was heated with N2H,-2HCI 


%” Bentley, Diamond, Fields, Friedman, Gindler, Hess, Huizenga, 
Inghram, Jaffey, Magnusson, Manning, Mech, Pyle, Sjoblom, 
Stevens, and Studier, Proceedings of International Conference on 
the Peaceful Uses of Atomic Energy, Geneva, Switzerland, 
August 8-20, 1955, paper No. P-809. 

uP. R. Fields and C. H. Youngquist, Proceedings of Inter- 
national Conference on the Peaceful Uses of Atomic Energy, 
Geneva, Switzerland, August 8-20, 1955, paper No. P-725. 

2 Thompson, Harvey, Choppin, and Seaborg, J. Am. Chem. 
Soc. 76, 6229 (1954). 

138 Reviewed by E. K. Hyde in The Actinide Elements (McGraw- 
Hill Book Company, New York, 1954), National Nuelear Energy 
Series, Plutonium Project Record, Vol. 14B, pp. 573-580. 
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TABLE I, Composition of the plutonium. 








Mass number of Pu 238 239 


240 241 242 244 











Relative mass (mole %) 0.16+0.02 | 0,068-+0.004 





~0.30840.006 | 98.7740.03 | 0.052-0.004 





Alpha activity (%) 81.93+0.34 








0.633-+0.006 | 
5.2640.3 | : 


ee 12.8140.2 














in dilute HC] to reduce any remaining plutonium, and 
placed on a 3 to 8 cmX 2-mm diameter Dowex 50 cation 
exchange column in 3M HCl. After passing a few free 
column volumes of 3M HNO; through the column, the 
uranium was eluted (about 12th free column volume) 
with 2N HNO;. The plutonium remained on the 
column." 

The uranium eluate from one run was mounted 
directly onto a platinum disk and the 0.56-Mev gamma 
radiations were followed for several days. The detector 
was a 1-in.X1.5-in. diameter NalI(Tl) crystal and 
photomultiplier tube connected to a 20-channel pulse 
analyzer. Although a photopeak was not apparent, the 
channels corresponding to 0.56 Mev were identified by 
means of Au'®, Cs!*7, and Na” standards. The efficiency 
of the detector was determined with Au'** and Cs'87 
standards that had been calibrated with a 4m counter. 
The other gamma radiations of Np™° were not investi- 
gated because they yielded too low a counting rate. 

The remaining measurements were made by observing 
the 7.3-minute beta emission of Np after its separation 
from the uranium. This was accomplished by the 
method given by Magnusson, Huizenga, Siddall, and 
Studier.’® The uranium was obtained in a solution that 
was 0.5M HNOs, 0.15M H2SO,, 0.01M urea, and 0.5 
mg zirconium carrier per ml, and was heated to 50°C. 
Np”? tracer was added in the (VI) state, and the solu- 
tion was reduced with 0.005M Fet* for 20 seconds. Side 
experiments had shown that this was adequate for 
virtually complete reduction of the neptunium (VI) to 
neptunium (IV). The solution was then made 0.05M 
H;PQ,, stirred for two minutes, and centrifuged. The 
supernatant, containing the uranium, was reserved for 
the next determination. The precipitate was slurried 
with a few tenths of a milligram of lanthanum, and 
treated with 1M HF—1M HNO,, leaving the zirconium 
in solution and the neptunium co-precipitated with 
lanthanum as a fluoride. This precipitate was washed 
with 0.1M@M HF—1M HNOs, slurried with methanol, 
and evaporated onto a platinum counting disk with an 
induction heater. The time from centrifugation of 
Zr3(POx4)2 to the initial time of counting was 6.5 to 9 
minutes. 

The procedure for the subsequent separations of the 
Np“ from the remaining uranium supernate was 
modified so that ZrO** ion was added to the phosphate 
solution in order to obtain the initial precipitate. When 
the accumulation of Fe+** ion became too great, only 


4 J. C. Sullivan (private communication, 1954). 
18 Magnusson, Huizenga, Siddall, and Studier, Argonne National 
Laboratory Report ANL-4667, 1951 (unpublished). 


a small amount of the neptunium was reduced and it 
was necessary to purify the uranium and proceed as in 
the above paragraph. 

Because of the extremely low counting rate (0 to 7 
counts per minute) it was necessary to use a flowing gas 
proportional counter whose background had been re- 
duced to 2.5 counts/min by lead shielding and a sur- 
rounding belt of Geiger-Miiller counters in anticoinci- 
dence with the proportional counter. The effective 
geometry of the counter was obtained with P® (1.70- 
Mev) and Y%” (2.19-Mev) standards whose activities 
were determined by a 47 counter. All counts were taken 
through 67.7-mg/cm? aluminum absorbers to eliminate 
any U*? activity that might be on the plate. 

The mass of Pu“ in the sample was obtained from 
alpha counting and alpha pulse analyses to give the 
amount of Pu™ activity (Table I), and mass spec- 
trometry (Table I) to give the ratio of Pu to Pu’. 
The alpha half-life of Pu? used was (3.9+0.1)X 10° 
years.!® 

RESULTS 


Proof that the measured activities are the alpha- 
decay product of Pu“ rests chiefly on the characteristic 
half-life (7.3 min) of Np™° (Fig. 1). Since the Pu? in 
the sample undergoes 1440 spontaneous fissions per 
minute, it was necessary to ascertain that there is no 
fission product!’ with a half-life from 2 to 20 minutes 
that might persist through the chemical procedure used 
and through the time lapse (6-9 hours) between the 
separation of uranium from plutonium, and the meas- 
urement of the activity. The consistency of the parent 
activity with the 14.1-hour decay of U™° supports the 
assignment of the short-lived activity to Np*°. The 
barely perceptible 0.56-Mev gamma, measured in the 
Nal scintillation counter, provides support both for the 
isotopic assignment of the activity and for its magni- 
tude. 

Each Np™ separation yielded 0-7 counts per minute 
above 4-5 counts per minute of background and long- 
lived activity. Ten Np™® separations from four U*° 
samples gave a Pu™ alpha disintegration rate of 93+11 
disintegrations per minute (least squares). 

The 0.56-Mev gamma by which 31% of the Np™° 
decays, was observed to be 5% above background in 
the 20 channel gamma-ray spectrometer, and this 
amount was observed to decay in a manner consistent 
with the expected 14.1-hour U™® half-life. The 102+34 


16 Mech, Stevens, Diamond, Studier, Fields, Huizenga, Hirsch, 
and Henderson (to be published). 
17 J. M. Siegal, J. Am. Chem. Soc. 68, 2411-42 (1946). 
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Fic. 1. One of the decay curves for Np™; 4.70.2 counts/min 
background and long-lived activity subtracted. Intercept is least 
squares; slope is assumed. 


disintegrations/minute Pu™ activity inferred from this 
measurement is in good agreement with the above 
results. 

The Pu alpha half-life computed from these data 
is (7.642) X10" years. The standard error arising from 
counting statistics is 15%. Further limits of error were 
set in view of occasional fluctuations in the counter 
background, and a small uncertainty arising from the 
subtraction of long-lived activity whose half-life had 
not been accurately determined. 


CONCLUSIONS 


If the formation of the elements occurred 5.5 10° 
years'® ago, and the amount of Pu formed were com- 
parable to half the amount of Th* in the earth today, 
one might estimate the current Th”: Pu ratio in 
thorium ores to be 10”. If the Pu™ alpha half-life were 
actually the longest half-life within our stated error 
(9.6X 10" years) then an ore containing 34 kg of thorium 
might contain a detectable amount (10-" g) of Pu™. 

Rosenblatt* has brought attention to the possible 
role of U** as a heat source early in the earth’s history. 
This concept is extended to include the entire Pu™, 
U™, Np*, Pu and U™* chain. Figure 2 shows a com- 


18 Reviewed by T. P. Kohman and N. Saito, Ann. Rev. Nucl. 
Sci, 4, 443-445 (1954). 
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Fic. 2. Comparison of heat emission by some of the 
earth’s constituents. 


parison of the rate of heat emission of some of the earth’s 
radioactive constituents during the period when Pu 
and its daughters would be important. This calculation 
is based on the weight ratio of K*: U8: U5: Th: Pu 
being 1:0.116:0.075:0.105:0.105 at the time of the 
origin of the elements. The heat emitted by an atom of 
Pu™ decaying to Th” was calculated to be 6.28X 10-" 
calorie from the data in Asaro and Perlman” and King,” 
allowing for 65% of the maximum beta energy being car- 
ried off by neutrinos." The remaining data used are the 
same as those chosen by Urey.” The heat emitted by U*® 
arising from sources other than Pu is not considered. 
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Isomers with half-lives greater than 10~* second were sought between the 180-cycle 1-microsecond yield 
pulses of a 24-Mev betatron. The following new activities were observed: 


Bombarded element 


Mo 


Half-life (usec) 
As 12 000+3000 
16.5+1.2 


Pd 3346 

WwW 16.0+1.0 
Tl 6545 

Be 530+50 
Bi 2700+250 


Energy (kev) 
305415 
98-+5 
bovee 
305+15 
370415 
{410+15 
\706+20 
506+15 
(500+20 
\930+30 


Additional results include (1) a new half-life determination of Y*" as 287+15 usec, (2) threshold measure- 
ments for several of the activities, and (3) negative results in looking for W!®" and Na”. 





INTRODUCTION 


HIS paper reports the initial successes of a 
systematic search for isomers with half-lives 
between 10-® second and 10~ second. Before this 
study, only four isomers had been reported in this 
intermediate half-life range: Ta!*'™ (22 usec),! Pb 
(145 ysec),? Y*" (370 usec)? and W'®™ (5.5 milli- 
seconds).‘ In contrast, there are more than 80 isomers 
whose half-lives are greater than 10~' second and more 
than 40 isomers whose half-lives are less than 10~° 
second.® 
The disproportionately small number of isomers 
known with intermediate half-lives might lead one to 
conjecture about whether there is a scarcity of such 
isomers due to nuclear structure or whether the ap- 
parent absence of these isomers is due to inadequate 
detecting techniques. The fact that we were able to 
find seven new isomers in our initial work indicates that 
the previous techniques were the limiting factors. Even 
the longest half-lives in the intermediate range (i.e., 
10-' second) are too short to permit effectively moving 
a sample from the place at which it was irradiated to 
a detector. Thus, it is necessary to have both the sample 
and detector stationary while the short-lived activity 


*This work was supported by the joint program of the 
Office of Naval Research and the U. S. Atomic Energy 
Commission. 

tA more complete report of this research was included as a 
thesis submitted in partial fulfillment of the requirements for 
the PhD degree. 

t University of Illinois Predoctoral Fellow. 

1S. De Benedetti and F. K. McGowan, Phys. Rev. 70, 569 


1946). 
é 2 —D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954). 

* Hyde, Florence, and Larsh, Phys. Rev. 5° 1255 (1955). 

‘S. D. Softky, Phys. Rev. 98, 736 (1955 

5 See, for example, M. Goldhaber he » Ww. Sunyar, in Beta- 
and Gamma-Ray Spectroscopy, edited by Kai Siegbahn (North- 
Holland Publishing Company, Amsterdam, 1955), Part II, 


Chap. 16 


is being formed. A technique which has worked very 
well with half-lives less than 10-* second involves 
measuring isomers which are being formed continuously 
from longer-lived radioactive parents. If the isomeric 
half-life is sufficiently short, it is easy to measure the 
time interval between the radiations which announce 
the formation of the isomer and the decay of the 
isomer. However, when the isomeric half-life is too 
long, there may be too many independent radiations 
between the formation and the decay, and these 
extraneous radiations contribute a complicating, chance- 
coincidence, background. 

The technique which is described here is more 
suitable in that a pulsed particle accelerator induces 
the nuclear reactions which form the isomeric states at 
a known time. The counting equipment measures the 
time between this formation and the subsequent decay. 
Softky* used this technique with the 300-usec yield 
pulses of a 32-Mev proton linear accelerator, whose 
yield pulses occurred 15 times per second. Half-lives 
between 2 and 25 milliseconds should have been 
detectable using this technique. Using 17 different 
targets (Be, Mg, A, Ni, Cu, Zn, Mo, Ag, Cd, In, Sn, 
Ta, W, Pt, Pb, Bi, and U), Softky found an isomer 
only with the Ta target and he assigned this 5.5- 
millisecond isomer to W!®™. 

The work reported here used the 1-usec bremsstrah- 
lung yield pulses from the University of Illinois 22-Mev 
betatron which has a repetition rate of 180 pulses per 
second. However, modifications were made on the 
betatron so that the repetition rate of the machine 
could be decreased, when desired, by a factor of 2, 4, 
or 8, thus increasing the time between yield pulses by a 
corresponding amount. The Nal scintillation detector 
could be made sensitive for any time interval except 
a 30-usec interval which ended 20 usec after the yield 
pulse. The preliminary survey reported in this paper 
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involved 27 different elements as samples. Seven new 
isomers were identified while using as samples the six 
elements: As, Mo, Pd, W, Tl, and Bi. These are shown 
in Table I, together with new lifetime measurements 
made on four previously known isomers in Zn, Y, Ta, 
and Pb. 

No intermediate-lived activities were observed with 
17 elements: O, Na, Mg, Al, Cl, K, Ti, Cr, Mn, Fe, 
Ni, Zr, Sb, I, Ba, Ce, and Th. Inasmuch as further 
improvements in techniques are possible, these negative 
results are not particularly significant; these elements 
will be reinvestigated with the increased sensitivity of 
improved techniques. 


EXPERIMENTAL PROCEDURE 


Samples were placed about 10 feet from the betatron 
target in a 13-inch diameter collimated bremsstrahlung 
beam. A 1 in.X1 in.X2 in. rectangular Nal crystal 
mounted on a Dumont 6292 phototube was placed as 
close as possible to the sample without itself being in 
the x-ray beam. An electronic gating network was used 
to select the delay time between the x-ray burst and 
the sensitive time of the counting equipment. 

Since the x-ray burst lasted for only 1 usec, the 
background present when the counting equipment was 
sensitive consisted of slow neutrons and long-lived 
induced radioactivity. The slow neutrons and the 
capture gamma rays emitted when these neutrons were 


captured formed the most annoying part of the back- 
ground and the shielding was designed mainly to 
minimize these neutron effects. The main collimator 
made of Pb was 14 in. long and had an exit port ¢ in. 


ARBITRARY 


Ss, 





Fic. 1. ¥ spectrum, Z,=393 kev. The line at the origin of the 
energy axis marks zero energy. The sudden decrease of intensity 
at approximately } energy divisions is artificial. 
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TABLE I. Observed isomeric lifetimes. 








Energy of 
emitted 
gamma 

rays (kev) 


Half-life 
(asec) 
Previous reports 


Element 


bombarded This work 





New isomers 


As 12 000+3000 
Mo 16.5+1.2 98+5 
165+15 


Pd 3346 {508 ot 
W 16.0+1.0 370+15 


706+20 
Tl 530+50 506+15 


500420 
Bi 2700-+250 {990 ven‘ 


305415 


Previously known isomers 
8.8+1 8.5, 9 
287+15 370+30 
18.5+2.5 22, 20.1+0.7, 
18.8+0.5, 1643 
145+15 


Zn*™ 
sam 
Ta!®im 


Por 132+10 








in diameter. It was placed about 5} feet from the 
betatron target. A large concrete wall, 1} feet thick, was 
placed between the betatron and the main collimator 
in order to prevent the noncollimated radiation from 
leaving the vicinity of the betatron. The main collimator 
emitted many neutrons due to (,m) processes, and was 
therefore surrounded first by a layer of paraffin and 
then by a layer of borax. 

With this collimation and shielding, the principal 
delayed background at the detector came from gamma 
rays emitted when slow neutrons were captured near 
the collimator or by the walls, ceiling and floor of the 
room. The sample and detector were therefore placed 
in the center of a Pb house, 18 in.X21 in.X18 in., 
which had walls that were 2 in. thick. The region around 
the beam’s entrance hole had a 4in. thick wall. The 
Pb house was surrounded by an 8-inch thick layer of 
borax which in turn was surrounded by an 8-inch thick 
layer of paraffin in order to minimize neutron capture 
in the vicinity of the detector. An air ionization chamber 
was used to measure the yield of the beam after it had 
left the Pb house. 

In the final shielded arrangement, when a 6.9-g/cm? 
Al sample was used about one third of the detected 
background came from the neutrons it produced. The 
background per unit yield in the collimated beam was 
independent of whether the betatron target was made of 
Pt or Ni, indicating that the neutrons produced in the 
betatron target did not contribute appreciably to the 
background. A more favorable count-to-background 
ratio was obtained when the collimated beam was sent 
through a hole in the rear wall and the sample and 
detector were both placed outside of the betatron 
building. However, because of the higher beam intensity 
available inside, higher precision could be obtained 
inside the betatron room despite the higher background. 

The residual background had no characteristic 
gamma rays but did have an apparent half-life of about 
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200 microseconds. This background could be reduced 
during any lifetime measurement by selecting only 
events in the narrow energy range corresponding to 
lines present in the activity being measured. In addition 
to this short-lived background, there were long-lived 
backgrounds arising from induced radioactivities. The 
effects of these long-lived backgrounds could be 
measured and subtracted properly. However, back- 
grounds due to long-lived radioactivities decreased the 
precision and reduced the sensitivity of the technique 
for finding new isomers. 

The phototube on which the NaI crystal was mounted 
was gated off during the x-ray burst by a +300-volt 
pulse applied to its photocathode. This gating avoided 
both after pulsing in the phototube and excessively 
large signals which would have resulted from the huge 
scintillation produced by scattered radiation during the 
x-ray burst. The gating pulse itself produced an 
electronic “feedthrough” pulse on the anode of the 
photomultiplier and a small inverted pulse was applied 
to the anode to cancel out this feedthrough. The gating 
pulse was initiated by the “betatron-expander trigger” 
which preceded the yield pulse by about 10 micro- 
seconds; the gating pulse remained on for about 10 
usec after the yield pulse was finished. The preamplifier 
and amplifier did not recover from the gating pulse 
and the feedthrough compensating pulse until 20 usec 
after the yield pulse. This slow recovery was not studied 
and may have been due to either the crystal, the 
phototube, or the electronics. 

Two different types of pulse-height selectors were 
used to determine the energy of the gamma rays. One 
of these was a modified gray-wedge pulse-height 
analyzer® which was used to search for new activities. 
The modifications which made it possible to measure 
half-lives, included (a) a coincidence circuit which 
required the presence of an externally generated timing 
gate before a pulse could be displayed, and (b) a pulse- 
height channel selector which allowed pulses to be 
displayed only if they came within a preset amplitude 
range.” 

The second type of pulse-height selector was a 
standard single-channel device whose output pulses 
were sent through either a one-channel or a five- 
channel coincidence timing network. The coincidence 
circuits and timing circuits were of conventional design 
as were the preamplifier, amplifier, power supplies, and 
scalers. The single timing gate had a duration variable 
from 10 to 2000 usec and could be delayed from the 
yield pulse by from 20 to 3000 usec. The five-channel 
timing circuit produced five contiguous gates, each of 
adjustable duration so that five points of a half-life 
curve could be taken simultaneously. 


6 Bernstein, Chase, and Schardt, Rev. Sci. Instr. 24, 437 (1953). 
*K.,. is Chase, Brookhaven National Laboratory Report 
BNL-263 (142) (unpublished). 
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PRECISION OF MEASUREMENTS 


Since the work reported here was of a preliminary 
nature, the precision obtained was that which could 
be obtained easily and was in no case limited by 
fundamental difficulties in the technique. In any 
particular case, both the sample and the detector could 
be redesigned to give an optimum count-to-background 
ratio. Since the lifetime measurements were limited by 
background, the lifetimes could be determined more 
accurately by a more complete suppression of this 
background. The energy measurements could also be 
improved by a more thorough calibration of the 
scintillation spectrometer. The least precise measure- 
ments made thus far are those which involve relative 
intensities. Because of the thickness of the samples, 
the poor geometry, and the unknown effective thickness 
of the crystal, relative intensity measurements may be 
inaccurate by as much as a factor of two or three for 
x-rays and 50% for y rays. 

Each half-life and energy value was measured on at 
least two different occasions. 


RESULTS 
A. Previously Known Activities 

1. Zn*™™.—Using a 2.54-g/cm? Zn sample, we 
observed a 90+5 kev gamma ray which decayed with 
a half-life of 8.841 usec. These results are in good 
agreement with the previously reported values of 92 
kev®* and of 9 usec* and 8.5 usec.’ This agreement 
indicates that this technique is sensitive even to low 
energy, relatively short-lived radiations. 
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8 Meyerhof, Mann, and West, Phys. Rev. 92, 758 (1953). 
® Ketelle, Brosi, and Porter, Phys. Rev. 90, 567 (1953). 
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Fic. 3. As spectrum, EZ, =305 kev. The line at the origin of the 
energy axis marks zero energy. The sharp increase in intensity 
below 1 energy division is due to noise. The sudden decrease of 
intensity at approximately 4 energy division is artificial. 


2. Y*".—Using a 1.22-g/cm? sample of Y20;, we 
observed a 393415 kev gamma ray which decayed 
with a half-life of 287+15 ysec. The scintillation 
spectrum is shown in Fig. 1, which is illustrative of the 
type of data obtained with the gated grey-wedge 
circuit. The outstanding 393-kev photopeak (appearing 
at the fifth division on the energy axis in Fig. 1) was 
selected by the auxiliary pulse-height selector for the 
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Fic, 4. W half-life. This measurement gives 74=15.8+1.2 usec. 
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half-life measurements. The half-life measurement, 
which was the most precise one made, is shown in 
Fig. 2. Although the half-life is somewhat shorter than 
the previously reported 370+30 usec, the energy is in 
good agreement with the reported value of 395 kev. 
After the experiment on Y was completed, evidence for 
a weak line at 4545 kev was noticed; its origin will 
be investigated in the future. 

3. Ta'*'™—Using a 10.1-g/cm? sample of Ta, we 
observed the known lines in Ta!®'™ but no attempt was 
made to measure the energies accurately. A determina- 
tion of the half-life gave a value of 18.5+2.5 usec in 
good agreement with the precise values of 20.1+0.7 
usec” and 18.8+0.5 usec; measurements by other 
observers gave 22 usec! and 16+3 usec.” 

4. Pb*®*™"—When an 11.3-g/cm? Pb sample was 
used, the previously reported activity? in Pb" was 
observed. The measured half-life of 132-10 usec agrees 
well with the previously measured value of 145+15 
usec. The spectrum showed a 343-kev peak, unresolved 
peaks at 516 and 537 kev, and peaks at 803 and 880 
kev. Neither the energy nor the intensity measurements 
were comparable with the much more detailed earlier 
work? but our qualitative results are consistent with 
the suggested decay scheme. The Pb” activity has 
an apparent threshold energy of 10.38%0.45 Mev 
indicating that most of the observed activity comes 
from a (y,#) reaction on Pb” rather than from a 
(y,y’) reaction on Pb**, This behavior is similar to 
that of 0.8-sec Pb”’™ which was observed to have an 
apparent threshold of 10.29+0.2 Mev in good agree- 
ment with a previous measurement” of 10.2 Mev. 
In both cases, the apparent threshold is well above the 
true (y,m) threshold implying that the activity is not 
formed in significant amounts until the neutron has 
enough energy to penetrate the centrifugal barrier.’ 
A more quantitative study of the implications of these 
apparent thresholds is planned. 


B. New Activities 


1. As—A sample of 7.15 g/cm® of As showed a 
distinctinctive line of 305+15 kev which decayed 
somewhat in the 5555-usec interval between x-ray 
bursts. In order to measure this half-life accurately, 
the University of Illinois 22-Mev betatron was modified 
so that the repetition rate of x-ray yield pulses was at 
$ of the usual rate, thus giving a time interval of 
44 440 usec between yield pulses. With the betatron 
thus modified, the As half-life was determined to be 
12 000+3000 usec. A spectrum of the As activity 
is shown in Fig. 3. This picture was taken for eleven 
and one-half minutes and includes 40 000 counts; the 


Bunyan, Lundby, Ward, and Walker, Proc. Phys. Soc. 
(London) A61, 300 (1948). 

1H. S. Murdoch, Proc. Phys. Soc. (London) A66, 944 (1953). 

2 R. A. Becker and H. N. Brown, Phys. Rev. 90, 328 (1953). 

13 Bendel, Toms, and Tobin, Phys. Rev. 99, 672 (1955). 

™ See for example, P. Axel and J. D. Fox (to be published). 
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timing gate is set at a delay of 1000 usec and a duration 
of 1000 usec. 

2. Mo.—When a 2.9-g/cm? sample of MoO. was 
used, a 98+5 kev gamma ray was observed with a 
16.5+1.2 ysec half-life. The apparent threshold of this 
activity is 8.4+0.6 Mev. It is hoped that a more 
precise threshold determination together with a 
semiquantitative measurement of the yield will help 
determine the isotopic assignment of this isomer. 

3. Pd.—The weakest observed activity was found 
in a 1.0-g/cm? sample of Pd. Two gamma-ray lines of 
165415 kev and 305+15 kev are observable with 
intensities which, within the 50% precision, may be 
equal. Each line has a half-life consistent with a value 
of 336 usec. A thicker Pd sample will be reinvesti- 





Fic. 5. W spectrum, £,=370 kev. A strong K x-ray can also 
be seen. The line at the origin of the energy axis marks zero energy. 
The intensity increase below } energy division is probably due to 
noise. The decrease of intensity at approximately 4 energy 
division is artificial. 


gated and more precision will be obtained in order to 
ascertain whether a single isomeric cascade or two 
independent isomers are formed in the Pd sample. 

4. W.—At the time of this investigation, the only 
convenient W sample we had was a 0.7-g/cm? sample of 
NaW0O,:2H;,0. A gamma ray of 370+15 kev and an 
x-ray (presumably from W) were observed to decay 
with a half-life of 16.0+1.0 usec. The approximate 
relative intensity of the x-ray and gamma ray imply a 
conversion coefficient of about 0.25. The conversion 
coefficient and the half-life lead to the probable assign- 
ment of the 370-kev gamma ray as an M2 transition. 
Three half-life measurements were made and agreed 
within 8%. A typical curve is shown in Fig. 4, and a 
spectrum is shown in Fig. 5. 
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contribution from the “fast” Tl activity. This measurement gives 
74=513+80 usec. Best value is r}=530+50 usec. 


A search was made for the reported‘ 5.5-millisecond 
W!®©" activity we hoped to make with a W!*(-+y,2m) 
reaction. The threshold for this reaction is at 15 Mev, 
which is 9 Mev below the energy at which we attempted 
to find it. A 2000-usec delay was used so that there was 
no interference from the 16-usec isomer. We were 
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Fic. 7. “Slow” Tl spectrum, Z,=506 kev. Tl K x-ray can be 
seen at $ energy division. The line at the origin of the energy axis 
marks zero energy. The decrease of intensity below 4 energy 
division is artificial. 
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unable to see either the 220-kev or 350-kev lines that 
have been reported.* However, due to thinness of the 
sample, and the presence of O2 which produced a 
comparatively long-lived 510-kev positron annihilation 
line, the absence of the 5.5-millisecond isomer cannot 
be interpreted as a definite refutation of the assignment 
of this isomer to W'®™. 

5. TlL—At least two different activities were ob- 
served when 0.6 g/cm? of Tl was used as a sample. The 
longer-lived activity had a half-life of 530250 usec 
(as shown in Fig. 6) and a gamma-ray energy of 50615 
kev (as shown in Fig. 7, which was taken with a 
1000-usec delay and a 1000-usec gate). The relative 
intensity of the x-ray (presumably from Tl) and the 
506-kev gamma ray implies a K conversion coefficient 
of about 0.25. The lifetime and conversion coefficient 
of the 506-kev gamma ray are in best agreement with 
an M3 transition, although it is impossible to rule out 
anomalously slow £3 or M2 transitions. 

The shorter-lived activity seemed to consist of two 
gamma rays each of which had a half-life of 655 
usec. A typical half-life curve is shown in Fig. 8. The 
two gamma rays, whose energies were 410+15 kev 
and 706+20 kev, had about the same intensity which 
tends to support the assignment of both of these gamma 
rays to a cascade decay of a single isomer. A typical 
spectrum taken with a delay of 60 usec and a gate 
duration of 200 usec is shown in Fig. 9; an indication of 
the 506-kev line present in the 530-uysec activity can 
be seen on the high-energy edge of the 410-kev gamma- 
ray peak. The data are consistent with either gamma 
ray being the first one in the cascade. If the 410-kev 
gamma ray occurs first, it is probably an M2 transition ; 
whereas, if the 720-kev gamma ray occurs first, it is 
probably an M3 or an £3 transition. Once again the 
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possibility of anomalously slow M2, 720-kev transitions 
or anomalously slow £2, 410-kev transitions cannot be 
ruled out. 

6. Bi.—Using a 10.6-g/cm*® sample of Bi, we ob- 
served two gamma-ray lines whose energies were 
500420 kev and 930+30 kev. A typical spectrum 
taken with a delay of 2000 usec and a gate duration of 
2000 usec is shown in Fig. 10. With the betatron 
modified so that the repetition rate was decreased by 
a factor of 4, giving an interval between yield pulses of 
22 220 usec, the Bi half-life was determined to be 
2700+ 250 ysec. A typical half-life curve is shown in 
Fig. 11. To within the obtainable precision, the data 
are consistent with a two-step gamma-ray cascade with 
either gamma ray coming first. It is rather surprising 
that Softky* did not observe this activity when he 
bombarded either Pb or Bi with 32-Mev protons. 


NEGATIVE RESULTS 


Although negative results were obtained with 17 
samples, only one of them—a 5.6-g/cm’ sample of 
Na—will be discussed in any detail. Na is particularly 
interesting because the (7y,m) reaction on the only 
stable isotope, Na™, leads to Na”, which has been the 
subject of several investigations. 

Na” has a ground state of spin parity of 3+ and an 
isotopic spin of T=0. Charge independence and the 
systematics of nuclear energy levels lead to the predic- 





Fic. 9. “Fast” Tl spectrum, a 706 kev and 410 kev. An 


indication of the 506-kev “slow” Tl gamma can be seen on the 
high energy side of the 410-kev peak. Tl K x-ray is at } energy 
unit. The line at the origin of the energy axis marks zero energy. 
— — decrease of intensity below 4 energy division is 
artificial. 
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Fic. 10. Bi spectrum, Z,=930 kev and 500 kev. Bi K x-ray 
appears at approximately } energy division. The line at the origin 
of the energy axis marks zero energy. The decrease of intensity 
below 4 energy division is artificial. 


tion that the first T=1 level of Na” has a spin-parity 
of 0* and an energy between 700 kev and 800 kev.!*-!” 

Predictions based on similar reasoning for Cl* and 
K** have been verified experimentally. If the T=1 
level were the first excited state, the transition to the 
ground state would be M3 and the T=1 level would 
therefore be an isomer. Furthermore, a level in Na” 
had been found at 592 kev'® and there was a question 
of whether this was the predicted T= 1 level. Stihelin’® 
had looked for an isomer in Na” and had not been able 
to find one even though he could have detected half- 
lives greater than 1000 usec. 

We were unable to detect any isomer in Na” even 
though we could have detected any isomer with a 
half-life above 10 usec provided that its integrated cross 
section up to 19.5 Mev was greater than 0.0024 Mev- 
barns. This sensitivity limit is based on a calibration 
made using the Al?’(y,)Al** reaction as a standard. 
The total integrated cross section of Na™(y,n)Na”™ 
up to 19.5 Mev is about 0.055 Mev-barns, which is 
20 times greater than the upper limit set by our experi- 
ment. Since there is no reason to expect the (y,7) 
reaction to discriminate strongly against the T=1 
level, it is unlikely that the T=1 level actually forms 

16 P, Stéhelin, Helv. Phys. Acta 26, 691 (1953). 

16 P. Stihelin, Phys. Rev. 92, 1076 (1953). 

17S, A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
ON P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 


(1954). ek 
1 P. Stihelin (private communication). 
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an isomer. This result implies that there is another 
level between the 0+, T=1 level and the 3+, T=0 
ground state.” After this work was completed, Browne 
and Cobb” showed that the 592-kev level in Na” was 
probably a T=0 level because it was formed from the 
Mg™(d,a)Na™ reaction in which no change in isotopic 
spin is expected. If the 592-kev level is indeed this 1+, 
T=0 state, the predicted 0+, T=1 level would decay 
to it by means of an M1 transition with a half-life too 
short to have been detected. Thus, assigning 1+, T=0 
to the 592-kev level explains the experimental 
results'®.".2! without interfering with the predictions 
based on charge independence.!*-"” 
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*TIn predicting the existence of the J/=0, T=1 level the 
possibility of a J=1, T=0 level lying between the T=1 level and 
the ground state is mentioned.!” 

21 C, P. Browne and W. H. Cobb, Phys. Rev. 99, 644 (1955). 

Note added in proof.—More recent measurements of the gamma- 
ray energies using simultaneous exposures of both the standards 
and unknown on the grey-wedge pulse-height analyzer have 
shown that three of the energies should be revised. The better 
values are: As, 283415 kev; “slow” Tl, 485+20 kev; and the 
low-energy Pd line, 180+15 kev. All the other values were con- 
firmed. 
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Cross sections have been determined for most of the observable radioactive nuclides produced in the 
bombardment of vanadium with 60-, 100-, 175-, and 240-Mev protons. The pattern of yields supports the 
cascade-evaporation theory. The number of nuclides produced in high yield is found to increase with in- 


creasing bombarding energy. 





I. INTRODUCTION 


RRADIATION of an elemental target with high- 
energy particles results in a large variety of product 
nuclides. Several investigations have been made to 
determine the identity and quantity of these products, 
in the hope of understanding the reaction process. The 
results suggest a cascade-evaporation model.' 

Cross sections for the production of several nuclides 
resulting from the bombardment of vanadium metal 
with 60-, 100-, 175-, and 240-Mev protons in the 
Rochester 130-inch synchrocyclotron have been meas- 
ured by using radiochemical techniques. The results 
support the present general theory. 


II. EXPERIMENTAL 


The target material was vanadium metal, 99.6% 
pure, purchased from the Vanadium Corporation of 
America. Impurities were reported to be iron, 0.05%, 
silicon, 0.05%, aluminum, less than 0.05%, nitrogen 
and oxygen. Since natural vanadium? is 99.76% V* 
and 0.24% V™, the target can be considered to be pure 
V® within the experimental error. 

Most irradiations were made with a target consisting 
of irregular 0.1-1 mm diameter vanadium pellets 
wrapped tightly in an envelope of one mil aluminum 
foil. The final packing was shaped so as to compress 
most of the material at the leading edge. This gave an 
elliptical cross section with the long axis parallel to the 
beam direction. There was always a large proportion 
of smaller particles so that voids were reduced to a 
minimum. In a few 240-Mev bombardments a platinum 
tube with walls five mils thick was used. Several runs 
were carried out with two aluminum-wrapped targets 
mounted back to back. In all cases a thin target could 
be assumed. 

The beam intensity was estimated from the yield 
of Na™ observed in aluminum foil attached to the 

* The investigation was supported by the U. S. Atomic Energy 
Commission. This work is based on a thesis submitted by Clarence 
Heininger in partial fulfillment of the requirements for the Ph.D. 


de; at the University of Rechester, 1953. 
t Now at Villanova University, Villanova, Pennsylvania. 


1 For exa ex see the review by D. H. Templeton, Ann. Rev. 


Nuclear Sci. 2, 93 (1953); and more recent pr pers by E. Belmont 
and J. M. Miller, Phys. Rev. 95, 1554 (1954); and by R. W. Fink 
and E. O. Wiig, Phys. Rev. 94, 1357 and 96, 185 (1954); Batzel, 
Miller, and Seaborg, Phys. Rev. 84, 671 (1951). 

? Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 


target. Front and back foils arranged to take account 
of recoils agreed normally within a factor of less than 
1.3. The cross sections assumed for the reaction 
AP"(p,3pn)Na™ were 14.0, 15.2, 13.1, and 11.7 milli- 
barns at 60, 100, 175, and 240 Mev, respectively.’ 

After an hour’s bombardment, the target metal was 
dissolved in either concentrated nitric acid or 6N nitric 
acid. Appropriate carriers in quantities of 10 to 50 mg 
were added. The vanadium target itself weighed from 
60 to 220 mg in different runs. The several chemical 
fractions were removed by standard chemical methods,‘ 
and the separated material was mounted on glass cover 
disks cemented to stainless steel disks. The chemical 
recovery was determined by weighing or by subsequent 
solution of the sample followed by colorimetric analysis. 

The individual isotopes were identified and their 
yields computed from data obtained with a helium- 
filled Geiger counter, a methane-flow beta proportional 
counter, a NaI(TII) scintillation counter, and a survey 
beta-ray spectrometer. 

In computing cross sections, back-scattering, self- 
scattering, self-absorption, air and window absorption, 
and geometry corrections were applied where necessary. 
For the unusual backing used, 1.23 and 1.22 were found 
to be appropriate negatron back-scattering factors for 
the beta proportional and G-M counters, respectively. 
Positron factors were 1.15 and 1.20, in the same order. 
Self-scattering and self-absorption corrections for beta 
particles were derived from the work of Baker and 
Katz*; correction factors for air and window absorption 
of electrons were taken from the results of Gleason, 
Taylor, and Tabern.® Air scattering and housing scat- 
tering were negligible. 

Fortunately, the decay characteristics of the nuclides 
observed are sufficiently well known.” When necessary, 

3N. M. Hintz and N. F. Ramsey, vy Rev. 88, 19 (1952); 
L. Marquez, Phys. Rev. 86, “4 (1952); L . Marquez and I. Perl- 
man, te og Rev. 81, 953 (1951 

W. W. Meinke, ’Atomic Enerey Commission Report AECD- 
2738 (UCRL-432) unpublished); A. A. Noyes and W. C. Bray, 
A System of Qualitative Analysis for the Rare Elements (The 
Macmillan Company, New York, 1948); F. P. Treadwell and 
W. T. Hall, Analytical Chemistry, Vol. I. Qualitative Analysis 
(John Wiley and Sons, Inc., New York, 1937). 

5 R. G. Baker and L. Katz, Nucleonics 11, No. 2, 14 (1953). 

6 Gleason, Taylor, and Tabern, Nucleonics 8, No. 5, 12 (1951). 

7 Most decay data were taken from Hollander, Perlman, and 
Seaborg, reference 2. Exceptions are B. Craseman and H. T. 


Easterday, Phys. Rev. 90, 1124 (1953), Cr‘; Cork, LeBlanc, 
Brice, and Nester, Phys. Rev. 92, 367 (1953), Sc47, Ca®’; T. Lind- 
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electron-capture positron ratios were estimated from 
the curves published by Feenberg and Trigg.* Electron 
capture counting efficiencies were calculated from x-ray 
absorption coefficients. Their contribution was always 
small. 


III. RESULTS 


The nuclides observed and their formation cross sec- 
tions in millibarns are listed in Table I. Data reported 
by Rudstam,? who bombarded vanadium with 187- 
Mev protons, are included for comparison. The agree- 
ment is satisfactory. 

Because of the similarity of their decay properties, 
Sc* and Sc“ could not be independently determined. 
Therefore, their combined cross section is reported. 
A somewhat similar problem exists with Cl* and Cl, 
However, at 240 Mev, sufficient activity was present 
to permit separation with the beta-ray spectrometer. 
This result and Rudstam’s data strongly suggest that 
the combined Cl**:* yield can be considered equal to 
the Cl** yield at 100 and 60 Mev. This assumption is 
made. 

The error placed on the data of Table I is the maxi- 
mum experimentally observed deviation from the aver- 
age. If no error is given, only one independent deter- 
mination was made. 

Two pertinent nuclides were not seen. Thirty-three 
minute V*’ was missed because of the length of time 
that invariably elapsed before vanadium counting was 
begun. The doubtful nuclide, K“, with a reported half- 
life of about twenty minutes would have been seen if 
it were formed in reasonable yield. In addition, Sc** 
was observed only in 60-Mev runs. At other energies, 
it was probably obscured by the comparatively large 
yield of Sc” and Sc#™. 

At all energies A* was observed, but-no yield could 
be calculated. 


TABLE I. Yields of nuclides in millibarns. 
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qvist and A. C. G. Mitchell, Phys. Rev. 95, 444 (1954), K*; 
R. K. Sheline and N. R. Johnson, Phys. Rev. 90, 325 (1953) and 
M. Lindner, Phys. Rev. 91, 642 (1953), Mg®®. 
8 E. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
9G. Rudstam, Phil. Mag. 44, 1131 (1953). 


IV. DISCUSSION 


The most general observation to be made from any 
spallation study in this energy region is that the most 
probable products are nuclides only a few mass units 
removed from the target. The yield of nuclides appreci- 
ably lighter than the target is lower and decreases with 
increasing mass difference. In the particular case of 
vanadium irradiated with 240-Mev protons, a plateau 
of similar cross section extends from V“ to K®. For 
lower mass numbers the cross sections begin to decrease. 
As the bombarding energy is decreased, the plateau 
shortens, until, at 60 Mev, none is apparent, because of 
the decrease in the yields of the lighter nuclides. 

Certain nuclides, such as Ca‘? and Cr*’, which on 
mass considerations might be expected to be found on 
the cross-section plateau, are produced in significantly 
smaller yields. This, according to the well-known 
evaporation model,' is because of their position with 
respect to the valley of stability. Also, the yields of 
Ca* are large compared to those of Ca*’ because of the 
affect of this “governor’’ factor.’ 

Chromium, because it can be produced only when the 
bombarding proton remains in the struck nucleus and 
no proton emission occurs, presents a special case. The 
yields of Cr and Cr** decrease with increasing incident 
proton energy, with the latter consistently produced in 
less quantity than Cr. This suggests that if sufficient 
energy for four particle emission is available, a proton 
is likely to be among those nucleons emitted. The high 
yield of V** suggests the same thing. Its decrease in 
yield with increasing proton energy can be attributed 
to the larger number of available competing products 
at the higher energies. 

The scandium isotopes and Ti* show essentially 
constant yields in the 100-Mev to 240-Mev region. At 
60 Mev the titanium and scandium cross sections 
show a noticeable drop with respect to that of Sc**, 
which appears to remain constant. There might be 
some question as to the reliability of distinguishing be- 
tween the Sc’ and Sc** cross sections at 60 Mev. How- 
ever, inspection of the original data indicates with 
certainty that the yield of Sc“ is significantly greater 
that that of Sc*” at 60 Mev. The general effect is prob- 
ably due to the decrease in the energy available. Sc*® 
may be formed by a (p,pam) reaction which would seem 
more probable than a (p,pa) reaction and would re- 
quire less energy than a (p,3p2m) reaction to yield Sc*’. 

The observed calcium isotopes show an approxi- 
mately constant yield in the 100- to 240-Mev region, 
with a drop at 60 Mev. The cross sections for K“ and 
for K® drop steadily with decreasing proton energy, 
with that for K® showing a sudden drop at 60 Mev. 
This apparent preference for K* over K® at the low 


 K. S. LeCouteur, Proc. Phys. Soc. (London) A63, 259 (1950); 
H. Bethe and J. Ashkin, Experimental Nuclear Physics, edited by 
E. Segré (John Wiley and Sons, Inc., New York, 1953), Vol. 2, 
p. 141. 
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energy is probably a matter of energy and suggests 
significant contribution from reactions involving frag- 
ments such as the alpha particle or heavier ones. 

The yields of the chlorine isotopes decrease more 
rapidly with energy in the 100 to 240-Mev region than 
do those for any other nuclides observed. The cross 
sections for S** seem to decrease more gradually. Pos- 
sibly a significant portion of the sulfur yield results 
from an unsymmetrical fission, while more of the 
chlorine yield is due to pure spallation. The mere fact 
that chlorine nuclides are produced from V®™ with 
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60-Mev protons indicates that either heavy-particle 
emission or fission is possible. Probably both occur. 
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The internal conversion coefficients of Ba™ (parent, Cs™), 
V* (parent, Cr*!) and Tl®* (parent, Hg™*) have been measured by 
the determination of the y-ray yields from the Compton electron 
spectra produced in an external converter, employing the analysis 
of R. G. Thomas and T. Lauritsen and a single magnetic lens 6-ray 
spectrometer. The Ba™ results involve the extension of the method 
to several y-ray conversions measured simultaneously. V™ repre- 
sents the application of the method to K-capture type of decay 
for which the direct area-under-curves method cannot be used. 
TI™ requires the correction of the measured conversion spectrum 


HE Compton electron spectrum technique prev- 

iously used! is here employed for measurement of 

the internal conversion coefficients of several more 

isotopes. Sources of both high and low activity were 

prepared using isotopes supplied by Oak Ridge National 

Laboratories. The single thin magnetic lens §-ray 
spectrometer! was employed for the measurements. 








4. 





30 40 
I (amps) 

Fic. 1. Spectrometer data for Ba™ (parent, Cs™). The raw 
data is plotted in counts per second vs magnet current (J) in 
amperes. Counting statistics are 7 percent or better probable 
error. The y-ray energies are given in kev. 


} Supported in initial phases by the U. S. Atomic Energy Com- 
mission. 

* Now at Saint Bonaventure University, St. Bonaventure, New 
York. 

1 Sturcken, O’Friel, and Weber, Phys. Rev. 93, 1053 (1954). 


for photoelectric conversions to obtain the pure Compton events. 
The values obtained for the total internal conversion coefficients 
are Ba™: 569-kev y ray, (9.2+1.2)X10-; 605-kev y ray, (5.3 
+0.5)X10-*; 796-kev y ray, (2.4+0.3) 107%; 1.367-Mev y ray, 
(0.49+.05) X10-%; V5: 325-kev y ray, (1.5+0.2)10-%; Tl: 
279-kev y ray, for K-shell (1.50.1) X10~, and (4.9+0.2) X10 
for the L-shell. In all cases the precision is the standard deviation. 
The results are in satisfactory agreement with other experimental 
values and with the predictions of Rose’s tables. 


BARIUM-134 


The nuclide Ba (parent, Cs) contains overlapping 
Compton spectra which were successfully separated. 
Figures 1-4 show the essential experimental data. The 
Compton electron spectra (Fig. 4) were conveniently 
separated using a log-log plot.! The conversion co- 
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Fic. 2. Left, 569-kev internal conversion peak of Ba™ (parent, 
Cs™) ; right, 605-kev internal conversion peak of Ba™ (parent, 
Cs). The beta spectrum has been subtracted; line shapes follow 
a line shape study upon the 796-kev Ba™ conversion line (Fig. 3, 
upper). Counting statistics are better than 3 percent probable 
error (except the last 2 points). 
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TABLE I. Summary of total (except Hg) internal conversion coefficients measured by the Compton electron method with 
Thomas-Lauritsen analysis together with theoretical and recently reported values. (Error indicated is the standard deviation.) 











Ba!™ (parent, Cs!) 
sos X108 ars X108 


Parent 
nuclide 


TI?8 (parent, Hg?), 
279-kev y ray 
ak X10! at X10? 


V5! (parent, Cr5') 
as25 X108 





Run No. 
Run No. 
Run No. 
Run No. 
Run No. 
Run No. 
Run No. 
Run No. 
Mean 
Theoretical* 
Recently 
reported 
Pole-order 
radiation 
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9.23-1.2 
9.75 
8.2+1.0> 
10.5+1.6° 
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5.31+0.23> 
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1.474 
0.55-+0.10° 
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® See reference 4. 
b Waggoner, Moon, and Roberts, Phys. Rev. 80, 420 (1950) 
© Maeder, Preiswerk, and Steinemann, Helv. 


4S. Thulin and K. Nybo, Arkiv. Fysik 7, 289 (1954). 
© See reference 2. 


efficients of four of the y rays present? were measured ; 
these being sufficiently separated to be resolved in the 
spectrometer. The experiment was repeated using 
different batches of the isotope, obtained at various 
times from Oak Ridge, and at different times within 
the first half-life (intervals of about a year). The results 
for a are listed in Table I. 
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Fic. 3. Upper, 796-kev internal conversion peak of Ba™ (parent, 
Cs") ; counting statistics are better than 3 percent probable error 
for ordinates greater than 0.25. Lower, 1.367-Mev internal con- 
version peak of Ba'™ (parent, Cs™) ; counting statistics are better 
than 8 percent probable error for ordinates greater than 0.005. 


2 Keister, Lee, and Schmidt, Phys. Rev. 97, 451 (1955). 


Acta. Phys. 25, 461 (1952). 


VANADIUM-51 


V*' (parent, Cr®!) represents the application of the 
method to the K-capture type of decay for which a 
direct area-under-curves method cannot be used. 
Figure 5 shows the internal conversion peak of the 
325-kev y ray and the high-energy portion of its 
Compton electron spectrum from the Al radiator- 
converter. The 8 runs of Table I were made with 5 
different sources and at different half-life times where 
sufficient intensity was available. 


1367 hev 


6200 
Bp (eouss-cm) 
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Fic. 4. Composite Compton electron spectrum of the 605-, 796-, 
and 1367-kev y rays of Ba™ (parent, Cs™), showing the high- 
energy segments of interest. The crosses were obtained from the 
log-log extrapolation of the data, which was a straight line on a 
log-log plot. The points (circle-crosses) were sketched in following 
the shape of experimental curves of Sc**; the end points were 
calculated from Eq. (7) of reference 1. Counting statistics are 
better than 4 percent probable error for ordinates greater than 
0.25. The inset shows the high-energy end of the 1.367-Mev y ray 
to illustrate the linearity; counting statistics are better than 8 
percent probable error (except the last 2 points). 
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Fic. 5. Upper, 325-kev internal conversion peak of V* (parent, 
Cr*!), counting statistics are better than 5 percent probable error 
for ordinates greater than 0.005. Lower, high-energy end of the 
Compton electron spectrum of V* (parent, Cr®), counting sta- 
tistics are better than 8 percent probable error for ordinates 
greater than 0.002. 


THALLIUM-203 


TP® (parent, Hg”*) provides an isotope with A- 
emission followed by a y ray (279 kev), enabling a 
comparison of the direct area-under-curves method 
with the Compton electron method. Because a few 
points only of the continuous 8 spectrum were observed 
(due to window absorption in the G—M tube used), a 
rough approximation is given for the area-under-curves 
method. The secondary electron spectrum of the Al 
radiator is corrected*® for photoelectron production. 
Figure 6 shows the internal conversion peaks; Fig. 7, 
the Compton electron spectrum. Because of the sepa- 
ration of the K and L conversion peaks, the K-shell 
and L-shell internal conversion coefficients could be 
readily measured (Fig. 6) yielding a K/L value of 3.2. 
The final results are shown in Table I. The approximate 
results of the direct area-under-curves method 


3C. M. Davisson and R. D. Evans, Revs. Modern Phys. 24, 79 
(1952). 
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Fic. 6. The 279-kev internal conversion peak of Tl (parent, 
Hg”*) showing the separation of the K- and L-shell internal con- 
version peaks. Counting statistics are better than 6 percent 
probable error for ordinates greater than 0.1. 
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Fic. 7. The Compton electron spectrum of Tl (parent, Hg™*) 
showing the high-energy segment which has been corrected for 
photoelectric conversions at each point using the curves of refer- 
ence 3. Counting statistics are better than 6 percent probable 
error, except the lowest 3 points. 


[ax = (1.5+0.2)X10-', a, = (4.8+0.3) X 10-*] for meas- 
urement of the internal conversion coefficients are in 
agreement with the Compton electron determination. 

All results are summarized in Table I together with 
other experimental results and theoretical K-shell 
values of Rose e/ al. The overall agreements are satis- 
factory and establish the usefulness of the Compton 
electron method® for the measurement of internal 
conversion coefficients. 

4 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 


Report ORNL 1023, 1951 (unpublished). 
5 R. G. Thomas and T. Lauritsen, Phys. Rev. 88, 969 (1952). 
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Proton-proton scattering experiments between 40 and 95 Mev are described. Two methods for observing 
the proton-proton differential scattering cross section were employed; in the first, hydrocarbon scatterers 
were used to obtain the angular distribution at 95 Mev and to obtain the cross section at 90° as a function 
of energy. In the second, liquid hydrogen was used for the target and the angular distribution at 95 and 70 
Mev was obtained to angles of 25°. Throughout, a Faraday cup was used to monitor the incident beam. The 
cross section rises smoothly from 4.65+0.25 mb at 95 Mev to 11.4+0.8 mb at 41 Mev. At 95 Mev the cross 
section shows a slight increase to smaller angles; the ratio between 40° and 90° is 1.06+0.03. 





INTRODUCTION 


HE proton-proton scattering experiments de- 
scribed in the present paper were performed with 
the external proton beam of the Harvard cyclotron. 
Both hydrocarbon scatterers and liquid hydrogen 
scatterers were used. Some of the results with hydro- 
carbon scatterers have already been briefly described 
in a preliminary communication,' but all the liquid 
hydrogen results are described here for the first time. 
The experimental arrangements will be given in detail, 
typical data will be presented, the principal sources of 
error will be discussed, and finally, our results will be 
compared to those obtained at other laboratories. 
For a typical scattering event, the angle of scattering 
6 in the center-of-mass system is chosen to be smaller 
than 90°. The proton scattered into @ will be denoted as 
the “scattered” proton, its partner as the “recoil” 
proton. For angles of @ near 90° the protons have nearly 
equal energy. Both will emerge from a thin target 
without much energy loss or multiple scattering and 
they can be detected by counters in coincidence. This 
method, denoted as Method 2 by Chamberlain,’ has 
the advantage that scatterings from materials other 
than hydrogen in the target are eliminated, except in 
the comparatively rare case of two charged particles 
appearing simultaneously 90° apart. Thus hydrocarbon 
targets may be used and the contribution from carbon 
and background is small. For small angles of scattering, 
however, the “scattered” proton carries away almost 
the full energy and it becomes difficult to detect the 
“recoil” proton. Therefore Method 1, which employs 
counters to detect the scattered proton only, is used. 
With this method, it is difficult to distinguish between 
scatterings by hydrogen and scatterings from other 
sources. Therefore all materials other than hydrogen 
in the beam must be reduced to a minimum and the 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Society of Fellows; now at Institute for Nuclear Studies, the 
University of Chicago. 

t National Science Foundation Predoctoral Fellow; now at 
California Institute of Technology. 


1 Kruse, Teem, and Ramsey, Phys. Rev. 94, 1795 (1954). 
2 Chamberlain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 


collimation must attempt to eliminate extraneous 
scatterings. 

The cross section for scattering in the center-of-mass 
system is given by 


(2M?c+Eysin) 1 H 


2 2Mc?(2Mc?+ Eo) 4 cos® nNQ 


where @ is the angle of scattering in the center-of-mass 
system, ® is the corresponding laboratory angle, Ey is 
the energy of the incident proton in the laboratory 
system, Mc? is the rest energy of the proton, H repre- 
sents the number of protons scattered by hydrogen, n 
the number of protons incident, V the number of 
scatterers/cm’, and 2 the solid angle of the defining 
detector. This experiment determined these quantities 
for the proton-proton cross section as a function of 
angle and energy in the range between 40 and 90 Mev. 


EXPERIMENTAL EQUIPMENT 


The external beam of protons was obtained by scat- 
tering into a magnetically shielded channel. Particles 
escaping the cyclotron were then led to the experi- 
mental area through a vacuum pipe. The protons passed 
through a magnet which bent the beam toward the 
experimental equipment just outside the main concrete 
shielding. The beam was defined by 3 sets of slits, the 
first just outside the main cyclotron chamber, the next 
in front of the bending magnet, and the third just 
outside the shielding. Behind the third slit, called the 
defining slit, a fourth antiscattering slit was mounted 
to eliminate protons scattered from the defining slit. 
With the third slit setting of inch by ? inch, a beam of 
2X 10* protons/sec with a mean energy of 95 Mev was 
usually obtained. To obtain lower energies lithium 
hydride absorbers were placed behind the third slit, 
the fourth slit was cut down in size to act as a defining 
slit, and additional shields comprising a fifth slit 
system were placed in front of the target to reduce the 
number of slit-scattered protons. The low-energy beams 
were much reduced in intensity because of scattering 
losses; in the extreme case of the 40-Mev beam, the 
resulting intensity was 510‘ protons per second. 
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EXPERIMENTS WITN HYDROCARBON TARGETS 


For this scattering experiment, the recoil method 
was used first, and the results have already been briefly 
reported. In this phase of the experiment, a circular 
scattering platform was used to support the counting 
equipment on two arms. The arms turned about a 
central post which also held the target changer mecha- 
nism. The plan view is shown in Fig. 1, which also 
includes a view of the beam current monitoring equip- 
ment to be described below. The scatterers used were 
thin sheets of polyethylene or polystyrene; to allow the 
subtraction of events due to the carbon in the targets, 
graphite scatterers of nearly equal stopping power were 
used. The targets were large enough to span the whole 
beam and they were held flat by a thin aluminum frame 
with three windows, used for the hydrocarbon, carbon, 
and background positions. By remote control, the 
scatterer could be changed without disturbing cyclotron 
operation. 

The desired contribution from hydrogen is given by 
H=(CH,— E)—Z(C—E), where CHg, C, and E repre- 
sent the net coincidences from the hydrocarbon, carbon, 
and background positions, respectively. The factor Z 
is the ratio of the number of carbon scatterers per cm? 
in the hydrocarbon target to the number in the carbon 
target. The densities of the targets were obtained by 
weighing small samples. Commercial polyethylene sheet 
was used and the density was found to be uniform to 
one percent for 60-mil-thick samples. The composition 
for the thick polyethylene target was determined from 
an analysis by the National Bureau of Standards which 
agreed to one percent with the expected CH; for poly- 
ethylene. Since the carbon and background contribu- 
tions C and £ were usually small compared to the 
hydrocarbon contribution CH, the dependence of the 
net hydrogen rate on Z was not critical. Polystyrene 
(CH) targets allowed a good systematic check, here the 
carbon contribution is more important. The net hy- 
drogen rate agreed within statistics with the rate 
measured from polyethylene. 
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The scattered particles in this experiment were 
detected with scintillation detectors. The “scattered” 
proton was counted in a defining scintillator counter 1, 
roughly 1 inch by 1 inch followed by another, counter 3, 
immediately behind whose size was 1} inches by 2 
inches. The recoil proton in turn was detected in a 
similar scintillator, counter 2, 2 inches wide by 3 inches 
high. The 1-inch square scintillator served to define the 
solid angle and was either }-inch or 4;-inch thick. The 
distance to the center of the target was varied between 
16 inches and 24 inches. The “recoil” detector was 
chosen sufficiently large to detect all the recoil protons 
associated with scattered protons in the defining counter. 
It was placed very close to the target, 3 inches or 4 
inches. The counter was moved vertically and hori- 
zontally about the proper recoil position, at all times 
there was no net hydrogen coincidence contribution 
outside the area subtended by the recoil counter. 

The counters were carefully centered above the arms 
and the angles of these in turn could be determined to 
within }°. To eliminate possible errors due to misalign- 
ment of the table, the cross section was measured for 
equal angles to the right and to the left, this also 
eliminated possible polarization effects. 

The efficiency of the counters was checked in the 
main beam of reduced intensity by placing smaller 
counters in front and behind the detectors in question. 
A coincidence from the center counters was required 
whenever a proton was known to have penetrated both 
the smaller counters. This method cannot be used to 
detect efficiency near the edges, however the uniformity 
of pulse heights and the consistency between various 
defining scintillators give reasonable assurance of 100 
percent efficiency across the whole face of the crystal. 
To assure continued 100 percent efficiency under 
scattered beam conditions the cables were readjusted 
in length to take account of the different times of flight. 

Accidental coincidences were determined by putting 
in delay cable sufficient to delay one pulse a time 
equivalent to one or two revolutions with the cyclotron. 
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Fic. 1. Experimental arrangement, 
coincidence method. 
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I. Typical data with coincidence method (90° cm). 








Accidentals 
CHe G 


Observed counts 
CH: Cc E 





2-fold 
coincidence 


3-fold 
coincidence 


1232 115 16 


1143 44 0 
Faraday 


cup (volts) 2.701 1.352 0451 0.900 0.901 0.452 


Normalized to 1 volt, accidentals subtracted 
CHe —0.675C -—0.325E H 








2-fold 
coincidence 


3-fold 
coincidence 


446.1 45.5 0.7 399.9 


417.6 16.7 1.4 399.5 








At all times the delayed or accidental coincidence rate 
was very small compared to the prompt rate and in 
rough agreement with the rate estimated from the 
resolving times of the circuits. The prompt coincidence 
rate from carbon was well above the accidental rate 
from carbon, a weak correlation in angle for the net 
rate was found and the events were attributed to quasi- 
free proton-proton scattering in the carbon nucleus. 
The net coincidence rate from background was suffi- 
ciently small so that it was not investigated closely. 

The beam current was monitored throughout the 
experiment by means of a Faraday cup shown in Fig. 2. 
The cup opening was 4 inches in diameter to assure 
that most of the multiple scattering of the beam would 
be caught. To eliminate the possible escape of protons, 
the back of the cup was made thick compared to the 
range of the highest energy protons. The collection of 
spurious charges from ionization was minimized by 
maintaining a vacuum better than 10-* mm of mercury 
at all times of operation. Also, to prevent electrons from 
leaving or entering the cup, an electrostatic voltage was 
applied to a suppressor cylinder immediately in front 
of the cup. An electromagnet also maintained a mag- 
netic field of roughly 700 gauss across the face and in 
the interior of the cup. The various parameters of pres- 
sure, suppressor voltage and magnetic field could be 
varied and at no time were any differences in charge 
collection larger than } percent observed. 

The electric charge of the protons stopped in the 
cup was collected on a condenser and the voltage across 
the condenser measured by means of a vibrating reed 
electrometer. To minimize the effects of leakage cur- 
rents, the cup itself was held at a constant potential, 
therefore only the leakage currents across the standard 
condenser will vary with time. All insulators between 
the cup structure and other points were of fused quartz 
or lucite. The condenser itself was a modified air type 
condenser, the original ceramic insulator was replaced 
by fused quartz; its capacity at 1000 cycles per sec was 
127 upf as determined by a General Radio Type 716-C 
bridge. 
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Fic. 2. Faraday cup construction. 
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The condenser was in the Faraday cup vacuum sys- 
tem itself and all connections were made with }-inch 
brass rods or large diameter wire. The system was 
found to have negligible drift currents in general, so 
that charge accumulated in twenty minute runs with 
beam currents as small as 10~ ampere could still be 
determined to high accuracy. 

Thin-walled ionization chambers were used as auxili- 
ary monitors. These were argon filled, and employed 
an active volume roughly 1} inches long in the beam 
direction. The charge was usually integrated in a 
system very similar to the integrator of the Faraday 
cup, in this case however, polystyrene condensers were 
used. A simple switching circuit allowed the substitution 
of a resistor to measure the intensity of the beam cur- 
rent. The ionization chambers also made possible an 
intercomparison between the Faraday cup and nuclear 
track plates. The ionization chamber was first compared 
to the Faraday cup by letting several bursts of roughly 
10’ protons traverse the chamber and then stop in the 
cup. Then nuclear track plates were inserted directly 
behind the chamber, inclined at roughly 20° to the 
horizontal, and completely spanning the beam area. 
One burst of 10’ protons was then allowed to fall on 
the plates. The number of tracks in the plates was 
determined by suitable scanning and the number com- 
pared with the number expected from the Faraday cup 
calibration of the ion chamber. The numbers so ob- 
tained agreed within the statistics of the track scanning 
which was about three percent. 

The beam energy was determined with the ionization 
chamber and Faraday cup by measuring the range 
curve for aluminum. The ionization chamber served to 
monitor the beam incident on the aluminum while the 
Faraday cup measured the number of protons which 
penetrated the absorber stack. This method does not 
measure low-energy contamination in the beam reli- 
ably. For the lower-energy beams particularly, the 
energy spread of the beam together with uncertainty 
of nuclear absorption in aluminum made it difficult to 
assign a sharp lower limit to the energy of particles in 
the beam. 

The results of the experiments with the recoil method 
are presented in Tables I-IV. Table I gives typical data 
obtained using the thick polyethylene and carbon 
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TasBLe II. Estimated standard errors in the cross sections 
according to source (coincidence method). 
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* N—No. of hydrogen scatterers per square cm; H—No. of protons 
scattered by protons; 2—solid angle of defining counter ; n—No. of incident 
protons; @—laboratory scattered angle; E—laboratory energy. 


targets, perpendicular to the beam. The defining 
counter had an area of 0.916 inch® and was placed at 
an angle of 45° in the laboratory and 15.88 inches from 
the target, which contained 1.085 X 10” hydrogen atoms 
per cm’. The value of Z for the carbon subtraction ratio 
for the thick targets was 0.675. Table II gives a sum- 
mary of the possible errors in the cross section resulting 
from the uncertainties in the listed items. The values 
stated give our estimate of the standard deviation in 
the cross section. All items were assumed to have 
standard deviations which could be added quadratically 
to give an estimate of the overall error. To estimate the 
possible error in the cross section expected from un- 
certainty in the energy, the cross section was taken to 
vary as 1/E. This is roughly true for the energy range 
here considered. The final results obtained are then 
given in Tables III and IV. 


EXPERIMENTS WITH LIQUID HYDROGEN TARGETS 


Method 1, with counters to detect the scattered 
protons only, was used to explore the cross section to 
smaller scattering angles. The scattered protons were 
detected at angles from 123° to 45° in the laboratory. 
The angular distribution in this range was determined 
at 95 Mev and also at 70 Mev. 

Liquid hydrogen targets with thin walls were used 
with a large steel scattering chamber constructed for 
experiments with low temperature targets. The plan 
view is shown in Fig. 3. The chamber had windows 
placed suitably to allow the detection of scattered par- 
ticles in a wide range of angles. The window through 


TaBLE III. Angular distribution 95 Mev (coincidence 
method) first series. 








Center-of-mass 
cross section 
(mb/sterad) 

counting statistics 


Center-of-mass 
angle 
(degrees) 


40 4.93+0.12 
50 4.81+0.10 
60 4.81+0.10 
70 4.68+0.09 
80 4.53+0.10 
90 4.54+0.09 
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which the beam emerged was removed sufficiently far 
from the target to permit the shielding of counters from 
particles scattered by the window. In order to reduce 
background to a minimum for small scattering angles, 
the target chamber was connected directly to the ex- 
ternal beam vacuum pipe. Flexible bellows allowed the 
rotation of the chamber to an angle of 7° on either 
side of the center position. The center exit window ex- 
tended from —15° to 15° and another window was at 
45°. Therefore, with the bellows attached, only par- 
ticles within the range of laboratory angles —20° to 
+20°, and 40° to 50° could be detected. The seal be- 
tween the high vacuum of the target chamber and the 
fore vacuum of the beam pipe was made just behind the 
third slit. This point was sufficiently far from the 
target that it did not materially contribute to the 
background. Initial attempts were made to use a 5-mil 
aluminum foil, as an entrance window on the chamber. 
This arrangement would have given greater freedom of 
rotation for the chamber. However at small scattering 
angle, there was appreciable background from this foil. 


TaBLE IV. Cross sections at 90° c.m. (coincidence 
method) estimated standard errors. 








Center-of-mass 
cross section 
millibarns/sterad 


11.4 +0.80 
8.83:40.62 
5.96-+0.36 
5.40+0.32 . 
4.654+0.25 


Incident proton 
energy 
Mev 











The target was a flat can of copper beryllium 3 inches 
in diameter and 1 inch long in the direction of the beam. 
The ends were made with 2-mil-thick copper beryllium 
foils. A flat target design was chosen to keep the length 
of liquid hydrogen as uniform as possible over the 
entire beam. The purpose was to minimize effects of 
shifts in beam intensity distribution. 

The cryostat using liquid helium as a refrigerating 
agent for the hydrogen was constructed originally by 
Stahl* and has been described elsewhere. The hydrogen 
vapor pressure in the target was monitored throughout 
the run and suitable corrections for variations in density 
of liquid hydrogen were made. 

The counters were similar to those used in the recoil 
experiment, here however two sets were used simul- 
taneously. The “North” counters covered laboratory 
angles from + 123° to 45°, the “South” counters from 
— 123° to —20°. The counters were shielded from par- 
ticles scattered by the exit window by means of brass 
shields. Also throughout the experiment brass blocks 
were placed periodically in front of the counters so on 
protons from the target could reach the counters. The 
background observed with the counters blocked was 


°C. A. Swenson and R. H. Stahl, Rev. Sci. Instr. 25, 608 (1954). 
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TaBLE V. Typical liquid hydrogen data normalized to 
1 volt. Proton energy 95 Mev. 








Counter blocked Net 
Target full 123° 


South 28 7746+ 98 226+24 
North 2 8075100 634+40 
3 7361+ 96 65413 


Counter open 





75204101 
7441+ 108 
7296+ 71 


Target empty 124° 
4521+ 75 168+21 
4648+ 75 68742 
3906+ 70 60+12 

Target full 45° 
2410+ 55 53412 


4353+ 78 
3961+ 85 
3846+ 70 


North 3 2357+ 56 


Target empty 45° 


North 3 146+ 14 48+11 96+ 17 








* 2 =2-fold coincidences; 3 =3-fold coincidences. 


attributed to the general neutron background; the 
“blocked” counting rate was strongly reduced by plac- 
ing thin absorbers between the counters and was un- 
affected by stopping the beam at the cyclotron end of 
the external beam pipe. To eliminate any possible con- 
tributions from n-p scattering in the hydrogen target 
the counting rate was observed with the proton beam 
stopped at the cyclotron and with counters blocked 
and unblocked from the target. No difference due to n-p 
scattering in the target was found within the statistical 
accuracy of the final p-p results. The rate observed with 
counters blocked was therefore subtracted at all times 
from the counting rate without the blocks, the net rate 
being associated with proton beam induced events. 

The background associated with the evacuated target 
was measured before and after the run with hydrogen. 
This arrangement was not ideal since the interval of 
time involved was usually two days, the constancy of 
the background over this length period was however 
reasonably good. The use of targets allowing the dis- 
placement of the liquid by gas or the use of an empty 
“dummy” target is to be preferred. In our case, this 
would have involved excessive liquid hydrogen and 
therefore helium consumption or further complications 
in cryostat construction. 

The number of counts from scattering by materials 
other than hydrogen is not necessarily the same with 


TaBLE VI. Angular distribution 95-Mev liquid hydrogen data 
(relative rates corrected to center-of-mass system, counting 
statistics only). 








North 
telescope 


South 
telescope 


852+12 
870+ 7 
844+ 10 
879+ 9 


Center-of-mass 
angle 


” 850+ 13 
30° 8334 8 
86310 
841+10 
809+ 5 
815+10 


Average 


851+10 
852+ 5 
854+ 7 
860+ 7 











FROM 40 TO 95 MEV 
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TasBLe VII. Angular distribution 70-Mev liquid hydrogen 
data (relative rates corrected to center of mass, counting sta- 
tistics only). 








Center-of- North telescope 
mass angle Usual absorber No absorber 


yy 1209+29 
30° 1224+29 
35° 1214+26 
40° 1165+23 
80° 1208+15 
90° 1145+30 


South telescope 
Usual absorber 


1266+32 
1217439 
1234+26 
1218+36 





1170+39 
1227438 








hydrogen in the target as with the target empty. Low- 
energy particles may contribute to this background 
after traversing the empty target, yet may have in- 
sufficient energy to be detected after traversing a full 
target. This effect was indeed observed; at 70 Mev 
the background changed appreciably when an absorber, 
equivalent to the hydrogen in stopping power, was 
placed in front of the counters. The background sub- 
tractions for 70 Mev is therefore difficult to determine 
and provides the principal source of uncertainty. For 
95 Mev, the beam was better collimated and the back- 
ground was found to be almost independent of com- 
pensating absorber. Only scattering in the hydrogen will 
then vary the background, it should not be appreciable 
for the thin target used. In both the 95- and 70-Mev 
runs the target empty rate measured with compensating 
absorber in front of the counter was subtracted from 
the target full rate to give the net rate associated with 
hydrogen. 

The target window itself bowed somewhat, the exact 
amount of bowing at liquid hydrogen temperatures was 
difficult to determine, therefore no attempt was made 
to obtain an absolute cross section with liquid hydrogen. 
Absolute cross section may of course be obtained by 
normalizing the results to the polyethylene data in the 
region of overlap. 

The same beam-current monitoring equipment was 
used in this phase of the experiments and the beam 
energy was determined as before. 

In Table V the results of typical measurements for 
liquid hydrogen are given. The extreme cases of high 


TaBLeE VIII. Angular distributions. Ratio of 
cross sections to that at 90°. 








10° 25° «30° 40" «80°90 
1.69 0.86 0.87 0.98 0.97 1.03 1.00 


Errors 





30 Mev*® 


95 Mev, CH 
first series 


95 Mev, CH2 
second series 


95 Mev, 
liquid Bz 


170 Mev» 


1.08 1.06 1.00 1.00 4% 


1.06 1.03 1.02 1.00 4% 


1.045 1.045 1.055 
1.62 1.10 1.13 1.07 


0.995 1.00 5% 








* Reference 4. 
> Reference 5—assuming @(60°)/a(90°) =1.03. 
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4th SLIT 
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STEEL SCATTERING 
CHAMBER 


FLEXIBLE 
CONNECTION 


EXTERNAL 
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background at 123° and low background at 45° are pre- 
sented. Table VI gives the averages of all 95-Mev runs 
as converted to the center-of-mass system, relative 
rates alone are significant, only statistical fluctuations 
are given. In Table VII the results for 70 Mev appear, 
again only counting statistics are listed in the errors. 
For 80° and 90° two values are listed showing the effect 
of subtraction with and without absorber in the “North”’ 
telescope. The discrepancies illustrate the importance 
of possible systematic errors in the proper subtraction 
of background at this energy. 
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Fic. 3. Experimental 
arrangement, liquid hy- 
drogen. 
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In Table VIII the ratios of the cross section at 
various angles to the cross section at 90° is given for 
both methods. The errors listed are those involved in 
the relative cross sections only. There seems to be a 
definite increase from 90° to 40° in our data at 95 Mev. 
The corresponding ratios for 30 Mev‘ and 170 Mev® 
are also given. Figure 4 shows the values of the dif- 
ferential cross section as a function of energy for the 
energy range from 30 to 270 Mev. We have changed 
the Rochester values* which were based on the deter- 
mination of the C"(p,pn)C" cross section to agree 
with more recent data on this cross section.’ Previously 


Fic. 4. Proton-proton 
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PROTON —- PROTON SCATTERING 


te oe ee Oe scattering (center-of-mass 
cross section at 90°). a— 
Dashed points, as originally 
published, uncorrected for 
new carbon cross section; 
b6—solid point corrected for 
new carbon cross section; 
1—Princeton, reference 13; 
2—Berkeley, reference 14; 
3—Harvard, Present data; 
4—Harvard (1951), refer- 
ence 12 (uncorrected); 5— 
Berkeley, reference 2; 6— 
Chicago, reference 19; 7— 
Harwell, reference 9; 8— 
Harwell, reference 10; 9— 
Berkeley (60° cm), refer- 
ence 5; 10—Berkeley, total 
o, reference 16; 11—Roch- 
ester (a—uncorrected, ref- 
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4F. L. Fillmore, Phys. Rev. 83, 1252 (1951). 


erence 6; b—corrected, ref- 
erence 7 and 8); 12—Har- 
well, total a, reference 11. 


50. Chamberlain and J. D. Garrison, Phys. Rev.-95, 1349 (1954); J. D. Garrison, University of California Radiation Laboratory 


Report UCRL-2659 (unpublished). 


®C. L. Oxley and R. D. Shamberger, Phys. Rev. 85, 416 (1952); O. A. Towler, Phys. Rev. 85, 1024 (1952). 
7 Birnbaum, Crandall, Millburn, and Pyle, University of California Radiation Laboratory Report UCRL-2756 (unpublished). 
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these appeared nearer 5 mb/sterad. The proper cor- 
rection is not completely clear since two independent 
absolute calibrations of the 8 counters were made at 
Rochester.® 

No correction has been made to the earlier Harwell 
data® since the beam was independently calibrated. 
More recent data give a somewhat lower differential 
cross section,!° also an independent measurement of the 
total cross section would give a decreased differential 
cross section." 

A similar correction would also lewer the earlier 
Harvard results,” to 4.3 mb at 105 Mev and 5.3 mb at 
75 Mev. The extrapolation to these energies of the 
C"(p,pn)C™ cross section seems somewhat uncertain, 
however. We have therefore not made the correction at 
this time. The present measurements do not involve 
this uncertainty, and the absolute cross sections ob- 


8 C. L. Oxley (private communication). 

® Cassels, Pickavance, and Stafford, Proc. Roy. Soc. (London) 
214, 262 (1952). 

10 J. M. Cassels (private communication). 

A. E. Taylor and E. Wood (private communication). 

2 Birge, Kruse, and Ramsey, Phys. Rev. 83, 274 (1951). 
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tained in this experiment should be more reliable. A 
smooth connection can now be made between the data 
near 30 Mev*'*'® to the energy-independent behavior 
between 120 Mev and 400 Mev.?:5.6.9-11.16-19 
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Characteristics of K*+-Particles*t 
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Cambridge, Massachusetts 
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(Received October 21, 1955) 


A large nuclear emulsion stack was exposed in the magnetically analyzed beam of K* particles, at the 
Berkeley Bevatron. The secondaries of stopped K-mesons have been analyzed, and examples of all the known 
modes of decay: Ky2, Kr2, Kes, Kus, 7, and r’ have been identified. The decay processes of the Ky2, Ky2, and 
r’ mesons have been confirmed, and a possible decay scheme for the K,3 has been considered. The masses 
of the particles decaying in the different ways have been determined from momentum-range measurements, 
and for Ky2 and Ky: particles, from the Q of the decay as well. The masses of all the particles are consistent 
with a value of 965 m., within about 10 m,. The relative frequencies of the various modes of decay have been 
estimated, and by comparison with other data, it is found that the apparent lifetimes of all the particles are 


~1X 10° sec. 


INTRODUCTION 


INCE the discovery of heavy mesons, a considerable 
amount of information has been collected on their 
decay products, masses, and lifetimes. Among positive 
particles there have been phenomenologically identified 


* The work at Massachusetts Institute of Technology and at 
Harvard University was supported in part by the joint program 
of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

+ The work at Brookhaven National Laboratory and at the 
University of California was carried on under the auspices of the 
U. S. Atomic Energy Commission. 


six types of heavy mesons, and these have been named 
the 7, the K,; or 7’, the K,3, the K,3, the K,2, and the 
Ky2, each characterized by a particular decay mode. 
Experimental evidence thus far presented indicates a 
mass of ~ 1000 m, for all particles, and lifetimes varying 
from 10-8 to 10-" sec.! 

These particles, together with all heavy unstable 


! For summaries of data, see Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955), and Dilworth, Occhialini, and 
Scarsi, Ann. Rev. of Nuc. Sci. 4, (1955). 
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Fic. 1. Experimental arrangement of the strong-focusing 
channel used in the exposure. 


particles, have also come to be systematized in various 
schemes, in which K-particles are treated as bosons 
and are assigned particular values of a new quantum 
number (e.g., the “strangeness’’).? Theoretical argu- 
ments have been proposed to account for the various 
known characteristics. These have led to certain 
proposals, and an important one, one that has not as 
yet been completely tested, deals with 7 and @ (K,2) 
particles and maintains, on grounds of spin and parity, 
that these particles are not identical** and that perhaps 
some measurable difference distinguishes them. In 
addition to the prediction of two groups of particles, 
there is a possibility of the existence of a fermion, an 
example of which could be the K,3. 

At the 1955 Conference in Rochester, it was evident 
that the situation was neither clear nor were all the 
answers easily forthcoming through cosmic radiation 
investigations. 

Shortly after this meeting, a new magnetically 
analyzed beam (the so-called K-particle beam) was 
realized at the Bevatron in Berkeley.’ This offered a 
unique possibility of approaching again the problems 
associated with the K-meson under entirely different 
conditions, and through this means to search out a 
more complete and accurate picture for positive K- 
particles. The details of such an investigation will now 
be discussed.® 


EXPERIMENTAL PROCEDURE 


In order to differentiate among the several decay 
modes of K-particles, a pellicle stack of rather large 


2M. Gell-Mann and A. Pais, Proceedings of the Fifth Annual 
Rochester Conference on High-Energy Physics (Interscience Pub- 
lishers, Inc., New York, 1955), p. 131; R. G. Sachs, Phys. Rev. 99, 
1573 (1955); M. Goldhaber, Phys. Rev. 101, 433 (1956). 

* The spin and parity of the 7, as pointed out by Dalitz, may 
be determined from observations on the energy and angle of 
emission of the 3 charged pions. The values thus determined for 
the r are such that decay into two pions is forbidden, and on this 
basis the 7 and @ are held to be separate entities. 

*R. H. Dalitz, Phys. Rev. 94, 1046 (1954); Proceedings of the 
Fifth Annual Rochester Conference on High-Energy Physics (Inter- 
science Publishers, Inc., New York, 1955), p. 140. 

5 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955); Birge, Stork, Haddock, Kerth, Peterson, 
Sandweiss, and Whitehead, Phys. Rev. 99, 335 (1955). 

®See Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, and 
Goldhaber, Proceedings of the International Conference on 
Elementary Particles, Pisa, 1955 (unpublished), for a preliminary 
report on this experiment. 


dimensions was employed. It was composed of 100 
pellicles of Ilford G5 emulsion, each 400u thick, with 
lateral dimensions of 10} in. x 16 in. 

The plates were exposed in a beam of magnetically 
analyzed and focused secondary particles emanating 
from a small tantalum target (} in.X} in. in.) which 
was bombarded by ~4X 10" protons at an energy of 
6.2 Bev. The average momentum to which the stack 
was exposed was 330 Mev/c, but varied from 316 to 340 
Mev/c over the stack. The experimental arrangement 
at the Bevatron was that recently reported by Kerth 
et al. and is shown diagramatically in Fig. 1. 

As indicated in Fig. 1, the stack was exposed with its 
leading edge ~3 meters from the target. For K-particles 
of momentum 300 Mev/c, this corresponds to a proper 
time of flight before entering the emulsion block of 
1.5X10-* sec. (As is evident, there is a strong bias in 
this experiment against the detection of K-particles 
having mean lives <2 10~ sec.) 


TECHNICAL DETAILS 


Prior to its exposure, the stack was prepared by 
photographically printing on each pellicle a grid of 
lines forming 1-mm squares, each of which contained 
index numbers. The position of the grid on each plate 
was very accurately determined relative to holes 
punched in the emulsion for use in aligning the stack. 
On those plates where the grid was easily visible, the 
following of a track from one emulsion to another was 
greatly facilitated. The technique used was that 
recently described by Goldhaber et al.’ In addition, 
thin x-ray lines were made on the edges of the stack 
prior to exposure to be used in aligning the stack after 
processing. 

Following the exposure, the stack was carefully 
weighed and its accurate dimensions were determined. 
From these data, the average density was calculated 
to be (3.850.02) g/cm’, with an estimated variation 
in parts of the stack of +0.04 g/cm‘. 

The mounting of the emulsions on Ilford treated 
glass backings and the processing were then carried 
out using standard techniques. The processed plates 
were cut so as to leave a 3-in. glass border around the 
emulsion. A number of brass tabs were cemented to 
this glass border to form a “standard edge” accurately 
placed relative to the x-ray alignment markings.’ This 
was done by using a jig with microscopes of 60X 
magnification to view the x-ray lines, with final ad- 
justments made by shimming or filing the tabs. The 
alignment of adjacent plates was accurate to ~50y, 
and this accuracy was found to exist over most of the 
area of the 10} in.X16 in. plates during the analysis 
of K-secondaries. 

In order to be able to handle such large plates in 
scanning, microscope stages were modified. This was 


7 Goldhaber, Goldsach, and Lannuti, University of California 
Radiation Laboratory Report UCRL-2928, 1955 (unpublished). 
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done by mounting a large aluminum plate on the 
microscope stage and attaching it so that it could be 
moved in both coordinate directions. The nuclear 
plates were placed on this stage in such a position that 
the zones where the K-particle tracks ended were under 
observation.® 

Following the scanning, which was conducted for 
stopping K-particles, the events with gray or flat 
minimum secondaries were chosen for analysis. Special 
large microscopes were used for this purpose.? These 
microscopes were so constructed as to allow aligning 
of particle tracks parallel to a coordinate movement, 
thus greatly accelerating the tracing of the near- 
minimum secondaries. With such microscopes, the 
following of tracks in our large plates was found to be 
easily feasible, thus obviating the necessity of cutting 
the plates. 

SCANNING 


In the scanning, all stopping particles in a defined 
zone were observed and those with secondaries ema- 
nating therefrom were recorded. The zone that was 
scanned on each plate was that in which K-particles 
with masses of ~ 1000 m, and momenta of approxi- 
mately 330 Mev/c were expected to end. This was 
determined by using the average range of the protons 
stopping in the plate being scanned. In this way, 766 
K-events were observed, of which 693 had single near- 
minimum secondaries," 15 had single gray secondaries 
(with I/Imin>~2) and 58 were identified as r mesons 
by their decay into 3 charged particles. Our efficiencies 
e for detecting these classes of K-particles in area 
scanning are estimated to be: e>75% for Xz,-mesons, 
e>85% for K-particles with single gray secondary 
tracks, and e>90% for 7 mesons. These estimates were 
made by comparing the ratios r/K, and 7/7’ found in 
this experiment with those found by systematic “along 
the track” scanning." 


ANALYSIS 


Among the 708 K-particles observed (not counting 
7 mesons), 51 were selected as having secondary tracks 
suitable for analysis. These events were chosen by 
using the following criteria: (1) near-minimum sec- 
ondaries were selected only if they had actual dip 
angles <8°, and if their directions were such that 
ranges in the stack of at least 12 cm and traversals of 


8In area scanning for stopping particles in plates exposed to 
particles of a given momentum, only a limited area of the plate 
needs to be covered, thus permitting the simple adaptation of a 
standard stage (with a 2 in.X3 in. movement) to hold “big plates.” 
The Leitz stage (No. 48) was found particularly suitable. 

9G. T. Zorn, Rev. Sci. Instr. (to be published) 

10 For these K-particles, which decay into single lightly-ionizing 
secondaries, we use the general term K,-mesons. 

1 Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Proceedings of the International Conference on 
Elementary Particles, Pisa, 1955 (unpublished); Chupp, Gold- 
haber, Goldhaber, Johnson and Webb, Proceedings of the Inter- 
national Conference on Elementary Particles, Pisa, 1955 (un- 
published) 
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Fic. 2. Ranges of secondaries of K,-mesons. 


at least 20 emulsions were possible (34 events) ; (2) all 
dark gray secondary tracks (J/Imin>~2) were in- 
cluded, regardless of their angles of dip (15 events); 
(3) grain density measurements were made on sixty 
relatively flat secondary tracks, and those with 
T/Tmin>~1.4, with dip angles <16°, were chosen (2 
events). 

Whenever possible, these secondaries were traced 
until they came to rest in the emulsion and could be 
identified by their decay modes. The measurement of 
range was made by taking the coordinates on the 
microscope of the beginning and end of the track and 
calculating the range, assuming the track to be straight. 
To this range was added a correction for the deviation 
of the track from a straight line. This correction could 
be calculated easily from the detailed sets of coordinates 
recorded as the track was followed from plate to plate. 
The range thus determined was the actual distance 
traveled by the secondary in the stack (whose effective 
density was 3.85 g/cm’). 

In those cases in which the secondaries could not be 
followed to the ends of their ranges, multiple-scattering 
measurements or specific-ionization determinations or 
both were employed to indicate their identities. These 
measurements were made using standard techniques, 
and all such measurements, as well as the following of 
secondaries, were carried out on the specially con- 
structed large microscopes. 

Figures 2 and 3 show the measured or estimated 
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TaBLeE I. K_z-particles. 








(A) Events with near-minimum secondaries followed to the ends of their ranges 


Range of secondary 
(cm) Decay of 


( 
(accurate to 1 mm) secondary 


Mass of K-particle 
Me 
From range relative to 
mean 7 range, with 


K-particle 
my, =965 me 


decay scheme From Q of decay 





19.9 pe 
20.5 p-e 
20.6 y-e 
20.4 pe 
20.8 pre 
20.7 u-e 


11.6 
11.35 
11.5 
11.6 


W-p-e€ 
w--€ 
T-p-€ 
w-p-€ 


971425 
963425 
971425 
960+25 
966+25 
980425 


96825 
1013425 
934425 
939425 


Cue 950+ 14 
Kys 9644-14 
4 967414 
Kys 96214 
Kyo 972414 
Kys 969-414 


Ky 966+8 
Ky 959+8 
Ky 96348 
Ky 966+8 


(B) Events with near-minimum secondaries that left the stack 


Ionization measurements 


Distance from 
origin (cm) 


Distance 
followed 
(cm) 


Distance from 


&/8min origin (cm) 


Scattering measurements 


PB (Mev/c) 


K-particle 
mass 
(from range 
relative to 
K-particle mean r range, 
decay with 
mr =965 Me) 


Identity of 
secondary 

(consistent 
with g/gmin 


and p§) 


Estimated 
total range 


of secondary (cm) scheme 





10.1 9.2 0.46 
12.1 


9.7 


1,130.04 
1.130.03 
1,030.04 
1.25+0.05 
1.08+0.05 
1.57+0.06 
1.32+0.06 


ot pat ph pt 
NOR RK WANS 
No! ef re 
oT a: 
NASON AN 
ier DQ Co Oot 


bv Oo Sw O 
: 4 on 


1.1940.03 
1.1740.10 
1.06-£0.05 


eos: 


K19 


983225 
954425 
934425 
970425 
939425 
960+25 
932425 
966+25 
923425 
999+ 25 
983425 


2243 
20.4+1.0 
20.2+2.0 
20.2+1.1 
20.6+1.7 
19.7+0.5 
18.9+1.3 
12.0+0.7 
12.4+1.6 
12.342.7 


194+33 
150+9 

161413 
110+11 
134+13 


944-8 

180+ 18 
172+26 
76+11 


e2yRRQREPERERE 








* From the appearance of the track as it left the stack, the estimated residual range was ~300y. 


» Inelastically scattered in flight, producing a 2+1> star. 
© Interacted in flight, producing a 3+0p star. 


total ranges for the light and gray tracks, respectively. 
It can be seen that each of the six known decay modes 
is represented among those identified: the numbers of 


TaBLe II. Events with gray secondaries. 








K-particle 
mass (me) 
(from range 
relative to 
mean rt 
range, with 
m7 =965 me) 


953425 
989425 
928+25 
987425 
934425 
975425 
926425 


K-particle 

lecay 

scheme 
Kys 
Kys 
Kus 
Kus 
Kus 
Kus 
Kus 


Energy of 
secondary* 
(cm) (Mev) 


1.85 30.2 
0.13 6.5 
0.69 16.9 
0.07 4.6 
1.01 21.1 
0.19 8.1 
0.23 9.0 


K26 2.9 44.3 
K28 0.34 12.6 
K29 0.22 9.9 
K31 1.4 

K32 0.78 

K33 0.86 

K48 0.29 

K49> (1.4+0.3) 


K50 
KS1 


Range of 


secondary Decay of 


Event secondary 


K22 
K23 
K25 
K30 
K38 
K4 
K52 





967425 
972425 
970+25 
954425 
996+25 
937425 
968+25 
934425 


1-p-€ 
W-p-€ 
w-p-€ 
w-p-€ 
w-p-€ 
W-u-e 

Interacts 

in flight 
W-p-€ 
W-p-€ 


re ee 


i a te i ee | 


977425 
991+25 


<, 


0.30 
0.87 


» 








* See reference 16. 
> At 0.2 cm, p8 =48+6 Mev/c. 


identified examples, other than 7 mesons, are 13 Ky, 
7 Kyo, 1 Kes, 7 Kys, and 10 7’ particles. Thirteen of the 
flat near-minimum secondaries were abandoned because 
they became too steep to permit unambiguous identi- 
fication. Except in the special cases, K18, K19, K39, 
no K,-secondary was identified unless the track had 
been followed at least 9.5 cm through the stack. 

The knowledge of the identity of these 38 K-particles 
presented the possibility of determining the masses of 
the primary particles decaying in the various modes. 
This was done through a comparison at the same 
momentum of the ranges of K-mesons in each group 
with those of 7 mesons ending in the stack. Deter- 
minations of the average K ,-particle mass have been 
made and were reported at the Pisa conference.” We 
have used the same procedure in this investigation to 
determine the mass value for the particles decaying in 
the various modes, relative to m,=965 m,. In addition, 
where the secondaries were followed to the ends of 
their ranges, the K-particle masses were determined 
from knowledge of the decay scheme and of the Q 
value. The individual mass values are listed in Tables I 


” Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Proceedings of the International Conference on 
Elementary Particles, Pisa, 1955 (unpublished); Fung, Mohler, 
Pevsner and Ritson, Proceedings of the International Conference 
on Elementary Particles, Pisa, 1955 (unpublished). 
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and IT and the average values for the particles decaying 
in each mode are given in Table III. 


RESULTS AND DISCUSSION 


As is noted in Figs. 2 and 3, all the known decay 
modes of K-particles were observed. In this section, 
each mode will now be considered separately, and the 
details regarding the characteristics of the parent 
particle and its decay will be discussed. 


Ky 


The Ky, is a meson which decays into two particles 
one of which is a muon of high energy. Thirteen ex- 
amples of this decay mode have been observed, and of 
these, six secondaries were followed to the ends of their 
ranges. Details of these events appear in Table I. 
Considering the effect of straggling in range, these 
events are consistent with a decay into a uw meson of 
unique energy. The average range of the stopping 
muons observed is (20.48+0.25) cm," and using the 
range-energy curves of Barkas'® normalized to the 
emulsion density of our stack, this range value cor- 
responds to an energy of emission of (151.8+1.5) Mev 
for the muon. The errors quoted arise from an esti- 
mated 2.7% straggling in range’? and from the un- 
certainty in the stack density. 

The mass of the Ky», as has been previously noted, 
may be determined through a comparison of its range 
with the 7 range at any point in the stack. This is 
actually a comparison of the ranges of r and K-particles 
at the same momentum. The individual masses ob- 
tained in this way are listed in Table I and their average 
value is (960-+-7)m,. Using this datum and the average 
energy of the muon secondaries, we have calculated 
the mass of the neutral secondary to be ~0. The decay 
scheme K,2t—y+-+v7+(Q'*” is therefore confirmed. 

For the purpose of comparison, we may also calculate, 
given the decay scheme and the energies of the sec- 

18 The average muon ranges reported by Merlin ef al.‘ for 6 
cases, and Crussard ef al.'® for 3 cases are (20.52+0.33) cm and 
(20.33+-0.33) cm, respectively, in good agreement with this value. 

4M. Merlin et al., Proceedings of the International Conference 
on Elementary Particles, Pisa, 1955 (unpublished). 

16 Crussard, Fouche, Kayas, Leprince-Ringuet, Morellet, 
Renard, and Trembley, Proceedings of the International Con- 
ference on Elementary Particles, Pisa, 1955 (unpublished). 

16W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579(Rev) (unpublished) ; 
see also D. O. Caldwell, Phys. Rev. 100, 291 (1955), for a discus- 
sion of the range-energy relation. Nole added in proof—The 
Barkas range-energy relationship has been confirmed to better 
than 1% by Barkas ef al. (private communication), thus per- 
mitting greater confidence in values of the masses derived from 
the ranges of secondaries. 

17K, R. Symon, Harvard University, thesis, 1948 (unpub- 
lished); B. Rossi, High Energy Particles (Prentice-Hall, Inc., 
New York, 1952), pp. 36-37. 

18 The absence of a high-energy y ray associated with the decay, 
which has been indicated by a number of investigations," suggests 
the neutrino as the neutral secondary with ~0 rest mass. 

19 Bridge, DeStaebler, Rossi, and Sreekantan, Nuovo cimento 
Series 10, 1, 874 (1955); H. DeStaebler and B. V. Sreekantan, 
Phys. Rev. 98, 1520 (1955); H. Courant, Phys. Rev. 99, 282 
(1955). 
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Fic. 3. Ranges of gray secondaries of K-mesons. 


ondary muons, the masses of the K,2’s observed. These 
values are listed in Table I for the particles whose 
secondaries were followed to the ends of their ranges. 
The average value is (964-+6)m,. 


Ky» 


Of the 7 particles identified as decaying into charged 
pions of high energy (E>~50 Mev), 4 secondaries 
were followed to the ends of their ranges, one was 
followed almost to the end of its range, and two were 
identified by their nuclear interaction in flight. Details 
of these events appear in Table I. One observes that 
the pions are emitted with a unique range indicating 
a K-meson decay into two particles. The average pion 
range is (11.51+0.15) cm,!*.*?! which corresponds to 


TABLE III. Average mass values for K-particles. 








K-particle mass values (mz) 


From range relative to 
mean r range, with 
mr =965 me * 


960+7 
963+9 
983425 
955+9 
967+8 


From Q of decay 


96446 
964+4 


Decay mode 


Ky2*—u*+r+0 

Ky2*->1++r+0 

Kest—e++?+?+0 

Kyst—pt+r+v+O ? 
tr rt t+ 79 











® The masses of the K-particles obtained from momentum-range relative 
to m; =965 m. agree within the errors with the results given by Birge ef al.” 


*” This value of the pion range is in agreement with the value 
of (11.71+0.33) cm given by Crussard ef al. (1 case)'® and the 
value of (11.78+0.23) cm given by O’Ceallaigh et al. (4 cases).?! 

21C, O’Ceallaigh et al., Proceedings of the International Con- 
ference on Elementary Particles, Pisa, 1955 (unpublished). 
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Fic. 4. Differential spectrum of u mesons from Ky; decay, under 
the assumption that the spectrum is proportional to the phase 
space factor for the three body decay Ky;—y+7°+». The spec- 
trum is normalized to total area 1/20. (Ky;/Kxi=1/20.) 


an average pion energy at emission of (107.8+0.9) 
Mev.'* Again, the error arises from the straggling in 
range,’ and from the uncertainty in the stack density. 

The masses of the K ,2 particles have been determined 
through a comparison, at the same momentun, of their 
ranges with those of r mesons. The values obtained in 
this way are listed in Table I. The average value has 
been calculated to be (963+9)m,. 

Using these data on the primary mass and the pion 
energy at emission, we may determine the mass of the 
neutral secondary: The value so determined is 
(2594-18)m,. This mass value is consistent with that 
of the r° and the decay scheme, K,2t->rt++2°+0Q,” 
is thus confirmed. 

For purposes of comparison, we have calculated the 
masses of those K,2 particles with ending secondaries 
from the energy of the charged pion and the above 
decay scheme. These values have been listed in Table 
I. Their average value is (964+4)m,.¥ 


K.; 


In this investigation only a single example of a decay 
into an electron has been observed. This event may be 
associated with the decay of the K,;. The secondary, 
which was identified by specific ionization loss and 
multiple scattering measurements, was emitted at an 


2 A more direct indication that the neutral secondary is indeed 
a 7° meson is obtained from multiplate cloud-chamber data on 
S-particles, where the y rays from 7° decay are detected.” 

23 We can use the data in a different fashion to determine the 
mass of the Ky2 without using the Barkas range-energy relation, 
the validity of which is not completely certain at high energy. 
From measurements of the primary mass value of the Ky» relative 
to the 7, we have a mass value of (960+7)m, for the Ky2 (see also 
reference 12). If one assumes a constant ionization potential, the 
range of the uw secondary of (20.48+0.25) cm can then be used to 
provide an accurate experimental range-energy calibration, from 
which we obtain a value of (961++6)m, for the K,2 mass. 
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Fic. 5. Observed distribution in energy of « mesons from Kys 
decay, and the calculated curve taken from the spectrum of Fig. 
4, with 700 Ky events. 


energy of 70 Mev. The mass of the parent particle, 
from a comparison of its range with the r range was 
found to be (983+-25)m,. Further details on this event 
appear in Table I. 

Kys 


A comparatively rare event is the K,3, of which 7 
examples were observed. Details on each event appear 
in Table II. These events were identified on tracing 
the secondaries to the ends of their ranges by the y-e 
decays there observed. The mass values, which are 
listed in Table II, have been calculated by comparing 
the range of each K,; with the r-meson range in the 
stack. The average value obtained was (955+9)m,. 

Considering all available data, a reasonable decay 
scheme for the K,3 is: Ky3t-u++2°+v+Q, and the 
best estimate for its frequency of occurrence relative 
to K;, mesons generally is ~ 1/20. Under the assumption 
that the spectrum is proportional to the phase space 
factor for this 3-body decay, we have calculated the 
energy spectrum and normalized it to correspond to a 
Ky; to K,, ratio of 1/20. This distribution is shown in 
Fig. 4. Our data on the distribution in energy of the 

% Tt should be noted that the mass value determined in this way 
should be viewed with some reserve, for it is uncertain, with only 


one event, that our zones of observation included the most 
probable range for the K,3 particle. 
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TaBLE IV. Summary of information on K,3 events: The expected numbers, calculated from the spectrum of Fig. 4, and the 
observed numbers in each range interval are given, for several experiments. 








III 


I II 
O¢Ru<i.sem 15¢Ry<5 cm 


Source of data 


Ru 2S cm 


Kus ‘7? 
(low energy, 
R<1.5 cm) 


Proper time 
of flight 


(sec) Remarks 





Expected 4.0 0.92 0.96 
The present 
experiment 


Observed 


Expected 
G stack* 
Observed 


Expected 
Ecole poly- 
technique 


(emulsion) Observed 


Expected 
Birge et al.° 
Observed 


Expected 
M.I.T. cloud 
chamber data‘ 
Observed 


Pooled cosmic- 
ray data® 


Expected 9.7 1.85 44 
Total 


Observed 9 6 0 


1.5X 10-8 0.7+0.3 


~10-° 


More conservatively, the number 
in Group III is: <2 


There is one well-established 
example of a high-energy Kys 
secondary: Br24, 77 Mev 


1+0.6 








b See reference 15. 


® M. W. Friedlander et al., Proceedings of the International Conference on Elementary Particles, Pisa, 1955 (unpublished). 


¢ Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and Whitehead, Proceedings of the International Conference on Elementary Particles, Pisa, 1955 


(unpublished). 
4 See reference 19. 
¢ Dilworth, Occhialini, and Scarsi, Ann. Rev. Nuc. Sci. 4, 271 (1954). 


muon secondaries appear in Fig. 5, where the low- 
energy end of the calculated spectrum is also drawn for 
comparison. 

Our data on K,3 may be conveniently divided into 
three groups: 

The first group consists of those events in which the 
secondary is emitted at a sufficiently high ionization 
to be readily distinguishable from a minimum-ionizing 
secondary, irrespective of the inclination of the track. 
This includes muons of range <1.5 cm. 

The second group consists of particles that were 
selected by a rough grain density measurement on flat 
tracks. Muons of ranges between 1.5 cm and 5.0 cm 
were detected in this way. 

The third group consists of events in which the 
secondary particle had near-minimum ionization and 
could be identified only by following very flat tracks. 

In Table IV, the observed data, divided into these 
groups, are compared with the expected values deduced 
from the spectrum of Fig. 4, which has been normalized 
to a K,3/Kz ratio of 1/20. These calculated values 
have been evaluated by taking into account the number 
of K-particles investigated in each ionization group. 
Also summarized in this table are data obtained by 
other groups using emulsion and cloud-chamber tech- 
niques, together with the numbers expected in each 
case. 


Although there is fair agreement between the ob- 
served spectrum and the calculated values obtained 
by using the assumed spectrum and the ratio Ky3/Kr 
= 1/20, there is some indication that the number of 
low-energy secondaries (groups I and II) is, relatively, 
too high. This observation, and the fact that there 
have been no K,; events observed with high-energy 
secondaries (R,>5 cm), indicate that either the form 
of the predicted spectrum or the assumed decay scheme 
is incorrect.”® 

K,; or +’ 


Ten examples of heavy-meson decay into a charged 
pion, with energy between 9.5 and 45 Mev, have been 
observed. These events may be interpreted as examples 
of the decay of the r’ or K,s particle. The masses of 
the primary particles have been estimated through 
comparison of their ranges with the 7 range, and an 
average value of (967+8)m, has been obtained. The 
details of each event observed appear in Table II. 

The energy spectrum of the secondary pions is 
presented in Fig. 6. The fact that such events are, 
indeed, examples of the alternate decay mode of the 
1(r’—>nt++7°+7°+Q) is strongly indicated, firstly by 

25 If we choose to assume decay schemes such as Kyst—y*+v 
+v+Q or Kystut+v+y7+Q, an even larger discrepancy is 


observed between the experimental distribution and the predicted 
one. 
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Fic. 6. Observed distribution in energy of pions 
from Kz; (r’) decay. 


the fact that in no case, either in our data or in prev- 
iously reported data, has there been observed a pion 
with energy greater than 53 Mev, the maximum for 
this scheme (except, of course, the pion from Ky» 
decay) and secondly, by the observed form of the pion 
energy spectrum (see Fig. 6 and reference 4). 


RELATIVE FREQUENCIES AND LIFETIMES 


The relative frequencies of the various modes of 
decay have been obtained from our data. For the 
K,-particles, the estimates of relative frequency have 
been based mainly on the sample of 21 unambiguously 
identified events listed in Table I. However, in esti- 
mating the frequency of the K,; mode, account has 
been taken of 24 additional K, events (13 in this stack 
and 11 in another M.I.T. stack) which were incom- 
pletely analyzed, so that only the K,3 mode could be 
excluded. 

A summary of the information obtained is given in 
Tables IV and V. For easy comparison, the results of 
other investigations on relative frequencies are also 
given there, together with the average K-particle time 
of flight for each experimental arrangement. 

Using the experimental data obtained in this in- 
vestigation and comparing them with results obtained 
in other ways, the mean life of the K,2, the Ky2, and 
the K,; may be estimated. Data currently available 
indicate that the lifetime for K ,-mesons (which include 
primarily K,2 and K,2 particles) is ~1 10-8 sec.”6 

Since the K,-particles have been demonstrated to 
be mainly K,2, the quoted lifetime is a close approxi- 
mation to that of the K,». The uncertainty lies in the 
lifetime estimates for the K,». That this particle has 
approximately the same lifetime as the K,2 is evidenced 

*® Chupp, Goldhaber, Goldhaber, Iloff, Lannutti, Pevsner, and 
Ritson, International Conference on Elementary Particles, Pisa, 
1955 (unpublished); L. Mezetti and J. W. Keuffel, Phys. Rev. 95, 
858 (1954); Barker, Binnie, Hyams, Rout, and Shepherd, Phil. 
Mag. 46, 307 (1955); K. W. Robinson, Phys. Rev. 99, 1606 (1955); 
L. Alvarez ef al., Phys. Rev. 101, 503 (1956); give ~1.3X 10-8 sec 
for both Kye and Ky2; V. Fitch and R. Motley, Phys. Rev. 101, 


496 (1956), gives (12.1_1,07!4)10~ sec for the Kgs, (11.7_0.7*?-8) 
X10~ sec for the Kye. 


by the comparison of our data on relative frequency 
with that of the G stack and the large stack of the 
Paris group. The close similarity of these results under 
experimental conditions involving very different times 
of flight suggests rather strongly that the lifetime of 
the K,2 is indeed ~10~° sec. 

The lifetime of the + meson has also recently been 
determined. Harris and Orear, and Alvarez and Gold- 
haber have independently obtained values of ~ 1X 10-8 
sec.?7 

If we assume that the 7’ has a lifetime closely similar 
to that of the 7, then we may hope to estimate the 
lifetime of the K,3. The early emulsion data (see Table 
IV) for Ky; and 7’ decaying into low energy muons 
and pions (ranges <1.5 cm) indicate a ratio of K,3/r’ 
~1. This is in good agreement with our ratio of 0.7, 
thus indicating that the K,; also has a mean life of 
~10- sec. 

One might expect that any difference among K- 
particles decaying in various ways would exhibit itself 
in production. That is to say, the excitation curves for 
production and the energy spectra might be different 
for particles decaying in the several modes. Evidence 
to the contrary, although not of a very conclusive sort, 
is implied by the fact that the relative frequencies of 
occurrence of the various decay modes observed under 
the widely different conditions of cosmic-ray experi- 
ments and Bevatron exposures are in agreement. 

Data on the decay of the 7 meson into three charged 
pions‘ strongly indicate values of spin and parity for 
the + which forbid decay into two mesons, and 
accordingly, suggest that the beam we observe is com- 
posed of at least two kinds of particles, thetons and 
tauons. The fact that the masses are identical or closely 
similar (Table III) could perhaps arise from some 
fundamental feature of the basic theory—that the 
lifetimes, however, are similar for the decay into two 
or three x mesons is either highly fortuitous or could 
result in a natural way from one of the two mechanisms 
described below. 

The first explanation, advanced by Lee and Orear,”® 
suggests that thetons are short-lived (lifetime ~10~” 
sec) and hence the beam after ~ 1.5 10-8 sec is com- 
posed of longer-lived tauons. These, when they come 
to rest in the emulsion, can decay, among other modes, 
into thetons (r-6+7, lifetime ~10-* sec), which 
subsequently decay by the fast process, 0@>2+-7°. This 
sequence of processes would result in an identical 
apparent lifetime of ~ 10-8 sec for the @ and r, and also, 
the relative frequencies of the two decay modes would 
be the same under all conditions of observation. How- 
ever, if a short-lived K-particle exists, it is surprising 
that it has not been observed in nuclear emulsions or 
cloud chambers. 


27 Farris, Orear, and Taylor, Nevis Cyclotron report R-111, 
August 1955 (unpublished); L. Alvarez and S. Goldhaber, Nuovo 
cimento, Series 10, 2, 344 (1955). 

*8 T. D. Lee and J. Orear, Nevis Cyclotron report R-112, August, 
1955 (unpublished). 
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TABLE V. Relative frequencies of occurrence of the various modes of decay. (For Ky, see Table IV.) 








Proper time 
of flight 
Source of data (sec) 


K.1-mesons 
Kus 





Numbers observed 
The present experiment 1.5X10-8 


Percentages 


Numbers observed 
G-stack® 
Percentages 


Numbers observed 
Ecole Polytechnique® 


(emulsion) Percentages 


Numbers observed 
M.I.T. cloud chamber datat ~2X10-° 


Percentages 


Numbers observed 
Birge ef al.¢ 
Percentages 


13/21 


63% 
21 


49% 
16 


59% 
24 


~710% 








* This ratio has been corrected to take account of relative scanning efficiency for r and r’ particles. ; 
>A. Bonetti et al., Proceedings of the International Conference on Elementary Particles, Pisa, 1955 (unpublished). 


© See reference 15. 
4 See reference 19. 
¢ See reference c of Table IV. 


The second proposal makes use of the fact that any 
charged particle of mass ~ 1000 m, which decays via 
the universal Fermi interaction” into a u+v should have 
a lifetime of ~5X 10~* sec. Charged thetons and tauons 
should both be able to decay by this mode, giving rise 


to the experimentally observed K,» particles. If this 
decay process is the fastest for both, then the lifetimes 
of the charged theton and tauon will of course be largely 
determined by the n+ » decay mode, and will be closely 
similar, though not identical.°:*! 


CONCLUSION 


In this investigation, we have observed K* particles 
which came to rest in a large emulsion stack ~ 1.5 10-8 
sec after their production in the Bevatron. 

Through analysis of their charged secondaries, the 
decay schemes for Ky», Ky2, and r’ particles have been 
confirmed, and a decay scheme for the K,; has been 
discussed. 

From our results it has been possible to estimate the 
relative frequencies of occurrence of the various modes 
of decay (Tables IV and V). These results, taken 
together with data on relative frequencies as detected 
under different experimental conditions and with 
measurements of K,;- and r-meson lifetimes, indicate 
that, within the experimental accuracy, all the decay 
modes are associated with lifetimes of ~1X10-° sec. 


*® Enrico Fermi, Elementary Particles (Yale University Press, 
New Haven, 1951). 

% The neutral thetons and tauons will not be able to decay 
through a u+yv mode, there being no neutral « meson. Thus, if 
the above explanation for the similar lifetimes of charged thetons 
and tauons is correct we should expect very different lifetimes for 
the two neutral counterparts. 

31 The suggestion that the lifetimes of the charged theton and 
tauon could be similar because of the dominance of the Ky: mode 
of decay was made independently to one of us by A. Pais. 


Also, comparison of the relative frequencies of occur- 
rence of the various modes as measured in this experi- 
ment and in other investigations indicates no striking 
energy dependence of production of K-particles de- 
caying in different ways. 

Comparison of the masses of particles decaying in 
the various modes (Table III), shows that if a mass 
difference exists, it is smaller than ~ 10 m,. 

Thus, no evidence was obtained in this investigation 
of any gross difference in mass, lifetime or production 
among K-particles. The discussion in the preceding 
section indicates that this is not necessarily inconsistent 
with the existence of two separate particles. 
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Direct electromagnetic production of pairs of » mesons has been investigated. The means of detection 
chosen consists of searching for the production of single negative u mesons peaked sharply in the forward 
direction. The target chosen was aluminum, bombarded by bremsstrahlung from 575-Mev electrons, and 
the angular range studied was 10°<@<30°. The experimental value of the cross section gexp was referred to 
a theoretical value otheor computed by modifying the conventional formula for the pair production of fer- 
mions by photons in a Coulomb field by the introduction of a finite nuclear size. Observations carried out to 


date give 


Sexp/@theor =] .93+0.68. 


The quoted standard error defines the statistical accuracy only and is a measure of the likelihood of existence 
of the process; in addition, the absolute cross section is uncertain to within a factor of 1.5. 





I. INTRODUCTION 


HE yu meson is known from its properties to be a 
particle of rest mass 207 times the electron mass, 
showing weak interaction with nuclear matter only via 
the Coulomb field and the Fermi interaction. All known 
experimental information is compatible with the fact 
that the spin of the » meson is half-integral although the 
proof of this conclusion rests only on the assumed identi- 
fication of the light neutral particle in r—y decay, 
uw capture, and w—e decay with the neutrino of 8 
decay. In short, the ~ meson appears to behave, as far 
as its scantily known experimental aspects are con- 
cerned, exactly analogously to an electron, with the 
single exception of their different masses. There is some 
evidence as to anomalous behavior of u-meson Coulomb 
scattering'~*; also, the question of the detailed identifi- 
cation of the Fermi interaction with the 6-decay coup- 
ling of nuclei is still uncertain. Clearly, however, there 
must be some properties that distinguish the inter- 
action of u mesons from that of electrons. It is, therefore, 
a matter of considerable importance to attempt to 
complete a cycle of measurements with the aim of in- 
vestigating those properties of the » meson that are 
inferred by analogy with electrons. 

The process of electromagnetic yu-pair production 
plays a potentially singular role in this connection, 

* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

t An account of this research has been submitted by G. E. 
Masek in partial fulfillment of the requirements for the degree of 
Doctor of Philosophy to the Department of Physics, Stanford 
University. 

1B. McDiarmid, Phil. Mag. 46, 177 (1955); 45, 933 (1954). 

2G. D. Rochester and A. W. Wolfendale, Phil. Mag. 45, 980 
(1954) [reviewing data of M. L. T. Kannangara and G. S. 
Shrikantia, Phil. Mag. 44, 1091 (1953). 

( 3W. L. Whittemore and R. P. Shutt, Phys. Rev. 88, 1312 
1952). 

* Amaldi, Fideraro, and Mariani, Nuovo cimento 7, 553 (1950). 

5 E. Amaldi and G. Fideraro, Helv. Phys. Acta 23, 93 (1950); 
Phys. Rev. 81, 339 (1951). 

* B. Leontic and A. W. Wolfendale, Phil. Mag. 44, 1101 (1953). 

7 George, Redding, and Trent, Proc. Phys. Soc. (London) A66, 
533 (1953). 

8 E. P. George and P. Trent, Proc. Phys. Soc. (London) A64, 
1134 (1952). 


Electromagnetic pair production is a second-order 
electromagnetic process involving (1) interaction of the 
electromagnetic properties of the muon with the photon 
field, and (2) scattering, presumed electromagnetic, of 
the muon in the field of a nucleus. One would expect, in 
analogy with the electron, the first step to correspond to 
the coupling of a Dirac current to the incident electro- 
magnetic field, and the second step to Coulomb scatter- 
ing of muons on a nuclear charge distribution of finite 
size. 

On this basis, a theoretical cross section can be com- 
puted which is the Bethe-Heitler formula for electron- 
positron pair production® corrected for finite nuclear 
size and scaled by the mass differences. Deviations from 
this “predicted” cross section could result (a) if the 
coupling of the photon field and the muon electro- 
magnetic properties did not correspond to the muon’s 
being a Dirac particle of normal magnetic moment; 
(b) if the scattering of the muon in the Coulomb field 
were anomalous; (c) if there existed alternate means of 
photoproduction, e.g., predicted by the u-pair theory of 
nuclear forces; (d) if more radical assumptions were 
true, such as the restriction of quantum electrody- 
namics to coupling the electromagnetic field to electron- 
positron pairs only, to the exclusion of pairs of other 
particles. 

The experiments on yu-mesic x-rays! do not answer 
all of these questions at this time. Although the experi- 
ments have been analyzed with the Dirac equation, the 
experimental data do not reveal any significant fine 
structure, and the influence on the bound levels of the 
negative energy states is not established. Potentially, 
however, precise measurements on y-mesic x-rays could 
serve as evidence for the existence of yu pairs. 

Work on the specific problem of the photoproduction 
of u-pairs has been carried out previously by Mather 


9W. Heitler, Quantum Theory of Radiation (Clarendon Press, 
Oxford, 1954), third edition, p. 257. 

10G. Wentzel, Phys. Rev. 79, 710 (1950); Progr. Theoret. 
Phys. (Japan) 5, 584 (1950). 

"Y. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953). 
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et al."* and by Feld et al.’* In both cases only limits on 
the cross section could be established in excess of the 
predicted value. The work of Feld e¢ al." set a limit of 
twenty times the predicted value, which is sufficient to 
rule out the cross section predicted by u-pair theories of 
nuclear forces.” 


II. GENERAL DISCUSSION OF THE 
EXPERIMENTAL METHOD 


Several experimental methods were investigated be- 
fore the method used was adopted. Methods using 
direct or indirect coincidences between both pair 
members proved to be impractical because of back- 
ground and counting-rate difficulties; and instead a 
method was adopted which could identify the process 
through a single member of the pair. An experiment 
seeking direct coincidence between both members of the 
pair would be extremely difficult with the Mark III 
linear accelerator.“ In order to achieve reasonable 
counting rates, it is necessary to use almost maximum 
beam current; because of the low duty cycle (60 pulses 
per second, 0.1- to 0.6-usec pulse length), this gives 
rise to large background through the piling up of 
prompt secondary processes; the direct muon coin- 
cidences would have to be observed during the beam 
pulse, and the coincidences would then be obscured by 
the prompt background. 

Also investigated was the possibility of making co- 
incidences between the electrons and positrons, the 
decay products of the w- and ut mesons, respectively. 
These decay products can be detected several micro- 
seconds after the beam pulse, thus reducing the prompt- 
background problems. However, the principal source 
of background is now caused by muons from r—y 
decays. It is impossible to separate these muons from 
u-pair fragments and retain sufficient counting rates. 
In the negative channel this background is not serious 
for the final stopping material will capture negative 
pions, not allowing their decay into muons; but in the 
positive channel almost all the pions stopped give rise 
to muons that are indistinguishable from the muons 
from pair production. Again, if reasonable counting 
rates are to be realized, the positive-pion background 
becomes so large that it gives more than one count per 
machine pulse, thus precluding discrimination of the 
coincidence. 

Because of this inability to use coincidences between 
either the u-meson pairs or their decay products, 
characteristics of the pair-production process that 
might allow detection of single members of the pair 
were sought. The only competing process also yielding 
single muons is the r—y decay process. As stated above, 
muons from decays cannot be separated cleanly from 
muons from pair production without a large sacrifice 

12 Mather, Martinelli, and Jarmie, Phys. Rev. 82, 973 (1951). 

13 Feld, Julian, Odian, Osborne, and Wattenberg, Phys. Rev. 
96, 1386 (1954). 


4 Chodorow, Ginzton, Hansen, Kyhl, Neal, Panofsky, ef al., 
Rev. Sci. Instr. 26, 134 (1955). 
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Fic. 1. Curves of the differential cross section for the electro- 
magnetic production of single muons from u-pair production per 
effective photon at 10° as a function of the atomic number Z, for 
various values of the meson kinetic energy and maximum photon 
energy. Ali curves were calculated from the mass-scaled Bethe- 
Heitler equation with a correction for finite nuclear size, and 
assuming V(k)=Q/k for the bremsstrahlung distribution. The 
dotted curves are for kmax=500 Mev, the solid curves for kmax 
=550 Mev. The dot-dash curve shows, for comparison, the dif- 
ferential photopion cross section per equivalent photon, assuming 
an A! dependence of the cross section on the atomic weight, and 
multiplied by the factor 0.01 to enable a comparison. 


in counting rate; hence, the production characteristic 
chosen must differentiate between u-pair and photopion 
production. To investigate this, a “predicted”’ differen- 
tial cross section for the production of single 1 mesons 
had to be calculated. G. Rawitscher has carried out this 
calculation by integrating the mass-scaled differential 
Bethe-Heitler formula’ over the variables of one pair 
member, while holding the variables of the other mem- 
ber constant.'® The variables held constant were the 
momentum p-_, the angle 6_ between the direction of p_ 
and the direction of the incident photon, and the 
photon energy k. The variables of integration were 6, 
and the azimuthal angle ¢. Larger momentum trans- 
fers occur with the » meson than with electrons of the 
same energy; therefore it was necessary to correct the 
point-charge calculation by including a form factor for 
finite nuclear size [the nuclear radius used was 1 
= (1.20X10-"X A!) cm]. The screening effect of the 
atomic electrons can be neglected since the high mo- 
mentum transfers make the effective impact parameters 
small. By folding the results obtained for different values 
of k into the bremsstrahlung distribution in k from an 
electron of maximum energy max, the differential cross 


section 
@o,-/QdT ,-dQ (1) 


16 G. H. Rawitscher, Phys. Rev. 101, 423 (1956). 
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Fic. 2. Curves of the differential cross section for the produc- 
tion of single muons from u-pair production per effective photon 
as a function of the laboratory production angle 0, for various 
values of the atomic weight A; T7,=202 Mev. All curves were 
calculated from the mass-scaled Bethe-Heitler formula with cor- 
rection for finite nuclear size, and using the Bethe-Heitler dis- 
tribution for the bremsstrahlung of maximum energy 500 Mev. 
A point-charge curve is also plotted to illustrate the effect of the 
finite nuclear size on the cross section. 


per “effective photon’”’'® was obtained. This was done 
for various values of the atomic number Z of the target 
material, 6(=6_), p(=p_), and max. Curves of these 
results are shown in Figs. 1-3. 

The dependence of the pair-production process on 
the Z of the target material was a characteristic we had 
hoped to be able to use for discrimination; however, it 
is too similar to the Z-dependence of the photopion 
process (see Fig. 1). Other characteristics—e.g., meson 
energy dependence, excitation energy dependence— 
could presumably have been used, but the one that 
appears most distinct from the photopion process is the 
dependence of the pair-production process on the pro- 
duction angle @. From Fig. 2 it can be seen that the 
pair-production cross section is strongly anisotropic 
with respect to the angle @ (increasing in the forward 
direction). Further, considering theoretical arguments 
discussed below and our own measurements, there 
appears to be no appreciable anisotropy in the photopion 
process for the small range of production angles used in 
this experiment. Therefore, we chose to examine the 
variation of the yield of single » mesons with 0. 

The following is a general description of the method 
used in this experiment (see Fig. 4): The electron beam 
from the linear accelerator is converted into y rays by 
passing it through a converter. The y rays strike a 
target from which a variety of particles emerge. These 
particles comprise, in addition to the electron cascade: 
(a) pions from photoproduction; (b) muons from r—y 


16 Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 
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decays in the immediate region of the target ; (c) muons 
from pair production (if the process. exists); and 
(d) nuclear particles from other photoprocesses. The 
angle of the emerging particles with respect to the 
y-ray beam is selected (either ~10° or ~30°); then 
the charged particles are momentum analyzed by a 
magnet M, and deflected up a channel. A series of 
absorbers A;, A, and A; in the channel reduces the 
energy of the particles and brings the meson component 
of these particles to rest in A3. In this final absorber A; 
the mesons are either captured or they decay. If they 
decay, their final decay products (electrons or posi- 
trons) emerge into a scintillation-counter telescope. 
The pulses from the counter telescope are then 
“counted” through time gates set to observe the char- 
acteristic u-meson half-life. 

Although this experimental method is simple in 
outline, inherent difficulties complicate it and inter- 
pretation of the data becomes complex. The most 
obvious difficulty is the low cross section of the pair 
process. This makes it necessary to use every means 
possible to increase the ratio r of the muon yield from 
pair production to the muon yield from m decay. If 
the polarity of M; is chosen to accept negative par- 
ticles, pions that come to rest in the final absorber will 
be captured and no decay electrons will emerge. Thus 
the pions coming down the channel can yield counts 
only by decaying in flight. Further, the counts from 
pion decays in flight can be reduced as follows: If M, 
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Fic. 3. Curves of the differential cross section for the electro- 
magnetic production of single muons from u-pair production per 
effective photon in aluminum at 6= 10°, as a function of the muon 
kinetic energy and for various values of the maximum photon 
energy kmax. All curves were calculated from the mass-scaled 
Bethe-Heitler formula with a correction for finite nuclear size. 
The solid curves assume a bremsstrahlung distribution of N (k) 
=(Q/k; the dotted curve was calculated from the Bethe-Heitler 
expression for the bremsstrahlung. 
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Fic. 4. General experimental arrangement. 


passes a meson momentum increment of 10% or less 
and M, is set properly (this will henceforth be called 
the “‘u setting’’), it is possible, by making use of the 
range difference, to stop practically all the pions in 
absorber A», while permitting almost all the muons to 
pass. Then if A» is separated from A; by moving A» 
toward M,, r— decays cannot occur in regions near 
A; where the muon detection efficiency would be high. 
Several other methods can be used to increase the 
ratio r (as discussed below). 

Major difficulties also arise from two other sources 
of background: (1) An alternate method of producing 
pions gave an additional source of background in some 
of the earlier runs. At the time of these runs, absorbers 
A, and A» were coupled together into a single absorber 
(which will be called A,’ for the purposes of this dis- 
cussion); A,’ had the same stopping power as A, and 
Az combined and was placed in the position of A». In 
the 10° position, electrons from the primary beam can 
be scattered into the entrance of the meson channel by 
the target. In passing through the target they can lose 
sufficient energy by radiative straggling to allow them 
to be accepted by M;, and to travel down the channel. 
These electrons would then radiate in A,’ and the 
photons produced would make pions in A3. Finally, 
some of the positive mesons produced would be re- 
absorbed in A; and give rise to background counts.!” 
(Aside from the straggling of the primary beam, elec- 
trons of the right momentum can also come from elec- 
tron-pair production in the target.) This method of 
pion production can be eliminated by splitting A,’ into 
the two absorbers A; and Az, and placing A; in front 
of the analyzing magnet M,, thus reducing the energy 


17 To check this mechanism, aluminum and carbon absorbers 
can be used interchangeably for A; (described below). 


defined by the meson channel to below threshold for 
pion production. Mesons of the same initial energy as 
before first lose energy in A,, then pass into the channel 
of M, (which is now set to accept lower energies), lose 
additional energy in A», and finally come to rest in A;, 
as before. On the other hand, electrons that previously 
produced pions in A; will radiate and lose energy in A,, 
and be deflected by M, into A» where they will also 
radiate and lose energy; but the photons produced in 
A, cannot geometrically see A;, and the photons from 
Az are now too low in energy to produce many pions 
in A 3- 

(2) The most serious difficulty comes from the 
various sources of background, other than pion decays, 
that occur after the beam pulse. These sources could 
presumably be radioactivity, photomultiplier after- 
pulses, etc., but because this background gives real 
coincidences in the telescopes, it is almost certain that 
the principal mechanism is from slow neutrons.'® 
Further, the magnitude of this background depends on 
whether the setting is in the 10° or the 30° position, 
and whether the target is in or out. Hence, we can 
neither subtract ‘30° counts” directly from “10° 
counts,” nor “target-out counts”’ directly from “‘target- 
in counts.” It is possible to separate this background 
from the w~ counts in each running condition by using 
two different materials interchangeably for A;. The 
muon lifetime for nuclear absorption is approximately 
proportional to 1/Z* of the stopping material; hence, 
there will be many more decay electrons from a carbon 


18 Large numbers of neutrons are made during the beam pulse. 
By diffusion processes these neutrons can end in the scintillators 
several microseconds after the beam pulse and cause, ¢.g., (n,y) 
reactions. These y rays in turn can give rise to electrons with 
sufficient energy to give counts in the scintillation-counter 
telescope. 
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A; than from an aluminum 4A; of the same g/cm? and 
otherwise equal physical size. From this difference in 
the counting rates between a carbon and an aluminum 
A; (or between a magnesium and a lithium A;), the 
counts attributable to muons only can be determined. 
Notice also that the observed half-life of the decay in 
the case of a high-Z (aluminum or magnesium) A; aids 
in identifying the background. 

It is now possible to see how counts attributable to 
electromagnetic production of muons can be determined. 
The following statements and assumptions are made: 
(a) The pion cross section is nearly isotropic in the 
energy region of 200 Mev between 10° and 30°; and 
the deviation from isotropy can be measured. (b) The 
electromagnetic yield of muons should be much greater 
at 10° than at 30°. (c) The only sources of muons are 
from pion decays in flight and from direct electro- 
magnetic production. Then if at any particular setting 
of angle and magnet the counts obtained with an A; 
of high atomic number (Al or Mg) are subtracted from 
the counts with an A; of low atomic number (C or Li), 
the counts attributable to muons only can be deter- 
mined from the remainder. Such a subtraction made 
with M;, at the yu setting, and in the 30° position, should 
yield primarily counts attributable to pion decays in 
flight ; in the 10° position, such a subtraction yields, in 
addition to pion decays in flight, a large contribution of 
muons from pair production as compared to 30°. 
Hence, a comparison of the “30°, C-Al (Mg-Li) dif- 
ference” from the ‘“10°,C-Al (Mg-Li) difference”’ 
should give the single muons from pair production. 


III. EXPERIMENTAL ARRANGEMENTS, 
EARLY RUNS 


The electron beam of the Mark ITI linear accelerator 
was momentum-analyzed by a system of magnets!’ and 
brought to a }-in. diameter spot focus in the experi- 
mental area. Here the beam was first monitored by a 
secondary emitter” and then deflected by a magnet 
whose position could be changed along a line parallel 
to the initial beam line. By deflecting the beam into the 
target from different magnet positions, it was possible 
to keep the target and detector geometry fixed and 
vary the angle @ (see Fig. 4). 

We used the highest beam energy available for three 
reasons: (1) The u-pair total cross section increases 
almost quadratically with beam energy, while the 
photopion cross section increases only slightly; this 
increases the ratio r. (2) The pair cross section as a 
function of meson energy peaks at about 7,=}(k—2y) 
(see Fig. 3) ; hence higher beam energies allow a higher 
meson energy to be used. This also increases the ratio 
r, for the photopion cross section decreases with in- 


1” W.K.H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 

2% G. W. Tautfest and H. R. Fechter, Rev. Sci. Instr. 26, 229 
(1955). 
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creasing meson energy.”!-* (3) The additional absorber 
necessary to bring higher energy mesons to rest allows 
greater attenuation of the pions in flight by nuclear 
absorption; this once again increases r, for the muons 
experience no nuclear absorption. During the experi- 
ment the highest beam energy available was 575 Mev. 
The muon kinetic energy was near 190 Mev. 

After the beam emerged from the beam-deflecting 
magnet, it passed through a 0.020-in. tantalum con- 
verter and then through a 1-in. aluminum target placed 
immediately behind the converter. The choice of target 
was a compromise between two considerations: On the 
one hand, the maximum number of radiation lengths of 
the target is limited because the primary energy of the 
electron beam and the resultant y rays degenerate in 
traversing the target. The electrons can lose energy by 
radiative straggling, while the y rays are absorbed 
principally through the secondary process of electron- 
pair production. As mentioned earlier, the u-pair cross 
section is a steep function of the primary electron or 
y-ray energy, and hence this degeneration causes a 
decrease in the u-pair yield. The degeneration does not, 
however, appreciably affect the pion yield. Therefore, 
the ratio r decreases as the number of radiation lengths 
of the target is increased. The maximum tolerable 
number of radiation lengths for the target was calcu- 
lated to be ~0.3. The highest absolute yield is then 
obtained by making the target of the lowest Z possible 
since the y-pair cross sections (Fig. 1) vary much more 
slowly with Z than radiative processes involving elec- 
trons. On the other hand, the physical dimensions of 
the target become too large for a too-low-Z material. 
Aluminum was used because it gives the best compro- 
mise between physical dimensions and low Z. One 
further consideration limiting the use of too large a 
number of radiation lengths is that during the beam 
pulse a large number of ionizing particles reach the 
scintillators through secondary processes. These par- 





Fic. 5. Vertical cross section through the counters and the last 
absorber A;. The exit of the meson channel is immediately behind 
A3;, and mesons stopping in A; travel in a direction out of the page. 
The dotted lines (D) indicate typical electron or positron tra- 
jectories from A; through the scintillators. The remaining letters 
designate: (A) preamplifier for Channel 2; (B) photomultiplier 
of Channel 2; ic ) air light-pipe from scintillator No. 2 to the 
phototube of Channel 2; (£) 2-in. plastic scintillator No. 4; 
(F) 1-in. plastic scintillator No. 2; (G) iron magnetic shield 
around phototube of Channel 1. All four channels above are 
identical with the exception of the size and position of the four 
scintillators and their corresponding light-pipes. All the above 
components are contained in two light-tight copper boxes shown 
above and below A3. 


21 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 99, 210 
(1955). 
® Tollestrup, Keck, and Worlock, Phys. Rev. 99, 220 (1955). 
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ticles give rise to extremely large light pulses that 
render the photomultipliers inoperative for several 
microseconds after the pulse has passed. The scattering 
of the primary beam into the meson channel by the 
target is certainly the main source of these ionizing 
particles. We have developed an electronic method, 
described below, of “pulsing off” the photomultiplier 
high voltage during the beam pulse; but unfortunately 
this does not completely solve the problem if targets 
of a large number of radiation lengths are used. Targets 
of fewer radiation lengths scatter fewer secondaries 
into the scintillators and thereby reduce this problem. 

The meson-analyzing magnet, channel, and ab- 
sorbers have been described. The scintillation-counter 
telescopes are shown in cross section in Fig. 5. The 
mesons enter A; in a direction normal to the page; the 
decay electrons emerge from A; passing through either 
one or the other of the telescopes. The aluminum 4A; is 
composed of layers of perforated sheet to yield the cor- 
rect density; A; is 15.9 g/cm? in the vertical direction. 
The two inside scintillators are 1-in. plastic, and the 
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Fic. 6. Block diagram of the electronics used in the experiment. 


outside scintillators are 2-in. plastic. All scintillators 
are viewed by DuMont 6292 photomultipliers, whose 
outputs are first clipped by 7 ft of Microdot 90-ohm 
coaxial cable, then amplified by preamplifiers with a 
gain of 6 and a risetime of 10 mysec. The outputs from 
the two inside counters are paralleled, as are the outputs 
from the two outside counters (Fig. 6). These two 
signals are amplified further (~ 1000 gain, ~ 20-mysec 
risetime). Each output is divided again, yielding four 
outputs, two of which are the sum of the pulses from 
the inside counters, and two of which are the sum from 
the outside counters. Two of these outputs, one inside 
and one outside, are fed through separate fast dis- 
criminators (resolving time 10 musec) and then put in 
fast coincidence (resolving time 20 mysec). The re- 
maining two are similarly fed through fast discrimina- 
tors and put in fast coincidence, but one is first delayed 
by 40 ft of RG-63/U coaxial cable. The outputs of the 
two coincidence circuits then represent the real and the 
accidental events, respectively. These outputs are fed 
into a slow-coincidence matrix which gives coincidences 
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Fic. 7. Timing sequence of electronic operations with respect 
to the beam pulse. The gates indicated with solid lines give their 
positions for the early runs; the dotted lines indicate their position 
for the later runs. 


between these signals and three time gates triggered 
by a pulse controlled by the accelerator time base 
(Fig. 7). The outputs of the matrix are scaled and 
counted. The photomultiplier high voltages are pulsed 
off during the time of the beam pulse by discharging a 
3-usec 50-ohm artificial delay line with a hydrogen 
thyratron (Fig. 8). The high-voltage disabling pulse 
was applied not only to the photomultiplier voltage 
divider but also to a “capacitive cap” (made of copper 
screen for light-transmission purposes) which covered 
the photosensitive surface of the photomultiplier; this 
enabled the photosensitive surface to receive a fast 
pulse in spite of its relatively high resistivity. A diffi- 
culty with this method of pulsing the photomultipliers 
appeared during the earlier set of runs: The falltime 
of the pulse was long (~1.5 usec), and this introduced 
nonuniformities in the photomultiplier sensitivity no- 
ticeable up to about 8 ysec after the pulse. Thus, 
whereas the ratio of the counting rates in the first and 
second gates should have been about 2:1 on the basis 
of the muon decay lifetime and gate settings, it was in 
fact 1.7:1. This fall-time difficulty was overcome in 
the later runs, and the ratio for these runs was very 
nearly 2:1. 

Table I contains a list of all parameters used in the 
experiment. 


IV. EXPERIMENTAL PROCEDURE, 
EARLY RUNS 


The negative-muon cross section was measured rela- 
tive to the positive photopion cross section. An absolute 
measurement was not attempted because of uncer- 
tainties in many of the experimental parameters, such 
as the solid angles of the counting system, the mo- 
mentum acceptance of the meson channel, the counter 


TABLE I. Summary of parameters used in experiment. 








Value 
Early runs Late runs 


10° or 30° 
575 Mev 


Symbol 


Parameter (if any) 





Laboratory production angle 6 
Electron beam energy 

Kinetic energy of muon 

observed Ty 

Absorber 1 Ai 

Ao 

A; 


12° or 23° 
575 Mev 


180 Mev 


79 g/cm? C 

8 g/cm? Li or Mg 
1.0-in, Al 
0.020-in. Ta 


Rmax 


190 Mev 
31.4 g/cm? Cu 
41.3 g/cm? C 
s 33.5 g/cm? C or Al 
1.0-in. Al 
0.020-in. Ta 
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Radiator 
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Fic. 8. Circuit diagram of the “disabler” circuit used to pulse the high voltage off the photomultipliers during the beam pulse. 


efficiencies, etc. However, by leaving out absorbers A; 
and A», setting M, to pass positive pions of 70-Mev 
kinetic energy, and making a number of corrections 
(described below), we obtained the yield of 70-Mev 
pions photoproduced in the aluminum target and de- 
tected by the setup described. This type of run will be 
referred to as a Reference-I run (abbreviated as 
“Ref-I’’). In a separate experiment, described below, 
the photopion cross section of aluminum was compared 
to the cross section of hydrogen, whose value is known.” 
By comparing the muon yield to the pion yield, an 
experimental value for the cross section for electro- 
magnetic production of muons was found. 

The muon yield due to pair production was found in 
a series of runs of 10° carbon, 10° aluminum, 30° 
carbon, and 30° aluminum, as outlined above. These 
runs were first normalized to the beam current, which 
was monitored by the secondary emitter and integrated 
electronically”; then they were normalized to a “Ref- 
IT” run in order to guard against possible drift of the 
counting electronics. A Ref-II run was made by re- 
moving A; and setting M; so that positive pions from 
the target were brough to rest in A;; hence, Ref-II 
measures the yield of 150-Mev positive pions. Ref-II 
runs of sufficiently good statistics could be obtained in 
about 10 minutes of running time; by inserting these 
between the long (2-3 hours) u-setting runs, it was 
possible to observe drifts in detecting efficiencies; and 
by normalizing all runs to Ref-II runs, to correct for 
these drifts. 

The yu setting of M,—the setting that allows the yu 
mesons to stop in the middle of A;—was determined 
experimentally in the following manner: A series of 

% For a summary of available data, see reference 21, and H. A. 


Bethe and F. de Hoffmann, Mesons and Fields (Row, Peterson 
and Company, Evanston, 1955), Vol. 2, pp. 144 ff. 


runs was made of counts vs magnet-current setting. 
For these runs M, was set for positive particles, A, 
was removed, and A, and A; were replaced by A,” and 
A;* whose total g/cm® was increased from that of A, 
and A; in the ratio (m,/m,)~. Removing A, and setting 
M, for positive particles allowed us to count positive 
pions at relatively high rates and with little background. 
These pions were used to calibrate the response of the 
A,.*— A," absorber-detector system to the setting of M,. 
Scaling by m,/m, the momenta accepted by the mag- 
net, an empirical curve of the response to muons could 
be obtained for the original A.— A; absorber system. 
Further, from the range-energy relations and the above 
curves, a pion-response curve can be calculated for A, 
and A». These three curves—the experimental pion 
response with A»* and A;", the scaled muon response 
with A» and A;, and the calculated pion response with 
A, and A;—are shown in Fig. 9. By examining the last 
two curves, it is possible to pick an optimum setting 
for muon-acceptance and pion rejection. 

Other types of runs were made in order to check on 
various corrections and as checks on the experimental 
results. These are given in Table II(a), and their 
significance is discussed below. 


V. EXPERIMENTAL ARRANGEMENTS, 
LATER RUNS 

A second series of runs was carried out incorporating 
some deviations in arrangements and procedures from 
those previously described: (1) The use of an x-ray 
beam without passage of the primary beam through the 
production target (Fig. 10); (2) The use of Mg and Li 
for A;; (3) The use of narrower momentum selection 
(Ap/p=0.1); (4) Omission of A;. The principal single 
factor limiting the results from this experiment is our 
inability to discriminate with a sufficient rejection factor 
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against muons from r—y decay. The changes listed 
above represent an attempt to overcome this limita- 
tion ; further steps in this direction are planned. 

In principle it is possible to sharpen the resolution of 
the magnetic spectrometer sufficiently so that no 
pions pass through A;. In this series of runs this was 
achieved by narrowing the spectrometer pass band, and 
substituting lighter materials for A; to stop this 
narrower energy band of mesons. Lithium was chosen 
for the low-Z material for A; and magnesium (assembled 
again from perforated sheets) for the higher-Z member. 
With this arrangement, a curve of counting rate vs 
momentum for positive pions was obtained (Fig. 11), 
which exhibits considerably better resolution. Figure 11 
shows both the measured acceptance curve for pions 
and the computed curve for muons. As is confirmed by 
the results, this increased resolution improves the re- 
jection against muons from r—y decay only slightly 
since, even though all pions are stopped in A, before 
reaching A;, muons from decay in flight of pions before 
being stopped can still reach A; with good solid angle. 
This can be prevented by increasing the separation 
between A» and A;; however, this leads to increased 
muon loss due to scattering in A», and at low-counting 
rates this loss could not be tolerated. In future experi- 
ments it will be possible, however, to improve rejection 
by increasing the A,— A; separation. 

An x-ray beam was produced by introducing a 
radiator at an appropriate place in the beam-deflecting 
magnet (Fig. 10); the electron beam manages to miss 
both the production target and the magnetic return 
yoke of the magnet M,. This method of bombardment 
improves conditions since (a) the effective brems- 
strahlung spectrum is less rounded at its upper limit 
due to less radiative degeneration of the primary 
electron beam, and (b) the electrons entering the 
magnetic channel of M, due to scattering of the primary 
electron beam in the production target are absent. For 
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Fic. 9. Curves for the early runs showing the response of the 
detector-absorber system to mesons of different momenta. The 
absorbers indicated are described in the text. The “‘u setting” was 
at po~275 Mev. 
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Fic. 10. Diagram showing the layout of the angle-selecting 
magnet for the later runs in which a y-ray beam was produced at 
the tantalum converters and directed into the target, while the 
remaining electron beam was swept away from the target. 


the latter reason the absorber A; becomes unnecessary ; 
hence, the effect of scattering in A; on magnet resolu- 
tion and intensity is removed. 


VI. EXPERIMENTAL PROCEDURE, 
LATER RUNS 

The experimental procedure in these runs was 
identical to that of the earlier runs with two excep- 
tions: The reference count (here called ‘‘Ref-III’’) 
used to check possible instabilities was taken without 
change in absorbers from the muon runs; hence no 
additional measurements on the energy dependence of 
pion production were necessary. These reference counts 
were of course slow, thus reducing the over-all data- 
taking rate. Second, the angles chosen here were 12° 
and 23°; these were defined by geometrical limitations 
and the characteristics of the beam-deflecting magnet. 
Table II(b) shows the data obtained in this set of runs. 


VII. SUMMARY OF THE DATA AND 
EXPERIMENTAL RESULTS 

Tables II-V contain summaries of the data, the 
calculations, corrections, and experimental results. 

The data [ Table IT (a) and (b) ] are divided according 
to the singular significance of a set of runs. A description 
of each run is given—the absorbers used, angle settings, 
magnet settings, etc.; each run is designated by a 
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Fic. 11. Curves for the later runs showing the response of the 
(Az and A;) absorber-detector system to mesons of different 
momenta. Curve (1) is the experimental response to positive 
pions; curve (2) is the computed response for muons. For both 
curves, the absorber A» was 79 g/cm? of carbon, and A; was 
8 g/cm? of lithium. 
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TABLE II. Data summary. (The entries under M, give the meson investigated and its kinetic energy in Mev.) 








(a) Early runs 


Name of run or purpose Absorbers Counts per 1000 Total 


Mi 6 
as used in text (Mev) (degrees) Ai Ar As Ref-II counts counts 





50.9+3.1 378 
10°, carbon 10 i i io 53.0+4.5 158 
72.0+3.5 903 
59.0+4.1 356 


19.0+1.9 114 
10°, aluminum - i i , 22.8+2.8 84 
27.642.5 235 
28.44+3.14 157 


55.8+2.74 584 
30°, carbon i i ; 38.243.2 156 
46.0+3.0 317 
42.44+2.2 455 


32.643.1 174 
30°, aluminum a i i J 14.0+2.3 44 
11.6+1.1 131 


12.341.5 97 
Ref-II (aluminum) 10 and 30 out , 
Ref-II (10°) 10 out i See Table II(c) 
Ref-II (30°) 5 30 out i ; 


Ref-I 10 and 30 out i : 3440+19 
Decay in flight 10 and 30 out i > 1000+33 
Decay in flight 10 and 30 out i : 170+8.2 
A, scattering 10 Be i 422+51* 
A, scattering 10 Cu : 344+45* 





(b) Later runs ‘ i 
Name of run or purpose Mi 6 Absorbers Counts per 1000 Total 
as used in text (Mev) (degrees) Ai 2 A; Ref-III counts counts 


Z 
° 





12°, lithium out i i 149.0+ 8.9 

12°, magnesium out i 60.6+10.4 

Ref-III (12°, lithium) out i i 

Ref-III (12°, magnesium) out g 

23°, lithium 3 out i i 119.0+ 9.6 

23°, magnesium out i 64.0+11.3 

Ref-III (23°, lithium) out i i 

Ref-III (23°, magnesium) out g 

out 11 300(+10.4%)* 

out Mg 10 700(+10.4%)* 1205437 


VES 


= 


2 Me RRM, ®_ A 


wm, 





(c) x* yields at pion kinetic energies of 150 and 200 Mev accumulated over both running periods. 
Counts per 1000 Counts per 1000 
monitor units monitor units 710° 
Run type 30° 10° e390 | Tx =150 Mev 





Early runs 1070+21 1062+34 0.995+0.038 
Ref-II 2300+52 1982+64 0.863+0.034 
carbon 2300+76 2290+57 0.996+0.041 
1300+29 1210+45 0.931+0.040 

Early runs 890+ 23 825+23 0.928+0.036 
Ref-II 1570+54 1470457 0.936+0.049 
aluminum 2250+75 1980+ 70 0.880+0.043 
970+40 975+29 1.004+0.051 


Weighted average: 0.993+0.014 





Counts per 1000 Counts per 1000 
monitor units monitor units ue 
aa" 12° 


Run type 23° | Tx =210 Mev 





Later runs 
Ref-III 147+5.4 134+4.0 0.91+0.04 
lithium 








* Counts per 1000 monitor units. , E : 
>» Counts taken with lithium A; and reduced to magnesium by the data from runs #’ and j’. 
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TABLE III. Summary of calculations leading to u~ yield from pairs. 








Value per 1000 
Ref-II counts 


How obtained from 


Result data table 





(a) Early runs 


uw” yield at 10° from both u-pair production and pion decays. 
Entered separately for each running night. 


noes 


wu” yield at 30° from both u-pair production and pion decays. 
Entered separately for each running night. 


HEHEHE EE 
NOP Th Nw 
NNO 


uw yield from pairs at 10° minus uo yield from pairs at 30°; assuming 
x yield at 10° equal to x~ yield at 30°. Entered separately for 
each running night. 


SSa8 
oe 
HH 


Weighted average of u~-yields as given in C. 6.56+ 








(b) Later runs 


wu” yield at 12° from both y-pair production and pion decays. 88.4 +13.7 


uw yield at 23° from both w-pair production and pion decays. 55 +148 


wu yield from pairs at 10° minus y™ yield from pairs at 23° 


assuming only that 


a* yield 
m~ yield | 12°, 180 Mev 


_ 1 yield | : 
a yield | 23°, 180 Mev 


33.4 +20 








lower-case letter that is used in the calculation sum- 
mary [Table III(a) and (b) ] to show how the calcula- 
tions are derived from the data. As mentioned earlier, 
the data are summarized per 1000 Ref-II or Ref-III 
counts. The total number of real counts minus the 
accidental counts (see Fig. 6) is also given for each 
run. The accidental were usually less than 10% of the 
real counts and hence contributed only slightly to the 
statistical error. Runs a, b, c, and d are subdivided to 
show the data taken during separate nights of running. 
In analyzing the data, the aluminum (or magnesium) 
counts are always subtracted from carbon (or lithium) 
counts of the same subdivision or the same night’s run 
[Table II(a) and (b)]. The summaries then appearing 
in items A and B of Table III (a) are the averages of all 
the C-Al differences for each separate night’s run 
weighted by the reciprocal of the square of their 
standard deviations. (All the data for the later runs 
with Mg and Li A; were accumulated in one night’s 
running.) This insures that the Al (Mg) (background) 
runs and the corresponding C (Li) (signal) runs were 
performed under the same conditions. For various 
reasons the same conditions did not prevail from one 
night to the next, as can be seen from the data of 
Table II(c). 

Table III(a) and (b) summarizes the calculations 
made in obtaining the experimental y-pair yield. The 
measurements of the various yields are compared to 
what is called “Ref-II”—the x* yield for 150-Mev 
pions for the early runs—and what is called “Ref-IIT” 
—the yield of 200-Mev pions for the later runs. 


The principal background in the experiment is the 
uw yield from the decay of negative pions of about 
200-Mev kinetic energy. Hence in the reduction of the 
data it is necessary to establish relations between the 
yield of 150- and 200-Mev positive pions and the yield 
of 200-Mev negative pions for the range of production 
angles investigated. Specifically, we need information 
on the ratio 


0 x~,200-Mev Ox~,200-Mev 
(2) /CE), 
Ox*,150-Mev/ 30° Ox*,150-Mev/ 10° 
for the earlier runs; and the ratio 
O7~,200-Mev Ox~,200-Mev 
ssid Ma ret OA 
Ox*,200-Mev/ 23° Oxr*,200-Mev/ 12° 
for the later runs. 

There are no direct experimental data available at 
this time that fully justify the assumption that the 
a+/m~ ratio for 200-Mev pions is independent of angle 
from 10° to 30°. A 10% uncertainty in the variation of 
this ratio would give a contribution to the uncertainty 
of the final results for the u~ yield equal to that of the 
purely statistical standard deviation of the result for 
the early runs and an uncertainty of one-third of the 
standard deviation of the later runs. 

Our belief that the variation of the x*+/x~ photo- 
production ratio with angle is substantially less than 


10% is based on the following arguments: (1) The 
experiments of Sands, Teasdale and Walker™ give a 


* Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
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TABLE IV. Corrections applied to Ref-I yield to allow a comparison with the u~ yield. 








(a) All correction factors 


Early runs Later runs 


Value Value 


0.49+0.17 
0.91+0.045 
1.3340.12 
1.21+0.05 
1.68+0.24 
1.05+0.03 


No. Correction Log. 


—0.711+0.347 
—0.095+0.050 
+0.292+0.089 
+0.190+0.041 
+0.518+0.143 
+0.049+0.029 


Loge 





1 A, scattering 

2 As scattering 

3 Nuclear absorption of pions in A; 

4 Pion decay in flight 

5 (Energy acceptance «)/(Energy acceptance 7) 

6 Nuclear absorption of pions in target 

7 Loss of muons due to M, setting off peak 

8 Mean-life difference of positive and negative 
muons in C and Al (Mg and Li) 

Total factor 


—0.039+0.052 
+0.308+0.087 
0.190+0.041 
0.667 +0.139 
0.049+0.029 
—0.096+0.056 


—0.247+0.038 
0.842+0.190 


0.96+0.05 
1.3740.12 
1.21+0.05 
1,950.27 
1,050.03 
0.90+0.05 


0.79 0.03 
2.320.190 


0.75+0.03 
0.950.20 


—0.291+0.040 
—0.048+0.39 





(b) Separate summary of pertinent parameters in the A2-scattering correction (Item No. 2, above) 


Scattering loss Net correction 
(a)? X108 in Az (%) (%) 


41.3 g/cm? 4.2 9.0 
79 g/cm? 10.7 14.5 40 
14. g/cm? 5.5 10.5 , 


Run Run Az (carbon) 





Early 
Early 
Late 
Late 


9.0 


= 
Ref-I 


Bu 
Ref-I 








value of the x~/x* ratio for the photoproduction of 
200-Mev pions in deuterium of 1.18 at 73° and 1.01 
at 27°. Theoretically there is essentially no mechanism 
other than Coulomb effects for a ~/x+ ratio less than 
unity for the deuteron since there is a recoil current in 
the case of x~ production but not in the case of at 
production. Therefore we believe that the +/— ratio 
in deuterium cannot undergo appreciable variation in 
the angular range 0<0< 30°. 

For more complex nuclei the situation is not entirely 
clear at this time, but as far as this problem is con- 
cerned our understanding is probably adequate. 

In a heavy nucleus one can neglect the energy of the 
recoiling nucleus. Hence for a given photon energy k 
and a given pion energy E, the energy of the final 
nucleon in the basic processes y+p—n+n+ and 
y+n— p+77 is defined solely by energy conservation 
between E,,k, and the difference in binding energy 
between the initial and final nuclides. In particular, 
the angle of emission of the pair does not affect the 
final energy of the neutron or proton, respectively. 

The x~/x* ratio presumably depends on the follow- 
ing factors: (i) The ratio of cross sections of the two 
basic processes on the free nucleon; (ii) The Coulomb 
effect of the nuclear charge on the emitted final nucleon; 
(iii) The difference in the energy available between the 
initial and final nucleus in case either a a+ or 2 is 
created. We have discussed the first factor in relation 
to the deuteron. The remaining factors (ii) and (iii) 
will not produce any variation of the x—/x* ratio with 
pion angle since they depend only on the energy changes 
involved and on the velocity of the final nucleon; as 
discussed above, the pion angle does not affect either 
of these. 

(2) The angular variation of the production cross 
section of each pion (not of the x~/x* ratio) will be 


sensitive to the momentum distribution functions of the 
nucleons in the initial nuclide. Theoretical integrations 
based on the assumption of constant final nucleon 
energy for given pion and photon momenta and using 
various momentum distributions of the initial nucleons 
are being carried out in this laboratory.* The results 
obtained thus far indicate a ratio of o10°/o30° of some- 
what less than unity. This is borne out by our measure- 
ments as tabulated in Table II(c). This table summar- 
izes the data on x* yields at 150-Mev and 190-Mev 
pion energies at angles of 10° and 30°, and 12° and 23°. 
As the result of these runs we obtain 


(010°/030°) s+ =150 Mev= 0.980.02, (4) 
(010°/0 30°) rx+ =200 Mev= 0.92.06, (5) 


in qualitative agreement with the above arguments. 
Table IV(a) summarizes the corrections applied to 
the experimental pion yield (Ref-I runs) to allow a 
comparison of the pion and y-pair yields. These correc- 
tions are based on the following considerations: (1) A; 
scattering correction. As shown in Table II, Ref-I runs 
were made without A; and without A, in the earlier 
runs, and with only a small value of Ag in the later 
runs. The yu-setting runs were made with both A; and 
A». Thus, there will be a loss in the yu-pair counting 
rate due to scattering in A; and A». The loss from A, 
was determined experimentally by setting M, to stop 
positive pions in the middle of A; and comparing the 
counting rate between a beryllium A; and a copper A; 
of the same stopping power. A curve was drawn of 
counting rate, corrected for the difference in nuclear 
absorption in the two A,’s ,as a function of [(X/X,)/ 
(pv)*], where X/X, is the number of radiation lengths 
of A;, and p is the momentum and 1 the velocity of the 
particles (the values used for the mean free paths for 


25 K. M. Crowe (private communication). 
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nuclear absorption were 59 g/cm* for Be, and 106 
g/cm? for Cu). From this curve the scattering loss for 
A, can be calculated. (2) A» scattering. The number of 
mesons lost due to the scattering in A, was obtained 
from the vertical spatial distribution of particles at A;° 
This was calculated assuming that the exit face of A» 
was a uniform source of mesons with an angular distri- 
bution determined from the multiple scattering of the 
mesons in passing through A». To find the plane mean 
square multiple scattering angle (a)*, we numerically 
integrated the relation 


(21.2)? dt 
Pt ——., 6 
(a) 2 ee p?(2)v?(2) " 


using the notation of Bethe and Ashkin.?* From this 
value of (a)*, the scattering loss is easily calculated. 
Table IV(b) tabulates the numerical results obtained. 
The loss due to the horizontal spatial distribution was 
estimated to be negligible. 

(3) Nuclear absorption of pions in A;. The pions of 
Ref-I runs experience nuclear absorption in A; while 
the muons of the y-setting runs do not. The mean free 
path for this absorption is taken as 59 g/cm?. In the 
early runs, one-half of the final absorber (17 g/cm?) 
was used for the path length in the absorber. In the 
later runs, 14 g/cm? of carbon (placed in the position 
of Az) and one-half of A; (4 g/cm? of lithium) were 
effective in absorption of the pions in the Ref-I runs. 
This gives the correction listed. 

(4) Pion decay in flight. The pions of a Ref-I run 
traverse about 11 ft of air before stopping in A;. For 
70-Mev pions, this amounts to 0.38 mean free path for 
decay in flight. A large fraction of the muons from pion 
decays in flight was not counted, for they either had 
the wrong energy to be stopped in A; or missed A; 
geometrically. The number of muons from pion decay 
in flight that is counted can be obtained from the ratio 
of the positive- to negative-pion counting rates as given 
in items i and 7 of Table II(a) (assuming o,+/¢,-1). 
Thus, 17% of the pion counting rate is due to pion 
decays in flight, and the pion counting rate can be 
written 

N=N(L)+0.17N, (7) 
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where JN is the actual pion counting rate and N(L) is 
the number of pions that have not decayed at a dis- 
tance L from the target; V(Z) can be written in terms 
of N(0), the number of corresponding pions emerging 
from the target, by making use of the number of mean 
free paths for decay in flight, giving V(0)=1.46N (ZL), 
and hence V(0)=1.21N. 

(5) Difference in energy increments due to magnetic 
momentum selection. The magnet M, passes a constant 
fractional momentum interval; hence for different- 
energy mesons the energy increment passed will vary 
as p*/E. Absorber A; was designed not to limit the 
energy acceptance of the counting system. Therefore, 
the counting rates for different-energy mesons will vary 
by the factor (p?/E)X (d’c/dEdQ). The pion energy 
for both the early and late Ref-I runs was 70 Mev, 
while the muon energy in the magnet was 135 Mev in 
the early runs and 180 Mev in the late runs. 

(6) Nuclear absorption of pions in the target. The 
target offered about 0.05 mean free path for nuclear 
absorption, giving the correction listed. 

(7) Loss in y-pair yield due to momentum setting 
(later runs only). In order to realize a better signal-to- 
noise ratio, it was found desirable to carry out the y- 
setting runs at a momentum setting slightly removed 
from the calculated peak of the momentum curve (see 
Fig. 11). This introduced a loss of about 10% from the 
peak rate of the u-pair yield. 

(8) Mean life differences of the muon decay. The 
pions of Ref-I runs are actually counted through the 
decay electrons of their decay muons. Because these 
electron pulses are time-selected by fixed gates delayed 
with respect to the initial beam pulse, the pion- as well 
as the u-setting counting rate is sensitive to the muon 
lifetime. Ref-I pions are counted through positive 
muons which have the characteristic muon mean life 
tt of 2.15 usec; while all of the u-setting runs were 
counted through negative muons whose mean lives are 
commensurate with the Z of the stopping material. 
Further, the C—Al and Li— Mg subtractions must be 
corrected for the finite efficiencies of Al and Mg A,’s for 
counting negative muons. Both of these effects can be 
taken into account simultaneously by applying the 
following correction formula (for early runs): 





‘8 


p _ fclexp(—h/re) —exp(—t2/ro~) ]— failexp(—th/rar-)—exp(—te/rar-) J 


(8) 


Lexp(—1a/7+)—exp(—t2/r*) ] 


where /; is the interval between the start of Gate I and 
the time of the beam, and fz is the interval between the 
end of Gate II and the time of the beam; rc~ and ra;~ 
are negative-meson mean lives for decay in carbon and 
aluminum, respectively, and are taken to be 1.96 and 
0.812 usec; fo and fa) are the fractions of muons which 

26H. A. Bethe and J. Ashkin, in Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, pp. 283 ff. The quantity pv is in Mev and ¢ in radiation 
lengths. 





decay—0.907 in carbon and 0.326 in aluminum. A 
similar expression applies for the later runs, where the 
C and Al subscripts are replaced by Li and Mg, and 
the corresponding values become rij~= 2.12 usec, rug 
=0.95 psec, fLri=0.98, and fug=0.44. 

The errors to the correction factors listed in Table 
IV(a) are estimates based on all the known uncer- 
tainties entering into the above calculations and 
measurements. 
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Fic. 12. Bremsstrahlung-distribution curves as a function of 
the photon energy with a maximum photon energy of 575 Mev. 
Curve (1) assumes kN (k)=constant. Curve (2) is the thin-target 
distribution calculated from the Bethe-Heitler formula. Curve (3) 
is the effective thick-target distribution for producing mesons in a 
1-in. aluminum target when bombarded by bremsstrahlung pro- 
duced in a 0.020-in. tantalum converter. The straggling due to 
radiative degeneration of the primary electron beam in the 
radiator is taken into account. Curve (4) is the effective thick- 
target distribution for producing mesons in a 1-in. aluminum 
target and a 0.020-in. tantalum converter when bombarded by an 
electron beam of maximum energy 575 Mev degenerated by pas- 
sage through both the radiator and target. The dotted curve shows 
the u-pair-fragment cross section in aluminum per photon as a 
function of the photon energy, for 7,=202 Mev, and @=10°. 
(The ordinate at the right applies to the dotted curve.) 


As mentioned above, the thick target degenerates 
the energy of the electron beam passing through it and 
also absorbs a fraction of the photons produced in the 
target. The u-pair yield is strongly dependent on the 
maximum excitation energy, while the pion yield is 
not. Therefore, the thick target lowers the yu-pair 
yield relative to the pion yield. The electron degenera- 
tion was calculated from the energy distribution for- 
mula for radiative straggling as given by Heitler.?’ 
The target and radiator dimensions are as shown in 
Table I. The results of these calculations are shown in 
Fig. 12. The theoretical u-pair cross sections applying 
to each type of run have been integrated over the 
appropriate thick-target spectra and the resulting 
integrals constitute the theoretical comparison cross 
sections assumed in Sec. IX. 


VIII. PION CROSS SECTION IN ALUMINUM 


The pion cross section in aluminum was measured in 
a separate experiment employing the experimental 
setup used in other meson-production experiments in 
this laboratory.”*.*> The angle used was 30°, the meson 
kinetic energy was 70 Mev, and two electron-beam 
energies were employed—525 and 350 Mev. These are 
the same conditions under which the Ref-I runs of the 
u-pair experiment were made except that the maximum 


cre. 


beam energy in the Ref-I runs was 575 Mev (this intro- 


27 W. Heitler, reference 9, pp. 377 ff. 
28 Crowe, Friedman, and ‘Motz (to be published). 
® Panofsky, Newton, and Yodh, Phys. Rev. 98, 751 (1955). 


duces negligible error). In this experiment the electron 
beam first passed through a 0.010-in. tantalum con- 
verter, and then the electrons and y rays impinged 
upon one of three targets used : 0.0865-radiation-length 
carbon, 0.0522-radiation-length CHe, or 0.0732-radia- 
tion-length aluminum. The positive-pion yields for 
these three targets are given in Table V. The ratio of 
the photopion cross section per effective photon in 
carbon to that in CH; can be calculated from the ratio 
of the C and CH, yields. For this calculation the total 
radiation length effective in producing the photons for 
the reaction was taken to be the radiation lengths of 
the converter plus one-half the radiation lengths of the 
target plus the equivalent radiation lengths for direct 
electron production” (taken to be 0.020). The number 
of effective photons Q will be directly proportional to 
the total radiation lengths (provided the total radiation 
length is less than ~0.20; above this value, thick- 
target corrections would have to be used). From the 
ratio of the carbon and CH, cross sections and the 
similarly obtained ratio of the aluminum and carbon 
cross sections, the ratio of the photopion cross section 
per Q in Al can be found relative to the cross section 
per Q in hydrogen for photons of 350-Mev maximum 
energy. Finally, comparing the Al yields for maximum 
photon energies of 350 and 525 Mev, the ratio is found 
for the photopion cross section per Q in Al at Rmax=525 
Mev to the photopion cross section per Q in hydrogen 
at Rmax=350 Mev; thus, 


oa) / Poy 
QdTdQ) kas =525 Mev’ QdTdQ) kmax =350 Mev 
=10.941.2. (9) 


To obtain an absolute value for the aluminum cross 
section, it is necessary to evaluate (9) in terms of the 
absolute value for the hydrogen cross section. The 


TABLE V. Summary of data and calculations made in 
obtaining the x* cross section in aluminum. 








Counts per 400 
monitor units at 
kmax =525 Mev 


Counts per 400 
monitor units at 
kmax = 350 Mev 


(a) Data 


Carbon 1851445 
CH: 1798+45 
Aluminum 778444 


Target 





1974+51 





(b) Ratio of cross sections 


Ratio d*e/Q dT dQ Value 





1.98+0.14 


a 
TC] kmax =350 Mev 
o 

kmax =350 Mev 


( 

oC /kmax =350 Mev 
(ai )kmax =550 Mev 
(a1 )kmax =350 Mev 


2.1020.13 


4.17+0.39 


2,530.15 
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latter is given per photon; hence it is necessary to 
convert this to the cross section per equivalent photon 
Q. Let the hydrogen cross section per photon per 
steradian be oy,, and the photon distribution for the 
bremsstrahlung of maximum energy max be N(k). 
Then the hydrogen yield per steradian is given by 


Yu, 4 kmax 
= f on, r(k)N(k)dk 
AQ 0 


= fou. r(k)N (k) (dk/dT,)dT,. (10) 


We observe only a small meson energy increment A7’, 
near a pion kinetic energy 7, corresponding to a photon 
energy ko. Since 


Q= f MEN (Bd /Fnas 


we obtain for the yield per effective photon per steradian 


per Mev 
dk N (Ro) Rmax 
oH, r(Ro) (—) Se ee ee 
dT, ko kmax 
f RN (k)dk 
0 


the coefficient (dk/d7T,)ko can be evaluated from the 
kinematics of the reaction, and N (ko) Rimax/ Jo*™™kN (hk) dk 
can be evaluated using the Bethe-Heitler expression 
for N(k), and is 4.7310-* Mev—. Hence, the differ- 
ential cross section for Al per effective photon becomes 


Yu, . 


—= (11) 
QAQAT, 


QdQdT, aluminum 


kmax =525 Mev 
| Ty =70 Mev 
|@ =30° 


= (5.04+0.61) X10 (don/dQ)rav ’ 
On=30" 


using the values” 


(doy/dQ)¢.m. 
Tx 70 Mev 
Piab =30° 


= (7,241.2) 10-" cm?/sterad, (13) 


and dQe.m./dQiay = 1.57, giving 


QdQdT, aluminum 
Tx =70 Mev 
max =525 Mev 
Piab = 30° 
cm? 
= (5.66+0.76) X 10-3\—____—_ 
sterad Mev Q 


for the photopion cross section in aluminum. 


% We are adopting the value of (7.24+1.2)X10-” cm?/sterad 
for the cross section of Eq. (13). This is computed from the best 
fits of the coefficients of the angular distribution as given by 
Walker et al. (reference 21), from the combined data of the groups 
at Cornell University, the University of Illinois, and the Cali- 
fornia Institute of Technology. We have included an additional 
error of 10% to allow for possible errors in beam standardization. 
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IX. EVALUATION OF THE u-PAIR 
CROSS SECTIONS 


The electromagnetic-production cross section for the 
muon can now be evaluated. For the early runs, the 
experiment measured the difference between the cross 
sections at 10° and 30°; this is given by 


Ao, pair, exp, 10°-30°= Ty pair, exp, 10° Ty pair, exp, 30° 
=oa1,e(Vu/V ai, x) (Ie), 


where Y, is the u-pair yield given in item C of Table 
III (a); Vai,x is the pion (Ref-I) yield appearing in 
item h, Table II(a); and [[c; is the product of the 
correction factors [Table IV(a) ]; yielding a value of 


(15) 


Ao, pair, exp, 10°-30° 


9 
cm” 


= (11.39+4.99) x 10-#4— (16) 


sterad Mev Q 


which is to be compared with the theoretical results of 
Rawitscher for this difference (the relevant thick- 
target spectra of Fig. 12 are used): 


Ao, pair, theor, 10°-30° 


=5.6X 10~-* cm?/sterad Mev Q. (17) 

For the late runs, the experiment measured the 
difference in the cross sections at 12° and 23°. Here, 
Y, is in item c’ of Table III(b), and Vai,, (Ref-I) is 
given in j’ of Table II(b); [[c; appears in the second 
column of Table IV. Thus, 


Ao, pair, exp, 12°-23° 


= (7.64+4.58) X 10- cm?/sterad Mev Q. (18) 


The corresponding theoretical difference in the 12°— 
23°, 180-Mev cross section is 


Ao, pair, theor, 12°-23° 


=4.3X 10-* cm?/sterad Mev Q. (19) 


The ratio of the experimental to the theoretical dif- 
ference for the early runs is 


Ac, pair, exp 


= 2.0340.89; 


(20) 


Ao, pair, theor | 10°-30° 


and the ratio of the experimental to the theoretical 
difference for the late runs is 


Ac, pair, exp | 


aanwed Te ee F (21) 


Ao, pair, theor| 12°-23° 


where the errors included are the statistical errors of 
the u-pair yield only. The average of these two ratios 
weighted by the reciprocal of the square of their 
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TaBLe VI. Errors in absolute cross section. 








Error 


Log. of error factor 
ly runs 


Loge of error factor 
Later runs 





Errors in factors in Table IV(a) 
Statistical error, Ref-I 
Beam-energy uncertainty 
Thick-target calculation 
Angular uncertainty 

Statistics in o, for aluminum 
Uncertainty in on 


Log, of total uncertainty 


+0.390 
+0.060 
+0.100 
+0.100 
+0.050 
+0.110 
+0.170 


+0.470= +log, (1.60) 


+0.190 
+0.100 
+0.050 
+0.100 
+0.050 
+0.110 
+0.170 


+0.320= +log, (1.38) 








standard deviations is 


Ac, pair, exp 


= 1.93-40.68. (22) 


Ao, pair, theor| Av 


The statistical errors given with the above ratios 
represent the uncertainty concerning our evidence on 
the existence of the process of direct electromagnetic 
muon production. 

If we assume the existence of the process, we are 
interested in the errors—not included in the previous 
calculation—of the absolute cross-section determina- 
tion. These errors are in the form of uncertainties in a 
number of factors; we find it expedient to calculate 
the logarithms of these factors and thus to establish 
the uncertainty in absolute cross section in terms of an 
uncertainty factor. 

Expressed as standard errors, we estimate the fol- 
lowing uncertainties in the factor affecting the absolute 
normalization: (1) The total errors of all the correction 
factors as listed in Table IV(a). (2) The statistical error 
of the Ref-I yield: 6 and 10% for the early and late 
runs, respectively. (3) The error introduced by the 
uncertainty in the beam energy of the accelerator. For 
the early runs the beam energy was known to about 
5%; this introduces about a 10% uncertainty in the 
normalization. The accelerator magnet system was 
recalibrated before the later runs, and the energy of the 
accelerator is now known to about 2%, giving an error 
in normalization of about 5%. (4) Error introduced 
from the thick-target calculations: about 10%. (5) 
Error from the uncertainty in @ (+1°): about 5%. 
(6) The statistical error in the measurement of the 
aluminum photopion cross section: 11%. (7) Error in 
the known experimental data on the hydrogen cross 
section, upon which the absolute experimental value of 
the u-pair cross section is based: 17%. 

These error factors are summarized in Table VI. 
As computed there we obtain that the results of the 
early runs are uncertain to within a factor of 1.60, 
and the later runs to within a factor of 1.38; we adopt 
a factor 1.5 for both runs. 


X. DISCUSSION 


Formally our result indicates that, on the basis of 
counting statistics alone, there is a significant peak of 


negative-muon production in the forward direction. 
The observed yield is in good agreement with the value 
computed for pair production by photons of spin-} 
particles in the Coulomb field of a nucleus of finite size.*" 

The interpretation of this experiment as definite 
evidence for the existence of the pair-production process 
is predicated on the assumptions of (1) the validity of 
the arguments presented in Sec. VII on the angular 
behavior of pion production at small angles; and of 
(2) the absence of any mechanism of direct production 
of single muons with a peaked angular distribution. 
This latter point is reasonably well ruled out by the 
low capture rates of negative muons and the experi- 
ments on mesic x-rays." 

In addition to these reservations, the statistical 
accuracy of the result is at best marginal. For this 
reason, and also to minimize the importance of the 
pion angular distribution, it is necessary to continue 
these experiments with the objective of improving the 
rejection of muons from x decay. 

Irrespective of the conclusiveness of the evidence 
concerning the existence proof of the yu-pair process, 
we can draw additional inferences by treating our 
result as an upper limit on the cross section. 

Of interest here is the relation of this work to the 
experiments on “anomalous” scattering.'~* Electro- 
magnetic pair production is treated as a second-order 
process consisting of (a) interaction of the incident 
photon with the pair current of the mesons, and of 
(b) scattering of the (virtual) pair fragments in the 
Coulomb field of a nucleus of finite radius. If the second 
process had a cross section in excess of simple electro- 
magnetic scattering, the u-pair cross section would be 
increased correspondingly. 

A critical discussion of the w-scattering experiments 


3! The “theoretical” ~~ yield used here ignores contributions 
from pair production events in which the Coulomb interaction 
with the nucleus is inelastic. An upper limit on this contribution 
can be placed by the relation 


ginelastic_ - 1 1— |F |? 

$2 FF 
where F is the “nuclear form factor” for a given momentum trans- 
fer; |F|? is thus the correction for nuclear size exhibited by the 
curves of Fig. 1. For production from aluminum at @= 10°, this 
equation gives ginelastic/celastic<0.18. An additional contribu- 
tion up to 18% from this source is thus not excluded. 





gelastic ~ Z 





ELECTROMAGNETIC 


would be inappropriate here.* The work of George 
et al.”:® describes an excess of large-angle scattering for 
initial muon energies in the 100- to 300-Mev region. 
The recent work of McDiarmid! obtains agreement with 
theory in the energy region essentially below 1 Bev, 
but for both Fe and Pb he reports an excess of large- 
angle scattering above the theoretical value. By 
“theoretical value” we mean Coulomb single or plural 
scattering including the effect of nuclear size.** The 
experimental findings'~* often are summarized by the 
conclusion that agreement is reached if the effect of 
nuclear size is ignored. Whatever the reason for the 


discrepancy, the fact that agreement with a point‘ 


electromagnetic interaction is obtained is surely acci- 
dental. The momentum transfers to the nucleus in- 
volved in our experiment are in the range 200 Mev 
>cp>40 Mev; this is similar to the range in which 
George ef al.’:* report large anomalous effects. We seem 
to be in disagreement with their work, as is the recent 
work of McDiarmid.'! We cannot make as positive a 
statement about the high-energy anomalous scattering 
observed by McDiarmid! since there is little overlap 
in momentum transfer between our work and the 
“anomalous range” in which McDiarmid observes an 
excess of large-angle events. Nevertheless, we feel that 
this experiment makes less likely the explanation of the 
anomalous scattering in terms of nonelectromagnetic 
effects. 

At this time we can draw no definite conclusion from 
our result concerning the value of the spin of the muons. 

#L. N. Cooper and J. Rainwater [Phys. Rev. 97, 492 (1955) ] 
discuss these experiments critically, and also examine the theories 
of multiple and plural scattering in a Coulomb field of a nucleus of 
finite size required in the interpretation of the y-scattering 


experiments. 
33S. Olbert, Phys. Rev. 87, 319 (1952). 
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Spin-zero, although of course unlikely for other reasons,™ 
is not excluded by these measurements although the 
agreement is fairly poor; the theoretical value*® is less 
than the Bethe-Heitler value by a factor of 1.85. 
Calculations on spin-3 theories are in progress." 
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In order to obtain information on the neutron-neutron interaction, a cloud chamber filled with deuterium 
gas was bombarded with the neutron beam of the Berkeley 184-inch synchrocyclotron. The spectrum of 
the neutron beam, which is produced by 340-Mev protons on a 2.5-inch lithium deuteride target, is peaked at 
300 Mev and extends to 340 Mev. The three reactions d(n,x~p)d, d(n,x~ pn) p, and d(n,x~) He? were studied. 
A total of 310 events were examined; the three reactions contributed 208, 80, and 22 events respectively. 
Laboratory-system angular distributions and energy spectra of the mesons are presented. Comparisons 
were theory indicate agreement with the predictions of the charge-independence hypothesis. 





INTRODUCTION 


ANY of the recent experiments'* on meson 

physics have sought information on charge 
symmetry and charge independence of nuclear forces. 
The latter hypothesis, as formulated in the principle of 
conservation of isotopic spin, permits all cross sections 
for pion production in nucleon-nucleon collisions to be 
written in terms of three independent cross sections,‘ 
whereas the weaker principle of conservation of isotopic 
parity relates only the neutron-neutron interactions to 
the proton-proton ones. Either of these hypotheses 
predicts that the cross section for the reaction p+ p—at 
+d will be the same as that for the reaction n+n 
—a-+d. This is also true for the angular distributions 
in both reactions. Because the latter reaction cannot be 
observed directly, the reaction n+d—2-+3 nucleons 
has been substituted. An exact knowledge of the condi- 
tion of the neutron in the deuteron when it is struck by 
the incoming neutron should permit the calculation of 
the angular distribution of the pions in the center-of- 
mass system of the two neutrons. Ideally one would 
compare this distribution with the ($+ -cos*@) obtained 
for + mesons by protons on protons®~’ and for 7° 
mesons by neutrons on protons.' The unknown 
momentum of the neutron in the deuteron, however, 
makes a transformation to the center-of-mass system 
of the two neutrons impossible. Therefore the alter- 
native possibility was chosen, and laboratory-system 
distributions are compared with theoretical distribu- 
tions as derived from the known neutron spectrum and 
known momentum wave functions of the deuteron. 
Owing to difficulties in monitoring the high-energy 
portion of the neutron beam, no attempt was made to 
determine absolute cross sections, and the results are 


1 Roger H. Hildebrand, Phys. Rev. 89, 1090 (1953). 

? Frank, Bandtel, Madey, and Moyer, Phys. Rev. 94, 1716 
(1954). 

® Robert A. Schluter, Phys. Rev. 95, 639 (1954). 

‘A. H. Rosenfeld, Phys. Rev. 96, 139 (1954). 

5 Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 
91, 677 (1953). 

*Frank Stevens Crawford, Jr., University of California 
Radiation Laboratory Report No. UCRL-2187, April, 1953 
(unpublished). 

7™M. Lynn Stevenson, University of California Radiation 
Laboratory Report No. UCRL-2188, April, 1953 (unpublished). 


presented in terms of relative angular distributions and 
energy spectra for the three reactions involved. 


EXPERIMENTAL PROCEDURE 
Experimental Apparatus 


The experimental apparatus consisted of a ten- 
atmosphere Wilson cloud chamber operated in the 
neutron beam of the Berkeley 184-inch synchro- 
cyclotron. The cloud chamber, cyclotron lithium 
deuteride target, and neutron energy spectrum are 
identical with those described by De Pangher® except 
for the fact that the chamber was filled with ten 
atmospheres of deuterium gas instead of hydrogen. 


Analysis of Film 


Description of an Event and Sample Picture 


The three types of events possible in this experiment 
are shown in Table I together with their Q values. The 
first is referred to as a d or deuteron type, the second as 
a p or proton type, and the third as a He® type event. 

Because there is no unseen particle in either the d or 
He® type events, they must show a total forward 
momentum equal to that of the incident neutron, and 
their transverse momenta must balance. The p type 
event has an unseen neutron, therefore the particles 
that are seen need not have as much total forward 
momentum as in the other two types, and their trans- 
verse momenta need not balance. It also follows from 
momentum considerations that the pion, being light, can 
have any direction relative to the neutron beam and 
that the proton in a d-type or one of the protons in a 
p-type event can come off in a backwards direction, if 
its energy is fairly low. 

An event consists, therefore, of one lightly ionized 
track of negative curvature and one or two positive 
tracks that have considerable forward momentum. 
Figure 1 contains two easily visible w~ events and one 
at event. The r+ events were not studied because they 
were difficult to find with certainty, as indicated by 
the difficulty of seeing the one in Fig. 1. 

8 John De Pangher, Jr., Phys. Rev. 99, 1447 (1955). Also 


University of California Radiation Laboratory Report No. 
UCRL-2153, March, 1953 (unpublished). 
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TABLE I. Types of events possible in this experiment. 








Event Type Q(Mev) 


n+d—2r-+p+d d 138 


n+d—n-+2p+n p 140 
n+d—71-+He? He? 133 











Scanning Procedure and Methods 


Two scanning methods were used. One of these 
employed a stereoscopic viewer, of high magnifying 
power, through which one could examine track origins, 
looking for more than one track starting at the same 
point in space. In this manner oxygen stars from the 
oxygen in the water vapor, pion events of the three 
types mentioned above, and two-prong stars were 
found. The two-prong stars could be fitted into one of 
three categories; they could either be oxygen stars, 
coincidences, or pion events in which the meson was 
hidden or unseen for some reason. Therefore all two- 
prong stars had to be examined in detail to be sure that 
no pion events were missed, and those for which no 
explanation was apparent are discussed in a later 
section. 

Also noted during scanning were any negative mesons 
that appeared to start in the collimated region but for 
which no associated tracks were apparent. These were 
examined more thoroughly on the projection apparatus, 
and in all but one case the meson was either traced 
back to an event or to a point outside the illuminated 
region. 

The second scanning method involved projecting 
the cloud-chamber pictures to approximately twice 
normal size and examining one of the paired stereoscopic 
views at a time for tracks starting at the same point. 
By quickly shifting from one stereoscopic view to the 
other, one could decide whether or not tracks started 
at the same point in space. The procedure in other 
respects was the same as above. Only about } of the 
pictures were scanned in this manner, but the fraction 
of events missed in the one scanning was the same as 
that in the other method. 


Measurement Procedure 


The measurement procedure was identical with that 
of De Pangher® except that it was necessary also to 
identify the tracks as those of a pion, a proton, a 
deuteron, or a He’ by Bp vs ionization comparisons. 


Analysis of the Data 


From the measured data, the direction and energy 
of each particle could be obtained and momentum- 
energy balance could be used to check that the particles 
were all identified correctly and to obtain the energy 
of the incident neutron. 

Because of measuring difficulties, meson events in 


Fic. 1. Cloud-chamber photograph. This picture contains three 
events, two of the type n+d—2~+ +d, and one of the type 
n+d—2*++3n. The three origins are encircled. 


which the pion had a dip angle® greater than ay=50° 
were excluded from the data. For this reason a geometric 
correction factor, 

1/r 


f(0,a0)=— 


sin (sinay/sin@)’ 


had to be applied to each event. Two assumptions were 
made in the derivation and use of this factor. The first 
is that pion production is azimuthally symmetric 
about the beam direction, and the second is that for 
each event in which the pion has an angle §, with 
respect to the neutron beam, there are [1— (9,0) | 
identical events in which the pion is in the excluded 
region. This geometric factor is applied to all properties 
of the event as a whole. 

No other correction factor was needed, as it was not 
necessary to exclude events where the positive particles 
had steep dip angles. This follows because the deuterons 
and He*’s could not have steep dip angles, and those 
protons having steep dip angles had low energies, 
making accurate measurements on them unnecessary. 


EXPERIMENTAL CHECKS AND 
DISCUSSION OF ERRORS 

In order to obtain data at a reasonable rate it was 
necessary to run the chamber so that each picture was 
very full of neutron produced events. This made it 
difficult to find pion events. Particular care was taken in 
analyzing the data to make certain that this confusion 
in the individual pictures did not bias the data in favor 
of any particular type of event. 

An azimuthal division of the mesons into eight 
equal azimuthal groups showed twenty percent more 
events with the mesons going up than those going 
down. The energy distribution, angular distribution, 


9 Dip angle is defined as the angle between the plane of a track 
and the horizontal plane. 
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TABLE IT. Scanning efficiencies. 








Observer 


number Run No. 





1 Number scanned 
Number missed 
Efficiency % 

2° Number scanned 
Number missed 
Efficiency % 

18 Number scanned 
Number missed 
Efficiency % 


. — 
> coh uwScan 








® Rescanning. 


and division into types of events of both groups appear 
the same within statistical errors and therefore it was 
concluded that this variation with azimuth did not 
affect relative cross sections. 

A similar comparison was made between regions 
along the path of the neutrons traversing the chamber. 
Events appearing over the first and last two inches of 
the chamber were counted but discarded in the analysis 
because of difficulty in seeing the mesons near the 
entrance window and measuring curvatures on the 
very short tracks near the exit window. When the 
data was divided into two equal groups along the 
neutron beam or across the neutron beam a comparison 
of the two sets of data agreed within the statistics. 


Scanning Errors 


The film scanning was accomplished by two observers, 
one of whom (referred to as No. 2) scanned only part of 
the film, whereas the other (No. 1) scanned all the film 
and rescanned that part not scanned by No. 2. Table II 
lists by run numbers the known number of events in 
the section of film scanned by each observer, the 
number of these events which that observer missed, 
and the scanning efficiency calculated thereby. It also 
illustrates the totals of each of these quantities for 
all runs. 

As the run-by-run efficiency of each observer does 
not differ appreciably from their total efficiency, and 
as the efficiencies of both observers are approximately 
equivalent, these results have been combined to yield 
Table III. If the probability of missing an event in 
scanning is purely random, the probability that it will 
be missed in two independent scannings is the product of 
the two individual probabilities. Therefore the scanning 
and rescanning inefficiencies are also listed in Table III, 
as is their product, the total inefficiency. 


TABLE III. Combined scanning and rescanning efficiencies. 








Efficiency 
91% 
87% 
98.8% 


Inefficiency 
9% 
13% 
1.2% 





Scanning 
Rescanning 
Combined results 








KNAPP AND W. M. 


POWELL 


This result indicates that probably only one meson in 
a hundred was missed. This is of course a negligible 
number but it is still necessary to ascertain whether the 
events missed were simply overlooked or were missed 
because of a peculiar property. The former would not 
prejudice the results, whereas the latter would. As a 
check, the angular and energy distributions of those 
pions missed were compared with those not missed. No 
significant difference was observed. 

On breaking down this scanning efficiency into the 
different types of events, however, it was found that 
approximately 11% of the He® types could have been 
missed. This is not surprising when the fact that only 
two tracks show for He* types and three for all others. 
This error is completely dwarfed by the statistical 
error in the 22 events observed and is therefore of little 
importance. 


Errors in Measurement of Pion Energy 


The errors in pion-energy measurements arise from 
shortness of tracks and turbulence. The lengths of the 
pion tracks were such, on the average, as to give an 


TABLE IV. Classification of events. 








Total 
question- 
able and 
unques- 
tionable 


Ratio of 
question- 
able to 
unques- 
tionable 


0.12 
0.08 
0.16 
0.12 


Unques- Question- 
tionable able 


d 5 23 
p 6 


He’ 3 
Totals 32 











uncertainty in the pion momentum of about +5%. 
The assumption of 1-reciprocal meter turbulence, which 
was the worst value in this cloud chamber as determined 
by De Pangher® for steep tracks, would yield only a 
+2% error in the momentum of a pion of mean energy. 
This means that the pion energy errors are of the order 
of 10% on the average. 


Errors in Measurement of Neutron Energy 


From the degree of balance or unbalance of each 
event of the d-type, it was possible to estimate the 
errors involved in the neutron energy determination, 
and these errors were found to fit a Gaussian of 8.3% 
standard deviation. The errors in the other two cases 
are assumed to be similar. 


Classification of Events 


Table IV shows a division of the events into types 
and a further division of the types into unquestionable 
and questionable events. The unquestionable events 
could be made to satisfy the momentum and energy 
balance required if turbulence caused an additional 
curvature of not more than 0.05 reciprocal meter. By 
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relieving this stringent requirement all the events 
could be classified as shown. A comparison of the 
angular and energy distributions of the d-type question- 
able events with the unquestionable ones showed no 
significant difference and therefore all events were 
used in compiling the data. 

All events were measured twice, and those having 
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important disagreements between the measured values 
were measured a third time before the calculations 
were performed. Weighted averages of these measure- 
ments were used in the calculations. 

Eleven two prong stars appeared where the momenta 
and energies of the prongs were such as could have 
occurred in a meson event. It is quite likely that several 
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Fic. 4. Pion laboratory-system energy spectra for the 
three reactions studied. 


of these may have had a meson connected with them 
which was invisible because of obscuration by other 
tracks or deficiency of vapor. Fortunately, however, 
these eleven events amount to only 3.8% of the total 
number of events and therefore introduce a negligible 
error. 
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TABLE V. Relative frequencies of the three reactions. 








Number of 
events of 
each type 


Ratio of each 
to the total 
number of events 


n+d—2-p+d 208 67% 
n+d—x-+2p-+n 80 26% 
n+-d—n-+He?® 22 7% 
Total, all reactions 310 


Reaction 











RESULTS AND CONCLUSIONS 


Ideally the results of this experiment should be 
presented in the form of pion angular and energy 
distributions in the center-of-mass system for the two 
colliding neutrons.’ Because this center-of-mass system 
is not known it was deemed best to present the labora- 
tory-system distributions for comparison with similar 
distributions as derived from known deuteron wave 
functions and various assumed center-of-mass system 
distributions. A calculation of this type has been carried 
out under the impulse approximation, using the follow- 
ing assumptions" : 

(a) Only the neutron-neutron interaction gives the 
pion and the deuteron, i.e., the final deuteron is formed 
from the initial colliding neutrons. 

(b) The excitation function given by Schulz” for 
proton-proton z+ production is valid for neutron- 
neutron a production. 

(c) The only function of the initial proton is to 
provide a momentum distribution for the neutron in 
the deuteron. 


NEUTRON ENERGY SPECTRA 





t Ly L T Lj | 
-n+d—->7+p+d 
BASED ON 208 EVENTS 


| T 


© 
oO 


BASED ON 
BO EVENTS 


INTERVAL 
@ 
°o 


N“N 
°o 





o 
o 


on 
° 





BS 
oO 





ow 
o 





f' 
oO 


RELATIVE NUMBER PER TEN=MEV 
ce) 








t i ‘ 


T i T 
n+d—>7 +|/2p+ ao 





i] | i T 1 i] 
n+d—>7 +Hé 
BASED ON 22 EVENTS 


T 


Fic. 5. Energy 
distributions of the 
neutrons that pro- 
duce the events. The 
arrow at 300 Mev 
indicates the peak 
of the beam as 
obtained by De 
Pangher.® 























| L 4 














1@) T LU t t ' T 
240 260 280 300 320 340 


260 280 300 320 340 220 240 260 280 300 320 340 





NEUTRON ENERGY IN MEV 


1 At 400 Mev the reaction p+ p—2*+d is favored over the reaction n+p—x—+2p by a factor of 7.6. [S. C. Wright and R. A. 
Schluter, Phys. Rev. 95, 639( 1954)]. Therefore the proton in the deuteron could produce only about 10% of the events, and this 


would not be detectable within the statistics of this experiment. 
™ Burns MacDonald (private communication). 


Alvin George Schulz, Jr., University of California Radiation Laboratory Report No. UCRL-1756, May 22, 1952 (unpublished). 
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(d) The deuteron momentum wave function is 
Gaussian. 

(e) The energy of the incident neutron is 300 Mev. 

(f) The center-of-mass system angular distribution 
either is symmetric or equals [}+cos’@]. Both cases 
have been carried out for comparison purposes. 

One fault with this theory is immediately obvious. 
This concerns the protons in the deuteron-type reac- 
tions. They should be directed essentially forward’ 
with energies corresponding to the momenta they 
would have in the deuteron, and it is noted that their 
angular distribution (Fig. 2) does agree substantially 
with this, but the high-energy protons cannot be 
accounted for by the model given. These proton 
distributions have been included in the results because 
they do provide a test for any theory on the deuteron- 
type reaction. 

The pion laboratory-system differential cross sections 
for the three reactions are plotted in Fig. 3. Similarly 
Fig. 4 gives the pion laboratory-system energy spectra. 
The relative frequencies of the three types of events 
are represented in Table V. The scales are all arbitrary, 
as no absolute cross sections were measured, and the 
errors shown are the statistical standard deviations. 


8 Tf the neutron in the deuteron were directed exactly toward 
the incident neutron the cross section would be higher because of 
the steep excitation function, but the solid angle would be slightly 
larger for a neutron directed toward but at an angle to the incident 
neutron. Therefore the protons would be expected to be directed 
forward at small angles to the beam. 
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The energies of the neutrons producing the events are 
shown in Fig. 5. For comparison purposes the total 
corrected numbers of p-type and He-type events have 
been normalized to the total corrected number of 
d-type events. The errors are large (about +8%) but 
the general trends are still indicative. In particular it 
might be noted that low-energy neutrons favor the 
He’-type events, as might be expected. 

In Fig. 6 the pion angular distributions are compared 
with those obtained from theory for (a) symmetric 
c.m. distribution, (b) (4-++cos’@) c.m. distribution. It is 
seen that the experimental data are in good agreement 
with the (3+ cos’@) c.m. distribution but in disagree- 
ment with the symmetric c.m. distribution. 

Figure 6 also gives a similar comparison for the pion 
spectra, and it is noted that the experimental data are 
in poor agreement with either case; but this may be 
due to the spread in energy of the incident neutrons. 

We conclude therefore that our results are in agree- 
ment with the predictions of charge independence. 
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The total and differential cross section for the scattering of 217-Mev positive pions on hydrogen has 
been measured in nuclear emulsions. The total cross section, excepting Coulomb scattering, was found to be 
(151.0+18.2) mb. The angular distribution in the center of mass was fitted by do/dQ=(5.22+1.42) 
+ (7.5342.57) cosx+(20.36+4.61) cos*x mb/steradian, assuming S and P waves only. A phase shift 
analysis was carried out using the method of maximum likelihood. The phase-shift solution in agreement 
with the requirements of causality and corresponding to the preferred solution of de Hoffman et al. was 
a@3= —22.5°+5.8°, a33=114.0°47.4°, and a3;=—11.6°+9.7°. The angular distribution showed strong 
forward scattering and a perference for positive Coulomb interference, in agreement with the hypothesis 
of a resonance in the state with angular momentum } and isotopic spin 3. 





INTRODUCTION 


ITHIN the last year extensive analyses of 

pion-proton scattering data have been made by 
several authors’ in the energy region between 120 
Mev and 217 Mev. These analyses showed that the 
data were entirely consistent with the hypothesis of 
charge independence and with the assumption that 
only S and P waves contributed appreciably to the 
scattering at these energies. In particular, the analysis 
of de Hoffman ef al.’ resulted in a preferred solution 
indicating the presence of a resonance in the state with 
angular momentum # and isotopic spin 3 at an energy of 
approximately 197 Mev. The analysis made by these 
authors also indicated that as long as higher waves 
were negligible, the other two phase shifts which enter 
into x*-proton scattering would be fairly small and 
negative in the energy region just above the resonance. 
The assumption of such a resonance, which was first 
proposed by Brueckner,* has recently been reinforced 
by the theoretical investigations of Chew and Low® 
and by the dispersion relations derived by Goldberger 
et al. from the requirements of causality. It was 
therefore of considerable interest to examine 7*-proton 
scattering just above 200 Mev in order to compare 
the results with the following predictions of the proposed 
phase shift solution. The total cross section would 
drop rapidly with increasing energy from its value of 
about 200 mb measured just below 200 Mev. The 
angular distribution of the scattering would shift from 
backward to forward in passing through the resonance, 
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since the amplitude of the scattered P wave would 
change sign relative to the S-wave amplitude. The 
Coulomb interference would shift from negative to 
positive as the sign of the dominant P-wave amplitude 
changed. Finally, it was of interest to determine how 
large a contribution to the scattering cross section might 
be made by D waves at these energies. 

Due to the low fluxes of positive pions of energies 
greater than 150 Mev available from conventional 
synchrocyclotrons, several attempts have been made’:® 
to utilize nuclear track emulsions as well as cloud 
chambers’ as tools for examining the angular distribu- 
tion of r*t-proton scattering at high energies. More 
recently, by using heavy elements as targets in the 
internal circulating proton beam, both the Carnegie 
Tech group” and the Chicago group" have been able 
to extract sufficiently high fluxes of w+ to perform 
counter measurements of angular distributions in the 
region between 150 Mev and 190 Mev. In addition, 
total cross sections above 150 Mev have been measured 
by the Carnegie Tech group” and by Yuan and Linden- 
baum at Brookhaven." The technique of exposing 
nuclear track emulsions inside the vacuum tank of a 
synchrocyclotron to obtain high-energy m+ was utilized 
by Homa ef al.’ and has been attempted both at 
Carnegie Tech by Grandey and Clark and at Chicago 
by the present author. However, the very great shielding 
problems encountered in these attempts have made it 
seem preferable to work with + beams outside the 
machine, even at the expense of very large reductions 
in flux. Since the flux of x* obtained in the present 
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MEV POSITIVE PIONS 





CYCLOTRON 
Fic. 1, Experimental 
arrangement. The emul- 
sion stack E£ and the 
shielding S were not 
present while the range 
curve was taken. 





experiment was extremely low, nuclear track emulsions 
were used in order to obtain a large number of scatter- 
ings in a reasonable running time and to obtain a high 
degree of discrimination against background events. 


PRODUCTION OF THE BEAM 


Positive meson beams of energies greater than 200 
Mev may be produced with the Chicago synchro- 
cyclotron by producing the mesons outisde of the 
magnetic field at a target placed in an external proton 
beam and analyzing the mesons coming off in the 
forward direction. It was found that with all obstruc- 
tions sufficiently retracted from the inside of the 
machine, about two percent of the internal circulating 
proton beam possessed small enough radial oscillations 
to pass through all coupling resonances and to escape 
from the machine with a uniform distribution of 
azimuthal angle. A small fraction of this spill-out beam 
possessed the proper azimuth to enter the proton 
channel in the shield wall, as shown in Fig. 1. The 
flux of protons measured at the entrance of this channel 
under normal operating conditions was approximately 
10” per cm? per second. This proton beam was quite 
parallel horizontally with a vertical height of about 
1.5 in. The measured energy was 463+5 Mev. 

An aluminum target 4 inches long, 2 inches high, 
and 1 inch wide was placed at the intersection of the 
proton channel with a meson channel near the center of 
the shield wall as shown in Fig. 1. This target was 
oriented in such a way as to optimize the meson flux 
while presenting a width of no more than 2 inches to the 
analyzing magnet, in order to achieve the desired energy 
resolution of two percent. After passing through the 
target, the proton beam was stopped by more than 6 
foot of steel, which was sufficient to reduce the neutron 
background in the experimental area to a level at which 
emulsion could be used. The entrance to the proton 
channel was collimated such that only the section of 
the channel filled by the target was irradiated. 
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ENERGY ANALYSIS OF THE BEAM 


In order to select pions of the proper momentum and 
to collect a large enough flux for experimental purposes, 
a 25° double-focusing wedge magnet was constructed 
from a 60° pair-spectrometer magnet by adding sections 
to the pole faces as indicated in Fig. 1. The double- 
focusing conditions were calculated from the equations 
of Camac," and the calculated energy resolution across 
a 2-inch band at the focus was +2 percent, which was 
considered adequate for this experiment. Since this 
energy resolution depended strongly on the apparent 
size of the target, a helium-filled polyethylene tube was 
placed along the entire meson orbit to reduce multiple 
scattering and thus to approach the calculated energy 
resolution as closely as possible. 

Since the proton flux in the accepted momentum 
range was approximately 40 times the pion flux, a 
counter system sensitive only to protons of 60+13.5 
Mev was used to adjust the magnet current to select a 
momentum of approximately 341 Mev/c, corresponding 
to a pion energy of 229 Mev. With this magnet current 
a range curve was taken of the pions in the beam, using 
the counter geometry shown in Fig. 1. The two leading 
counters were 2-inch by 2-inch plastic scintillators 
s-inch thick. The following two counters were 8-inch 
diameter liquid scintillators described by Anderson 
et al.!° The range curve obtained, including correction 
for counter thicknesses, is shown in Fig. 2. This curve 
is made up of counts taken both before and after the 
exposure to check that operating conditions did not 
change during the experiment. 

The integral range curve was analyzed as indicated 
in Fig. 2 to determine the mean measured range of the 
pion beam. The less steep portion of the curve at 
absorber thicknesses greater than 130 g/cm? of copper 
was assumed to be due to muons and positrons, and 
when extrapolated back to zero absorber thickness, 

4M. Camac, Rev. Sci. Instr. 22, 197 (1951). 


16 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 
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Fic. 2. Range curve. The mean measured range before correcting 
for multiple scattering was 121.0 g/cm? of copper. 


indicated a total contamination of 6.5 percent as 
explained in the following section. After subtracting 
out this contamination, the mean measured range was 
found to be 121.0 g/cm? of copper. After correcting for 
multiple scattering and statistical straggling as ex- 
plained in the Appendix, the true range was determined 
to be 124.4+3.4 g/cm? of copper. Using 139.6 Mev for 
the pion mass'* and 6.721 for the proton to pion mass 
ratio, Aron’s range-energy tables'’ give 231+5 Mev as 
the energy of the pion beam. 


CONTAMINATION 


The » meson and positron contamination in the beam 
was estimated by dividing the sources of contamination 
into three classes and treating them separately as 
follows: 


(A) Positrons and u Mesons Produced before 
the Analyzing Magnet 


Only pions of energies greater than 224 Mev could 
have produced muons of the proper momentum, and 
since the muon energy spectrum for a given pion 
energy is flat and extends over a region about 150 Mev 
wide, only a small fraction of these muons were accepted 
by the magnet. Further, very few pions of energy 
greater than 250 Mev could be produced. By using 
these considerations, an estimate was obtained of the 


16K. M. Crowe and R. H. Phillips, Phys. Rev. 96, 470 (1954). 
17 W. A. Aron, University of California Radiation Laboratory 
UCRL-1325, 1951 (unpublished). 


contamination coming through the magnet of the order 
of 1 percent, which is not in disagreement with the 
more reliable estimate of 1.5 percent obtained from 
the range curve. 


(B) Pion Decays between the Magnet and 
the Counter Telescope 


About 10 percent of the pions in the beam decayed 
between the magnet and the first counter, and since 
the angular dependence of these decays in the laboratory 
system was known, it was calculated that approximately 
30 percent of the muons passed through the counter 
telescope. The energy spectrum of these muons was 
such that only 12.5 percent had ranges greater than 
136 g/cm? of copper. 


(C) Pion Decays between the First 
and Last Counter 


About 2 percent of the pions in the beam decayed 
between the first and last counter, but less than 10 
percent of the muons from these decays reached an 
absorber thickness of 136 g/cm? of copper. 

The total contamination from these three sources is 
plotted in Fig. 2. 

The contamination in the emulsion was calculated 
from the above considerations to be 4.5 percent. In 
scanning, however, only tracks whose projected angles 
in the horizontal plane were within +4° of the beam 
direction were accepted. Due to the vertical shrinkage 
of the emulsion during processing, the criterion set on 
the dip angle was less precise. Knowing the angular 
distribution of muons from pion decays, the approx- 
imate angular spread of the incident beam, and the 
multiple scattering to be expected in the 1 cm of 
emulsion preceding the scanning region, it was cal- 
culated that the muon and positron contamination in 
the scanning region was (3.52) percent. An addition of 
(3+1) percent was made to this figure due to cosmic-ray 
contamination in the emulsion. An unexposed control 
pellicle from the same package of emulsion was found 
to contain a flux of minimum tracks in the identical 
direction and solid angle accepted in the exposed 
pellicles corresponding to approximately 3 percent of 
the total pion flux obtained. The total nonpion con- 
tamination in the scanning region was therefore taken 
to be (6.5+2.3) percent. 

A rough check on this number may be obtained by 
comparing the nonhydrogen interaction cross section of 
the present experiment with that of Morrish'® at 217 
Mev (x~) and with that of Grandey and Clark® at 
151 Mev (x*+). Assuming that this nonhydrogen inter- 
action cross section is not strongly dependent on 
charge or on energy in this energy region, Morrish’s 
results would lead to a contamination in the present 
experiment of (8.910) percent, while Grandey and 


18 A. H. Morrish, Phys. Rev. 90, 674 (1953). 
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Clark’s results would give (447) percent. Neither of 
these figures is in disagreement with our accepted value. 


EXPOSURE 


The experimental arrangement during the exposure 
is shown in Fig. 3. In order to insure that the recoil 
protons from a large fraction of pion-proton scatterings 
could be followed to the end of their range (as a check 
on the kinematics of the event), a stack of thirty-six 
2-inch by 4-inch 1200 micron Ilford G-5 emulsion 
pellicles was placed in the beam preceded only by the 
monitoring counters. As a check on the counter range 
curve, another stack was placed in the beam, preceded 
by sufficient absorber so that positive pions of the 
proper energy would stop near the center of this stack. 
In order to avoid altering the characteristics of the 
beam during the slowing down process, both stacks 
were imbedded in cylinders of pseudite,"® a material 
which closely duplicates the stopping power and 
scattering of emulsion. 
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Fic. 3. Experimental arrangement during exposure. The 
absorber was 62.89 g/cm? of copper. The range stack consisted 
of four 2-inch by 4-inch Ilford G-special 1800 micron emulsion 
pellicles. 


This arrangement was exposed to a total flux of 
3600 + per cm?, obtained in 42 hours of running time. 
However, the central dozen, which comprised most of 
the plates scanned, was replaced by a fresh dozen 
midway in the exposure in order to reduce the back- 
ground, and hence contained only half of this flux. The 
extremely low intensity, combined with the attenuation 
and scattering in the absorber, reduced the flux of 
pions in the range stack to a point where insufficient 
statistics could be obtained to give more than a rough 
check on the counter range curve. The agreement 
between the emulsion range curve and the counter 
range curve was satisfactory. 


SCANNING PROCEDURE 


Because of the low flux, the technique of scanning 
along the track was employed. This method is faster 
than area scanning for very low fluxes and has the 
advantage that the scanning efficiency is very close 
to 100 percent. Scanners were instructed to find 
minimum ionizing tracks within +3° of the beam 


19 A, H. Rosenfeld, Phys. Rev. 96, 139 (1954). 
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direction, which was determined for each pellicle to 
+1°, starting at a line 1 cm from the leading edge of 
the pellicle. By this point the high flux of 60-Mev 
protons accepted by the magnet was almost entirely 
stopped. Each track was followed until it either left 
the surface of the emulsion or traveled 3 cm. When a 
track caused a star or was deflected by >3°, the event 
was recorded and a new track was located at the 
starting line. Each track could be easily re-located and 
rescanned. In rescanning over 150 such tracks ending 
in recognizable events, no scanning errors or switching 
from one track to another were detected. Since such 
interchanging of tracks should be the largest factor in 
scanning inefficiency, the scanning efficiency was taken 
to be 100 percent to within the accuracy of the experi- 
ment. As a further check on scanning efficiency, the 
distribution in azimuthal angle of the events is given 
in Fig. 4. This distribution is constant to within 
statistical errors. 

The low flux and reasonable background in the plates 
tended to reduce possible confusion of tracks and 
allowed scanning rates of 30 to 40 cm per hour. A 
small angle cutoff of 7.4° (10° in the center of mass) 
was set for hydrogen events due to the difficulty of 
positive identification at smaller angles, but no large 
angle cutoff was necessary since scatterings close to 
180° are as easily detected by track scanning as are 
those at other angles. 


IDENTIFICATION OF EVENTS 


All events initiated by a minimum ionizing track 
and consisting of a forward scattered track of greater 
than twice minimum and a light scattered track on the 
opposite side of the incident direction were measured. 
The criterion of coplanarity was applied by computing 
the volume of the parallelepiped generated by the three 
unit vectors involved. This volume may be written in 
the form 


F=cosQ» cos@, cos8,| sina, tan8,—sina, tang, 


+sin(ap—arz) tanBo |, (1) 


where §o, 6,, and 8, are the dip angles of the incoming 
pion, the scattered pion, and the recoil proton, respec- 
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Fic. 4. A plot of the number of events vs the azimuthal angle. 
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Fic. 5. Angular correlation of events. The curve is for 220-Mev 
= mesons. The bad events within 5° of the curve have been ruled 
out on the basis of coplanarity or range. 


tively, relative to the plane of the emulsion, and a, and 
a, are the angles projected in the plane of the emulsion 
between the scattered pion and proton tracks and the 
direction of the incoming pion track. The maximum 
value of F is 1 and F=0 corresponds to perfect co- 
planarity. The empirical standard deviation on F for 
all scatterings greater than 30° in the laboratory system 
was found to be (F)-ms=0.02, in good agreement with 
work of Orear.” For scatterings less than 30°, the 
standard deviation was about twice this value, due to 
the multiple scattering of the low-energy recoil proton, 
but the range of the recoil proton provided a more 
stringent check in all these cases. 

Measurement of the scattering angles provided a 
further check on the identification of pion-proton events 
since the change in the required angular correlation due 
to changes in energy over the region involved is 
extremely small. The events found are plotted in Fig. 5 
together with the kinematic curve for 220-Mev pions 
on protons.” The perpendicular distance to the kine- 
matic curve from the experimental point was used as a 
measure of the deviation of the event from perfect 
correlation and is denoted by A@. The empirical standard 
deviation on Aé was found to be (A@)rms= 2° for scatter- 
ings of greater than 30° and 3° for smaller angle 
scatterings. A plot of the number of events per unit 
area in F and A@ vs the quantity [(F)?+(A6)?]}* is 
given in Fig. 6, where F and Aé are in units of their 
standard deviations. An estimate of the background 
subtraction to be made for nonhydrogen events which 
appeared to be elastic scatterings was obtained by 
making the crude assumption that such events were 
uniformly distributed on a plot of F vs Aé and by 
extrapolating the background into the acceptable 
region. This procedure, although very approximate, 
was adequate because of the smallness of the back- 
ground subtraction. A comparison of the area under 
the curve for hydrogen events with the area under the 
extrapolated background curve in Fig. 6 gave a back- 
ground subtraction of 3 events out of a total of 91, 
with an estimated error of +2 events. One such event 


” J. Orear, Phys. Rev. 92, 156 (1953). 
#1 H. L. Anderson and D. G. Wilson (unpublished tables). 


was found by noting a discrepancy in the range of the 
recoil proton, as discussed in the following section. 


ENERGY DISTRIBUTION OF EVENTS 


The energy distribution of the events was determined 
by two methods. The first method consisted in deter- 
mining the incident pion energy by measuring the 
ranges of the recoil protons from 47 apparent pion- 
proton events. Of these events, 39 had values of the 
coplanarity parameter F and of the angular correlation 
parameter A@ within the accepted limit of 2.5 standard 
deviations. Only one of these acceptable events had a 
recoil proton with a range inconsistent with the range 
to be expected from an elastic collision between a proton 
and a pion whose energy was determined from the 
counter range curve plus the known energy loss in 
emulsion. Of the remaining 8 events which were non- 
coplanar or had scattering angles differing from the 
kinematic curve by more than 2.5 standard deviations, 
all had inconsistent recoil proton ranges. The energy 
distribution of the events measured by this method had 
a mean energy of 215.4 Mev and a half-width at half- 
maximum of about 10 Mev. 

The energy distribution of all of the events was 
also determined by assuming an incident pion energy of 
231 Mev, as given by the counter range curve, and by 
taking into account the energy loss of the pion in the 
emulsion preceding each event. This energy distribution 
is shown in Fig. 7. The mean energy of this distribution 
was computed to be 216.5 Mev with a half-width at 
half-maximum of about 6 Mev, in good agreement with 
the distribution obtained from recoil proton ranges. 
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Fic. 6. A plot of the number of events per unit area in F 
and Aé vs [(F)?+(Aé)?}# in units of standard deviations. The 
background subtraction was 34:2 events. 
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The latter distribution, however, was affected by errors 
in the measurement of scattering angles as well as by 
uncertainties in the vertical shrinkage factor of the 
emulsion. 

By using the distribution of Fig. 7, it was calculated 
that the correction to the total cross section due to 
the energy spread of the events was negligible, assuming 
a reasonable energy dependence of the cross section in 
this energy region. A similar calculation for the dom- 
inant phase shift a3; also gave a negligible correction. 
However, the estimated uncertainty of +2 Mev in the 
mean energy of the incident pion beam was equivalent 
to an uncertainty of 2 percent in the total cross 
section, which was not entirely negligible. 


RESULTS 


A total of 11 787 tracks were followed for a total 
path length of 20545 cm. Subtracting muon and 
positron contamination, the effective path length 
scanned was 19210 cm+2.3 percent. In this path 
length, 620 nonhydrogen stars, 640 recoilless scatterings 
of greater than 3°, and 90 hydrogen scatterings, with a 
background subtraction of 2+2, were found. The 
corresponding mean free paths in emulsion are 


Mean free path 
31.0+1.4 cm 
30.0+1.4 cm 

218.3425.1 cm 


Interaction 
Star 
Recoilless scattering > 3° 
Hydrogen scattering >7.4° 
In order to compute the hydrogen scattering cross 
section, the number of protons per cm* was obtained 


TABLE I. Center-of-mass scattering angles for the 
90 acceptable events. 








Event Angle 


45.1° 
46.3° 
47.4° 
48.8° 
50.1° 
50.8° 
51.2° 
52.0° 
) i 
53.4° 
53.6° 
54.0° 
$5.2° 
59.4° 
61.7° 
63.2° 
67.7° 
68.7° 
68.8° 
77.8° 
77.8° 
79.0° 
81.6° 
82.1° 
82.4° 
82.7° 
83.8° 
83.8° 
86.6° 
87.6° 
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Fic. 7. The energy distribution of the events based on 
an incident pion energy of 231 Mev. 


from recent data on the composition of Ilford G-5 
emulsion supplied by Waller” of Ilford Ltd. These 
data indicate that at a relative humidity of 40 percent 
+15 percent at which the emulsion was exposed, the 
hydrogen density of the emulsion was 0.0508+0.0019 
g/cm’, corresponding to 3.03510” protons per cm’. 
Using this result, the total cross section for pion-proton 
scatterings at angles greater than 10° in the center-of- 
mass system was 

[90— (2+2)]+9.5 


[ (3.035+0.114) x 10” cm-*][19 210+430 cm] 


7 total = 


= 150.9+17.5 mb. 


In determining the angular distribution, the scattering 
angle for each scattering of greater than 30° was 
assumed to be given by the point on the kinematic 
curve of Fig. 5 nearest to the actual measured angles. 
For scatterings of less than 30°, the measured deflection 
of the pion track was considered a more reliable estimate. 
The center-of-mass angles for the 90 acceptable events 
are given in Table I. 


PHASE-SHIFT ANALYSIS 


In order to interpret the total cross section and 
angular distribution obtained in this experiment and to 
compare the results with theoretical predictions, a 
phase-shift analysis of the data was performed under 
the assumption that no states with orbital angular 
momentum greater than 2h contribute appreciably to 
the scattering. For convenience in calculating, we 
define a quantity 


do 
s(x)=k?—(z), (2) 
dQ 


where x is the cosine of the scattering angle, k is the 
wave number of the pion and (da/dQ) (x) is the differen- 
tial cross section in cm? per steradian at the angle 
cos'x (all quantities in the center-of-mass system). 
The formulas used to write s(x) in terms of the phase 


2 C, Waller (private communication to Dr. A. H. Rosenfeld). 
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shifts are based on those derived by Solmitz,*” but 
differ in two respects. Terms were added to include the 
possible contribution of D waves to the cross section, 
and Coulomb phase factors were taken into account 
up to and including terms of first order in the quantity 


n= (e?/hc)X (1/B;), (3) 
where 8,= (1/c)X velocity of the pion in the laboratory 
system. With these modifications, the differential cross 
section may be written 

do : 
— | Rf (x) [2+ | Rf (x) |?, (4) 
Q 
where 
1 
kf @)-—let (1+-2in) (2e1++e1-) x 
i 


3x°—1 


+ (1+3in) (3es++ 2es-) 


TABLE II. Results of the phase-shift analysis. 











Solution Initial values Final values 





Case 1: S and P waves only 


t=0.0 0.01 
a3 = —22.5° —22.5° 
a33>= —67.5° —66.0° 
a31;>= —5.6° —11.6° 


¢ not varied 
a3;= —22.5° 
a33> —39.4° 
a3;= —90.0° 


—22.5° 
—36.6° 
+89.2° 


—0.01 
+24.9° 
+67.4° 
+14.3° 


t=0.0 
a3= +22.5° 
a33> +67.4° 
a= +5.6° 


—0.05 
+76.1° 


t=0.0 
a3z= +78.8° 
a33>= —33.8° —35.3° 
a3, = —33.8° —34.7° 


Case 2: S, P, and D waves 


1=0.0 0.0 
a;= —22.5° —22.4° 
a33> —66.1° —66.0° 
a3;= —11.6° —11.7° 
535=0.0° +0.03° 
533=0.0° +0.05° 


¢ not varied 
a3;>= —24.6° 
a33> —60.7° 
ay —20.5° 
633;= +11.3° 
533= +11.3° 


—22.7° 

—65.7° 

—12.6° 
+0.19° 
+0.75° 
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and 


1 
£9°(a) == =x] (1+ 2:0) (iter) 
7 


b 
+ (1+3in) (e2+—es-)3x} — —| (6) 


—Xx 


B,’ 


2up—1 
a= o_o £,’ | 
1+£,'8,’ 2 


, 


Bp 2up—1 
b= w— | ait a} 
1+8,'B,’ 2 


where 8,’= (1/c) X velocity of pion in the center-of-mass 
system, 8,’= (1/c)X velocity of proton in the center-of- 
mass system, 4»=magnetic moment of the proton in 
nuclear magnetons= 2.7896, and e*=exp[ 2ias, 2141 ]—1, 
where as, 2741 is the phase shift of the scattered wave 
with orbital angular momentum /h and total angular 
momentum jh=(/+})h. The S-wave phase shift is 
written a3, and to avoid an ambiguity when /=2, we 
write D-wave phase shifts as 6’s. The quantities a and 
b are included in the treatment for completeness, 
although they are rather small at these energies. 
fP(«) and f(x) are the nonspin-flip and spin-flip 
scattering amplitudes, respectively. 

The 90 events listed in Table I were analyzed using 
the method of maximum likelihood.™ Writing the 
differential cross section as a function of a particular 
set of phase shifts [a] which determine the quantity 
s(x;[a@]) at all x, the average number of events (average 
understood to be over many identical experiments) in 
the angular interval dx for one experiment is Cs(x;[a }) 
Xdx, where C=2rN)/k?, N=number of scattering 
centers per cm’, and A=path length scanned. The 
average total number of events for one experiment is 
then J smin7™* Cs(x;[a])dx, where the limits of the 
integral correspond to the maximum and minimum 
angles detected. According to the Poisson distribution, 
the probability of finding no event in the angular 
interval dx is exp[—Cs(x;[a])dx] and the probability 
of finding just one event is Cs(x;[a])dx exp[—Cs(x; 
[a])dx]. The probability of finding just p events, 
one each at cosxi=%1, COSx2=42, ***COS¥p=Xp in the 
intervals dx1, dx, ---dx, is given by 


p 
Ly(%1,%2°° **p;La JC)TT dx; 


i=1 


-ex| - f ie Cs(eLacpas ft Cs(x;;[a])dx;. (7) 


Tmin 


The maximum likelihood method consists in maximizing 





* The quantity w is given to within an arbitrary constant term. 


%F. Solmitz, Phys. Rev. 94, 1799 (1954). 


* For a more complete discussion of the application of this 
method to the analysis of experiments, see F. Solmitz, Revs. 
Modern Phys. (to be published). 
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the quantity 


w=In£,=> incs(aifa)-f Cs(x;[a])dx (8) 


Zmin 


as a function of the parameters [a |. If one assumes that 
C is a normally distributed quantity with a mean value 
Co and a standard deviation yw, one may include the 
effect of this uncertainty by writing 


w=¥ In(Cotut)s(eeCa]) 


* i=] 


Zmax 2 
ra f Cotu)s(eLa)ar——, (0) 


min 


where ¢ is the number of standard deviations away 
from Cy at which w is computed, and we have dropped 
constant terms since only changes in w are significant 
for the analysis. 

The problem of maximizing w by a systematic 
variation of the input parameters, i.e., the phase shifts 
and the deviation of C from its mean measured value, 
was solved by means of an electronic computer.” 
According to the maximum-likelihood method, the 
best solution to the data is given by the particular set 
of parameters which maximizes w. Two procedures were 
used. In the first procedure, only S and P waves and 
the Coulomb terms were allowed to contribute, while 
D waves were held at zero. In this way, four solutions 
were examined with the results shown in Table IT. 
The first three of these are commonly known as the 
Fermi solution, denoted by I, the Yang solution, 
denoted by II, and the complex conjugate Fermi solu- 
tion, denoted by III. These three solutions are all char- 
acterized by a small absolute magnitude of a3. Except 
for Coulomb effects, the magnitude of a3 for these three 
solutions would be identical, and all three solutions 
would give identical differential cross sections. The 
presence of Coulomb effects does not discriminate 
between the Fermi and Yang solutions, but does 
result in a lower value of w for Solution III, the signif- 
icance of which will be discussed below. The complex 
conjugate Yang solution was not examined because it 
yields a differential cross section indistinguishable from 
that of Solution ITI. Solution IV is of a different class 
of solutions with large a3. This solution gave a poorer 
fit to the data than did Solutions I and II, but cannot 
be entirely ruled out on the basis of the present data 
alone. 

In the second procedure, all six parameters were 
varied, with the results shown in Table II. The out- 
standing feature of the results of this second procedure 
is that no significantly better fit to the data could be 
obtained by allowing D waves to contribute, even when 
a relatively large amount of D wave was inserted at the 


26 The maximizing procedure as well as the error analysis were 
developed by Dr. William C. Davidon, using the AVIDAC at 
the Argonne National Laboratory. 


PIONS 1123 
beginning of the hunting procedure. On the other hand, 
the errors on the D-wave phase shifts are quite large, 
as shown below, and greatly improved statistics would 
be required to establish reliable values for these phase 
shifts, even as to their sign. 


ERROR ANALYSIS 


In order to obtain an estimate of the errors on the 
phase shifts, we assume that in the region of a maximum 
the quantity w depends quadratically on the deviations 
of the parameters (the phase shifts and the quantity /) 
from their best fit values. The actual dependence of w 
on these deviations was then fitted to the assumed form 


(10) 


= 1 
W=Wmax— 3), Gi 5€:€;, 
i,7 


where Wmax is the maximum value of w in this region, ¢; 
is the deviation of the ith parameter from its best fit 
value, and G is a real, symmetric matrix with positive 
eigenvalues. The elements of G were determined by 
using the AVIDAC and varying all pairs of parameters 
separately until w was diminished by 4 in each case. 
These variations were then averaged as described by 
Anderson et al.,2° and the best fit elements of G were 
determined. As pointed out by Anderson e¢ al.,”* G is 
not affected to first order by a small displacement of the 
elliptical surface of constant w in any direction. Since 
e*” is a measure of the relative probability of having 
obtained the experimental results given any particular 
set of parameters [a], the accuracy with which these 
parameters have been determined may be expressed by 
the error matrix G~! with the property 


f. es Jf ssserder: --dém 
fav ferder+-den 


TABLE III. The error matrices G~.* 


= (G"),;. (11) 





(€€;)0= 








Case 1: S and P waves 
t a3 33 asi 


7.921 3.079 8.056 3.581 
34.053 5.958 — 1.189 

54.803 0.599 

93.882 








Case 2: S, P, and D waves 
as a33 asi 535 633 


# 7.930 2.952 8.372 2.922 0.293 1.017 
as 56.231 —21.801 53.721 —68.647 4.487 
33 92.572 —74.746 84.017 14.387 
asi 244.303 —165.797 —32.637 
535 213.682 —26.478 
533 133.153 











® The units are (degrees)?. The quantity ¢, when multiplied by (32/90)?, 
is in units of (number of standard deviations)*. 


26 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 
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Thus the square roots of the diagonal elements of G-! 
give the standard deviations for each of the parameters, 
while the off-diagonal elements are the products of 
the correlation coefficients with the two corresponding 
standard deviations. The matrices G~ for error analyses 
both with and without D waves are given in Table III. 

There are several internal checks on the validity of 
this procedure for determining errors on the phase 
shifts. To check that w was very nearly quadratic in 
the parameters near its maximum value, the AVIDAC 
was instructed during the hunting procedure before 
each new phase shift variation to guess what value of 
w this new variation would give, based on the behavior 
of w in the vicinity of the previous trial point and on 
the assumption that w was quadratic. This guess 
invariably proved to be extremely accurate near the 
maximum. Secondly, a computation of the statistical 
error on the total cross section, using the statistical 
errors on the phase shifts as well as correlations between 
these phase shifts as determined from the above 
procedure, gives a result in very good agreement with 
the statistical error associated with 90 events. Finally, 
the fact that the square root of the diagonal element of 
G associated with the quantity C is indeed 1.00 
standard deviations is an indication of the validity of 
the assumptions involved in the error analysis. The 
following results were obtained for Solution I, the stated 
errors being statistical plus a 5 percent uncertainty in 
in the path length scanned. 

Case 1.—S and P waves and ¢ (¢ in units of standard 
deviations) ; 

t a3 33 a1 


0.01+1.00 —22.5°+5.8° 114.0°+7.4° —11.6°+9.7° 


Case 2—S, P, and D waves and ¢ (¢ in units of 
standard deviations) ; 


t as a33 31 
0.00+ 1.00 —22.4°+7.5° 114.0°+9.6° —11.7°+15.6° 
535 533 
0.03°+14.6° 0.05°=+22.5° 
The total cross section, excluding Coulomb scattering, 
from Solution I is ototaz=151.0+18.2 mb. From the 
Solution I phase shifts, assuming S and P waves only, 
the differential cross section is given by 


da /dQ= (5.22+1.42)+ (7.5342.57) cosx 
+ (20.36+4.61) cos?x mb/steradian. 


TABLE IV. Experimental value of (2k;2/k)D,.(k). 








sin2a3+2 sin2a33 +sin2a31 
+3 sin253s+2 sin2éa3 


—2.58+0.47 
—2.59+0.97 
—2.59 
+2.66 
—2.36 


Solution 





I (S and P waves only) 

I (S, P, and D waves and C) 
II (S and P waves only) 
III (S and P waves only) 
IV (S and P waves only) 
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DISPERSION RELATIONS 


Dispersion relations expressing the real parts of the 
forward scattering amplitudes in terms of integrals 
over the total interaction cross sections have been 
derived from the requirements of causality by Gold- 
berger, Miyazawa, and Oehme’® for the scattering of 
positive and negative pions on protons. These relations 
may be written 


D,(t)=3(14+=),044(1-=)2-© 
u B 
ke a (w’) o_(w’) 
—— i ad + 
44, kL w’—w w'+w 
eo 


(12) 
uw? w—p?/2M 


gap eS 


© diy! een o+(w’ sd 
w’+w 
_f Re? 
wot u?/2M 


(13) 


where D,(k) is the real part of the forward scattering 
amplitude for x* with wave number &, mass y, and total 
energy w (all quantities in the laboratory system), 
ox(w) is the total interaction cross section at a total 
pion laboratory energy w, f is the meson-nucleon 
coupling constant, and M is the nucleon mass. The 
integrations over the singularities are carried out in 
the sense of Cauchy principal values. From these 
relations, using Orear’s analysis of low-energy pion 
data?’ to obtain D,(0) and using Chew’s analysis of 
pion-nucleon scattering data® to obtain f, Anderson, 
Davidon, and Kruse** have explicitly calculated the 
right hand sides of Eqs. (12) and (13) as functions of 
the pion laboratory energy from 0 to 300 Mev. The 
evaluation of the integrals requires knowledge of both 
positive and negative pion total cross sections at all 
energies, and hence the integrals contain implicitly 
the experimental errors in the determination of these 
cross sections. 

In order to compare the results of this calculation 
with experiment, one may express the quantities 
D,(k) at a given energy in terms of the measured phase 
shifts at this energy. In particular, the quantity D, (k) 
is given by 


(2ky?/k) Ds (k) => sin2a3;+ 2 sin2a33+ sin2a31 
+3 $in2635+2 sin2633+ seca 


27 J. Orear, Phys. Rev. 96, 176 (1954). 
*8 Anderson, Davidon, and Kruse, Phys. Rev. 100, 339 (1955). 


(14) 
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where k, is the pion wave number in the center-of-mass 
system. The experimental value of this quantity at 217 
Mev is given in Table IV for the phase-shift solutions 
discussed above. The curve calculated by Anderson 
et al.* from Eq. (12) shows that the quantity (2k,2/k) 
XD,.(k) changes rapidly from positive to negative 
values at about 180 Mev, reaching a value of about 
—1.88 at 217 Mev. This result serves to exclude 
Solution III at our energy and is in agreement with 
the proposed resonant behavior of the phase shift a3. 
The errors associated with the results of the present 
experiment when D waves are taken into account are 
large enough so as not to exclude agreement with the 
calculated curve. 


COULOMB INTERFERENCE 


If one neglects the small Coulomb phase factors in 
Eqs. (4), (5), and (6) in comparison with unity, the 
differential scattering cross section may be written 
approximately as 


lo do do 
(+) 
dQ dQ Nuclear dQ Coulomb 
da\ (rf) do\ ! 
EG), 
dQ Int dQ Int 


where (do/dQ)Nuctear= differential cross section neglect- 


ing Coulomb forces, (do/d2) coulomb = differential cross 
section for Coulomb scattering only, 


do\() 2 n 1 
(—) -—(-+0) Rel —leot erber- 
dQ Int Rk? l—% 21 
3x2—1 
+ (3es+-+-2es-) : 1) (16) 


da\ 2 1 
(2) acre orm 
dQ Int k? 21 


+ (est —e2-)3x | (17) 


(15) 


At small angles where the dominant Coulomb term 
—n/(1—x) becomes important and other Coulomb 
terms may be neglected, the sign of the term (do/ 
dQ)ine“? depends on the sign of the real part of the 
nuclear nonspin-flip scattering amplitude. Since both 
the dispersion relations discussed above and the 
hypothesis of a resonant behavior for the phase shift 
33 predict that the real part of this amplitude should 
change sign in the vicinity of 180 Mev, a direct experi- 
mental measurement of this sign is of interest. 
Pion-proton scattering experiments carried out by 
Orear™® at 113 Mev and by Ferretti e¢ al. at 120 Mev 


J. Orear, Phys. Rev. 96, 1417 (1954). 
% Ferretti, Manaresi, Puppi, Quareni, and Ranzi, Nuovo 
cimento, 1, No. 6, 1238 (1955). 
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indicate very strong preference for negative Coulomb 
interference, in agreement with the dispersion relations 
and with the generally accepted Fermi solution for 
the phase shifts. For the present experiment, the 
fairest way of determining the experimental preference 
for positive or negative Coulomb interference appears 
to be the following. The best fits to the data were 
found using the AVIDAC by varying all of the phase 
shifts involved, starting at points near the best fit 
values for the solutions considered. Since e” isa measure 
of the probability of the experimental results given a 
set of phase shifts and a path length, we take the 
ratio of this quantity for Solutions I, IT, and III as a 
measure of the relative goodness of fit of these solutions 
to the data. The result is 


ert ; wid) ; ew (IID = 1.49: 1.49: 1.0. 


The preference for Solutions I and II, which correspond 
to positive Coulomb interference, over Solution III, 
which corresponds to negative Coulomb interference, 
is in agreement with the dispersion relations and with 
the resonance hypothesis. Solutions I and II, which 
differ only in the sign of (do/dQ)in, cannot be 
distinguished due to the smallness of the quantity 6. 

An alternate treatment of the problem of Coulomb 
interference is used by Orear”® and by Ferretti et al.*° 
These authors find the best fit set of phase shifts using 
only data from the region where Coulomb effects are 
negligible and then compare the fit in the Coulomb 
region between this set and the set with signs reversed. 
If one uses only scatterings of 40° or more, the best 
fit set of phase shifts found by the AVIDAC for Solution 
I is as=—20.2°, a33=115.2°, and asi=—7.3°. The 
ratio of e” obtained for this solution to e” obtained for 
the solution with signs reversed, both solutions fitted to 
all the data, was 2.44. 

A plot of the cross sections given by the AVIDAC for 
Solutions I and III is shown in Fig. 8. The solid line 
represents Solution I while the dashed line represents 
Solution III. The points represent a histogram of the 
experimental data. It should be pointed out that these 
points are not the representation of the data which the 
AVIDAC was instructed to fit but are simply shown as 
an indication of how good a fit to the data was obtained. 


CONCLUSION 


In general, as long as D waves and higher waves may 
be neglected in the analysis of *-proton scattering, 
and as long as Coulomb effects are not large, there are 
eight possible phase-shift solutions which may fit the 
data equally well. Four of these solutions correspond to 
a positive sign for the real part of the forward scattering 
amplitude at 217 Mev and are ruled out by the disper- 
sion relations discussed above as well as by the prefer- 
ence of the data for positive Coulomb interference. 
Of the remaining four solutions, two have large values 
of as (a3+76°) and give relatively poorer fits to the 
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data. In addition, these solutions seem unlikely in view 
of the value of — 20° for as measured by Glicksman and 
Anderson" at 165 Mev. The present experiment cannot 
distinguish between the remaining two solutions, i.e., 
Solution I, the Fermi solution, and Solution II, the 
Yang solution. However, as pointed out by Anderson 
et al.,** the rapid energy dependence of as; required by 
the Yang solution at lower energies as well as the 
theoretical investigations of Chew and Low® make this 
solution less likely. 

The general features of the Fermi solution found in 
the present experiment are in good agreement with the 
preferred solution of de Hoffman ef al.? and with the 
features to be expected from a resonant behavior for as. 
In addition to the results already discussed, the shift 
from backward to forward scattering, first observed at 
189 Mev and very pronounced in the present experi- 
ment, is, in the absence of sizable D-wave phase shifts, 
very indicative of such a resonance. The sharp drop in 
the total w*-proton cross section from its values 
measured between 170 Mev and 200 Mev is also in 
accord with such a resonant behavior. This sharpdrop 
has been previously observed by Yuan and Linden- 
baum" at Brookhaven, who give values for the total 
cross section at 214 Mev and 222 Mev in good agree- 
ment with our results. 
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APPENDIX. ENERGY RESOLUTION 


Because of the long range and large multiple scatter- 
ing of high-energy pions, an analysis was made of the 
energy resolution of the counter arrangement used. 
According to Rossi and Greisen,*! a parallel, mono- 
energetic beam of pions will, after passing through a 
thickness dx of absorber, possess a Gaussian distribution 
of angles due to small angle multiple scattering with 
an rms angles given by 

@) E? dx 
men, 
re Xo 


(Al) 


where E,=21 Mev and 2p is the radiation length in 
the absorber. The rms angle as a function of depth in 
the absorber (#(x))w, was determined from Eq. (A1) 
by numerical integration. As long as the rms scattering 
angle as well as the individual scattering angles are 
small, this small-angle multiple scattering leads to a 
distribution in projected range with the following 
properties: 


R-(Ru= f a(x)dx; 


R z 
(R2)w—(Rz)w=} f dx f dsa*(s), (A2) 
0 0 


where a(x)= /o7Ld(@)m/ds \ds, R is the true range 
along the meson path, and R, is the projection of R 
on the incident beam direction. A numerical integration 
of Eq. (A2) gave for mesons of approximately 230 Mev, 
R—(Rz)w=3.44 g/cm? of copper and [(R.*)w— (Rz)°w }? 
=2.55 g/cm? of copper. This distribution was then 
approximated by a Gaussian for the purpose of deter- 
mining the energy spread of the incident beam. 

In order to compare this result with the range curve 
obtained, one must also include the distribution in range 
due to statistical fluctuations in the number of ionizing 
collisions undergone by the mesons. The distribution in 
the distance traveled by a beam of high-velocity pions 
which decrease in energy from E; to E, by ionization 
loss is shown by Livingston and Bethe® to be approxi- 


31 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 263 (1941). 
#M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 
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mately Gaussian with a mean square fluctuation given 
by 
Bs 4reNZ 


(X-X) n= f kaha 


A 
Ei (dE/dx) (AS) 


where e is the electronic charge, NV is the number of 
atoms per cm‘ of absorber, Z is the number of electrons 
per atom that are effective in the ionization process, 
and — dE/dx is the rate of energy loss of the pion at the 
energy E. Using Eq. (A3) the rms spread in range due 
to this Gaussian straggling was calculated to be 
[<{(R—Ro)*)w t= 1.54 g/cm? of copper. 
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Taking into account the multiple scattering and 
straggling effects discussed above and assuming that 
the distribution in true range of the incident beam was 
approximately Gaussian, the rms spread in range was 
estimated from the rms spread observed in the counter 
range curve, which was +4.5 g/cm? of copper. The mean 
range was taken to be the mean measured range plus 
the mean shortening due to multiple scattering. The 
resulting range of the incident beam was 124.4+3.4 
g/cm* of copper. There was also an estimated un- 
certainty of about 1.5 g/cm? of copper in the value of 
the mean range. 
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Disintegrations Produced in Nuclear Emulsions by 1.5-Bev Negative Pions* 


R. D. Hrtt,f E. O. Savant, AND M. Wincorr,{ Brookhaven National Laboratory, Upton, New York, L. S. OSBORNE, A. PEVSNER AND 
D. M. Ritson, Massachusetts Institute of Technology, Cambridge, Massachusetts 


AND 


J. Crussarp§ AnD W. D. WALKER,|| University of Rochester, Rochester, New York 
(Received October 26, 1955) 


The stars produced in nuclear emulsions by 1.5-Bev x~ mesons are analyzed. The numbers of stars as a 
function of the numbers of prongs are obtained and compared with stars produced by protons of similar 
energies. The angular distributions of prongs from the pion-produced stars are also derived. An example of 
the decay of a hyperfragment He'* emerging from a pion star is described and the production of K particles 


by 1.5-Bev pions is noted. 


OLLOWING the Brookhaven cloud-chamber experi- 
ments! in which hyperons and a K particle were 
observed to be produced by 1.5-Bev pions, nuclear 
emulsions were exposed to high-energy negative pions 
from the Cosmotron. On account of the low intensity of 
pions (~1.5 per cm? per pulse) available at that time it 
was found necessary to irradiate the emulsions for a pro- 
tracted period, and because of the high intensity of 
background radiation present it was found essential to 
have a clean pion beam and very good shielding of the 
emulsions. In the present experiment, stacks of 24 strips 
of 400u G5 emulsions were irradiated in a 10-ton lead 
house at the end of a collimator 4 feet long. The total 
pion intensity in the emulsions was approximately 
20 000 per cm*. A preliminary report? of some of the 
results of scanning these emulsions has been given. 
Approximately 9 cc of emulsion in all were area- 
scanned by the three groups (B. N. L., M. I. T., and 
Rochester) analyzing these emulsions. Although a few 
*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
t Now at University of Illinois, Urbana, Illinois. 
t Now at Harvard University, Cambridge, Massachusetts. 
§ Now at Ecole Polytechnique, Paris, France. 
|| Now at University of Wisconsin, Madison, Wisconsin. 
1 Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 93, 
861 (1954). 
? Hill, Salant, eg oy Osborne, Pevsner, Ritson, Crussard, and 
Walker, Phys. Rev. 94, 797 (1954). 


K particles were observed, these experiments were not 
fruitful in producing observable K-particle endings 
within the emulsions. The results of the experiments 
which will be given here include, in addition to the 
heavy mesons, information on pion-produced stars and 
several hyperfragments emitted from pion stars. 


PRONG DISTRIBUTIONS OF zx-PRODUCED STARS 


The population of x-produced stars in the emulsions 
can be gauged from the following details of area scanning 
by one group of observers. In 2.9 cc of emulsion (54.8 
cm? of 400u strips), 716 r-produced stars were observed, 
as compared with 740 neutron-produced stars. 

In a sample of 75 x-produced stars, the numbers of 
stars as a function of the prong-number of the stars are 
given in Fig. 1. Also shown on the same plot and 
normalized to the same total number of stars, are 
distributions of prong numbers for 2.2-Bev protons* 
and 0.95-Bev protons.‘ It appears that the prong 
distribution for -produced stars is not significantly 
different from that for proton stars; the 1.5-Bev 
m-produced star distribution lies approximately mid- 


3 Widgoff, Leavitt, Shapiro, Smith, and Swartz, Phys. Rev. 92, 
851 (1953). 

4 Lock, March, Muirhead, and Rosser, Proc. Roy. Soc. (London) 
A230, 215 (1955). 
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Fic. 1. Number of stars vs number of prongs: A, 1.5-Bev pion- 
produced stars, sample 75 stars; B, 0.95-Bev proton stars, sample 
181 stars, reference (4); C, 2.2-Bev proton stars, sample 294 stars, 
reference (3). All histograms are normalized to the same total 
number of events. 


way between the 1- and the 2-Bev proton-star dis- 
tributions. 

In Fig. 2, the sample of 75 x-produced stars is broken 
down into three classes with zero, one, and two outgoing 
minimum or near-minimum (g<1.25 gmin) tracks. As 
might be expected, there are relatively fewer stars of 
one and two outgoing shower particles, and the latter 
stars have a lower total number of prongs. In the case 
of 2.2-Bev protons,* 55% of the proton stars had at 
least one light outgoing track. For 1.5-Bev pions this 
same group is only 32% of the total number of 
x-produced stars. 

The angular distributions of the tracks emerging from 
m-produced stars are shown in Fig. 3. The tracks 
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Fic. 2. Number of 1.5-Bev pion-produced stars vs number of 
prongs, for different types of stars: B, zero outgoing shower 
particles; C, one outgoing shower particle; D, two outgoing shower 
particles; A, stars of all outgoing-prong types. 


have been separated into three categories according as 
g>4gmin (black prongs), 4gmin>g>1.25gmin (grey 
prongs), and g<1.25gmin (minimum prongs). After 
applying a correction factor for the solid angle con- 
tained between the angles of projection, it is clear that 
the distribution of black prongs is consistent with an 
isotropic angular emergence. The distributions of grey 
and minimum tracks, however, indicate a strongly 
forward angular emergence. This is further supported 
by the plot in Fig. 4 of center-of-mass angles of emission 
of pions from small stars (number of heavy prongs <5). 
The transformation to the center-of-mass angles was 
made under the assumption that a single nucleon 
collision with the incident pion occurred. The distribu- 
tion, which is characteristic of both elastic and inelastic 
processes,® is clearly peaked in the forward direction. 
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Fic. 3. Angular distributions of tracks emerging from 1.5-Bev 
pion-produced stars: A, outgoing black tracks; B, outgoing grey 
tracks; C, outgoing minimum tracks. 


As might be expected (from their lower momentum and 
lower kinetic energy), however, the forward-to-back- 
ward ratio of light and grey prongs is not as high in 
the case of x-produced stars as it is in the case of proton 
stars. In the case of the 2.2-Bev proton stars,* it was 
found that for light tracks the forward-to-backward 
ratio was 16:1 and for grey tracks this ratio was 10:1. 
For the 1.5-Bev z-produced stars the same ratios are 
only 3.8:1 and 3.2:1, respectively. 


HYPERFRAGMENTS 
A. Mesonic Decay of Hyper-He® 


A microprojection diagram of the event is shown in 
Fig. 5. The incoming 1.5-Bev ~ meson from the beam 
makes a primary star of four black prongs, one grey 
prong, and one minimum-ionizing prong. One of the 
black prongs appears to stop and gives rise to a 
secondary three-prong star. 


5 W. D. Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 





DISENTEGRATIONS IN EMULSIONS BY 


The black track connecting the stars has a length of 
262u. It is thicker than a stopping proton of similar dip 
in the same emulsion strip. The track shows two 6 rays 
of length >1y. This number is normal for a helium 
particle. A lithium fragment of this range would show 
an average of ten such 6 rays.® 

The characteristics of the secondary star are given in 
Table I. Track 1 has been followed through eight 
emulsions, a total length of 5950u, before it escapes 
from the stack. Its grain density, g, referred to plateau 
grain density, g’, measured in three different emulsions 
is: first emulsion, g= (2.20.16)g’; seventh emulsion, 
g= (2.8+0.18)¢’; eighth emulsion, g= (2.90.2) g’. The 
scattering of track 1 in the seventh emulsion, where 
distortion was practically negligible, gave p8=33+47 
Mev/c. The mass of the particle, calculated from scat- 
tering-ionization in the seventh emulsion, is m= (265 
+70)m,, and from grain density variation vs range in 
emulsions 1-8 is m= (275++60)m,. Track 1 is therefore 
ascribed to a 7 meson and its initial energy deduced 
from grain density measurements is (25.4-+0.7) Mev; 
the corresponding momentum is (88+1.3) Mev/c.’ 


TaBLE I. Characteristics of secondary star caused by hyper-He’. 





Prong Projected 
num- angle with 
ber track 1 


1 0° 
2 74°+1° 
3  136°+2° 


Angle of dip Identification 


— 32°+2° 
—16°+1° 
+24°+6° 


Range (yu) 





5950 (escapes) 
198 (ends) 
12.5+1.5 (ends) 


a meson 
proton 


Het 








Track 2, as judged from its appearance, is due to a 
particle of unit charge. If it is a proton, from its range, 
it has an energy of 5.48 Mev and an initial momentum 
of 101.5 Mev/c.’ If track 1 is a m~ meson and the 
hyperfragment has charge 2, then track 3 also has 
charge 2. No beta decay at the end of track 3 is ob- 
served and, from momentum balance, it will be shown 
that it is very probable that track 3 is due to a Het 
particle. If it is assumed that track 3 arises from He‘ 
the initial momentum is 161.0 Mev/c.*8 

From the measured angles of Table I it can be 
readily shown that the three tracks are very nearly 
coplanar. However, accurate coplanarity of the three 
tracks can be gained by allowing the angle of dip of 
track 3, which is the least accurately measured of all 
angular quantities, to be 28° instead of 24°. This 
deviation is well within the limiting accuracy of the 
measurement. The space angles between the three 
tracks are then: tracks 1-2, 65.7°; tracks 2-3, 147.6°; 
tracks 3-1, 146.8°. From the observed momenta of the 
pion and proton, the resolved momentum in the direc- 


$ J. Crussard, thesis, Paris, 1952 (unpublished). 
(95a Gottstein, and Hain, Nuovo cimento 11, Suppl. 2, 234 

€ 

* W. H. Barkas, Phys. Rev. 89, 1019 (1953); Barkas and Young, 
University of California Radiation Laboratory Report UCRL 
2579 (unpublished). 
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Fic. 4. Angular distribution, in the center-of-mass system, of 
singly emergent pion tracks from small stars produced by 1.5- 
Bev pions. 


tion of the He recoil is then 159+8 Mev/c, in excellent 
agreement with the observed value of 161+8 Mev/c for 
an assumed Het‘ recoil. For a He’ recoil, the observed 
initial momentum would be only 13546 Mev/c.** The 
momenta of pion and proton transverse to the He recoil 
are 48.2 and 54.1 Mev/c, respectively, and are therefore 
reasonably well balanced. There seems little doubt but 
that the three particles emitted from the hyperfragment 
are pion, proton, and He‘ and that these particles 
represent all that are emitted.® 

The total kinetic energy of particles 1, 2, and 3 of 
the hyperfragment decay assuming the above scheme 
is (34.4+1.0) Mev. If the hyper-He® fragment is 
assumed to contain a bound A° having a Q value of 
(36.940.2) Mev," then the binding energy of the A° in 
He™ is (2.51.3) Mev. The observed time of flight of 
the hyperfragment is of the order 10~" sec. It is of 
interest to point out that the present interpretation, 
unlike that given earlier,? of the hyperfragment being 
He*™ is entirely consistent with the existence arguments 
of hyperfragments recently put forward by Dalitz." 
The binding energy of the A° in He** obtained in the 
present case is in excellent agreement with the value of 


Fic. 5. Decay of sHe** hyperfragment ejected from a 6-prong 
star produced by 1.5-Bev pion. 


°If one were to consider that the possibility of the hyper- 
fragment being a singly-charged ,H** was not yet ruled out and 
that the decay took place according to the reaction: ,H**—2~ 
++1:H3, then the range of the :H* recoil balancing ~ and p 
momenta would have to be 78. 

10 Report of Padua Conference, Nuovo cimento 12, Suppl. 2, 
461 (1954). 

1 R. H. Dalitz, Phys. Rev. 99, 1475 (1955). 
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TABLE II. Characteristics of three connected stars. 








Total visible 
energy 
secondary 
star (Mev) 


Length of 
connecting 
track (z) 


Secondary 
star (black 
prongs) 


4 black prongs 5 3 
1 grey prong 


Primary star 





10-20 


3 black omg 


1 grey prong 2-3 30 


6 black prongs 4 { 50 








2.1+1.0 Mev for a similar case'reported recently at the 
Pisa Conference.” 


B. Nonmesonic Decay of Other Hyperfragmenis 


Three other cases of ‘double stars” were observed, 
in which the incoming 1.5-Bev x~ meson made a primary 
star connected to a secondary star by a short black 
prong. The three secondary stars show only black 
prongs (evaporation particles). The characteristics of 
these stars are given in Table II. Except in the first 
event, in which the connecting track has the appearance 
of a short thin-down track, the secondary stars could 
be capture stars of very slow outgoing #~ mesons. 
However, from the observations of Fry, Schneps, and 
Swami," it is much more likely that these very short 
tracks represent the decay of excited fragments. These 
nuclei can be rather heavy and it is not surprising that 
they show non-mesonic decay." 


K PARTICLES 


In the 9 cm’ of emulsion area scanned, two stopping 
K* mesons were observed. One K meson had its origin 
outside the emulsion stack and traveled 11 mm before 


2 Crussard, Fouché, Kayas, Leprince-Ringuet, Morellet, Renard, 
and Trembley, Report of Pisa Conference, 1955 (unpublished). 

4 Fry, Schneps, and Swami, Phys. Rev. 97, 1189 (1955). 

4 W. Cheston and H. Primakoff, Phys. Rev. 92, 1537 (1953). 


decaying into a near-minimum ionizing secondary par- 
ticle. The other K meson emerged from a 9-pronged 
1.5-Bev m star at an angle of approximately 172° to 
the direction of the incident pion. This K particle 
travelled 8 mm in the one emulsion strip before decaying 
into a near-minimum secondary particle. 

In the light of later experience with the production 
of K particles using 2- and 3-Bev proton bombard- 
ment,'® it is of interest to compare the K-particle pro- 
duction rates for pion and proton bombardments. In 
the case of proton bombardments, it was found that 
on the average approximately one K-particle decay 
was observed per 400 observed a mesons that ended in 
the emulsion. In the case of the present pion bombard- 
ment, two K mesons were observed per 700 2-meson 
endings, so that the intensity of K mesons observed on 
this basis of measurement is not in disagreement with 
the proton bombardments. The difference in the proton 
and pion experiments, however, was in the efficiency of 
finding the K particles. The areas (and volumes) of 
emulsion scanned in both proton and pion experiments 
were approximately the same (157 cm* and ~170 cm’, 
respectively), yet only two K mesons were observed in 
the pion experiment as compared with twelve in the 
proton case. To a large extent this difference was 
attributable to the lower pion intensity available and 
to the fact that compensatingly longer exposures could 
not be made because of the high background of radia- 
tions present. 
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Experimental results are presented of electron scattering by Ca, V, Co, In, Sb, Hf, Ta, W, Au, Bi, Th, and 
U, at 183 Mev and (for some of the elements) at 153 Mev. For those nuclei for which asphericity and inelastic 
scattering are absent or unimportant, i.e., Ca, V, Co, In, Sb, Au, and Bi, a partial wave analysis of the Dirac 
equation has been performed in which the nuclei are represented by static, spherically symmetric charge 
distributions. Smoothed uniform charge distributions have been assumed; these are characterized by a 
constant charge density in the central region of the nucleus, with a smoothed-out surface. Essentially two 
parameters can be determined, related to the radius and to the surface thickness. An examination of the Au 
experiments shows that the functional forms of the surface are not important, and that the charge density 
in the central regions is probably fairly flat, although it cannot be determined very accurately. An analysis 
of the experiments on the nuclei Ca, V, Co, In, Sb, Au, and Bi, assuming for convenience the Fermi smoothed 
uniform shape (1), then leads to the following results: the radial parameter c (the distance to the midpoint 
of the surface) scales as A! for the nuclei we have examined and is (1.07+0.02)A!X10-" cm; the surface 
thickness ¢ (the 0.90 to 0.1 distance) is constant for all of these nuclei, to within the estimated error, and 


is (2.40.3) X 10-4 cm. 





I. INTRODUCTION 


N the last two years several investigations'* have 

been carried out at Stanford University in an 
attempt to discover the size and shape of the charge 
distribution in various atomic nuclei. These investi- 
gations have been of an experimental and theoretical 
nature. The experiments have obtained the angular 
distributions of high-energy electrons scattered elastic- 
ally from the atomic nuclei and have employed the 
narrow momentum selection permitted by the use of a 
magnetic spectrometer in order to ensure elastic 
scattering. The theoretical analysis of the experimental 
observations rests on a phase shift calculation applied 
to the Dirac equation for a model of the nucleus having 
a static spherically symmetric charge distribution.’ 
Comparisons between the experiments and the theo- 
retical angular distributions for various specialized 
models of the nuclei have permitted conclusions to be 
drawn about the size of nuclei, the nuclear charge 
distribution, and the validity of the assumptions made 
in the theoretical interpretation. The size obtained from 
this work, and from the investigations of others,°-™ 


* The research reported in this document was supported jointly 
by the Office of Naval Research and the U. S. Atomic Energy 
Commission, and by the U. S. Air Force through the Office of 
Scientific Research. 

1 ie by a grant from the Research Corporation. 
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( i cra Fechter, and McIntyre, Phys. Rev. 92, 978 
1953). 

* Hofstadter, Hahn, Knudsen, and McIntyre, Phys. Rev. 95, 
512 (1954). 
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4D. G. Ravenhall and D. R. Yennie, Phys. Rev. 96, 239 (1954). 

5 R. W. Pidd and C. L. Hammer, Phys. Rev. 99 1396 (1955). 

6 Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
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has come to be called the “electromagnetic size’ in 
contrast to a “nuclear” size determined from pure 
nucleon-nuclear interactions. The method of electron 
scattering is fortunately quite direct in its approach, 
since its only fundamental untested assumption is that 
there is no specifically nonelectromagnetic interaction 
between the scattered electron and the nucleus. Thus 
far there is no definite evidence of any appreciable 
deviation of the electron-nucleon interaction from the 
strict electromagnetic type, so that the foundation on 
which the theoretical analysis operates seems to be 
quite secure. 

Until the present time the more detailed published 
data have concerned the heavy nuclei Au” and 
Pb*®, These elements were studied? at several different 
energies in order to test the validity of the theoretical 
method as applied to a specific nuclear charge-density 
model. The analysis‘ indicated that two main 
parameters of the charge distribution could be deter- 
mined in the present status of the experimental studies 
extending up to electron energies of 190 Mev. These 
two parameters may be said to be a mean radius and a 
surface thickness. 

It is the purpose of the present paper to investigate 
how these two parameters vary over the range of new 
nuclei studied: Ca, V, Co, In, Sb, Au, and Bi. Another 
aim of this investigation is to examine, for a specific 
nucleus, Au, the range of values of the two parameters 
permitted by a fit of theory to experiment within the 
experimental errors. Our results for Au and Pb are in 
agreement with analyses of our earlier experiments by 
Ravenhall and Yennie,‘ by Brown and Elton,’ and by 
Hill e¢ al. Furthermore, new experimental data are 
presented without analysis for nuclei which are probably 
not intrinsically spherically symmetric in their ground 
states and which require a more extensive analysis 
involving their quadrupole moments. Such nuclei as 
we have studied included Hf, Ta, W, Th, and U. 
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Il. APPARATUS AND PROCEDURE 


The scattering apparatus used in these experiments 
has been described in earlier papers.'? The following 
improvements in the apparatus may be mentioned : 

(a) The electron beam can now be centered on the 
target, by observing the visual luminescence produced 
by the electron beam in a thin CsBr(TI) crystal, which 
can be brought into the target position. A bright beam 
spot can be seen from the control room through a 
telescope and two mirrors. This fluorescing crystal 
method (due to Mr. A. W. Knudsen) became possible 
when the aluminum window of the scattering chamber 
was replaced by a 6-mil “Mylar” window, the trans- 
parency of which permits observation of the inside of 
the scattering chamber. During a 12-hour run no drifts 
in the beam-spot position larger than 1/16 in. occur. 

(b) A secondary emission beam monitor of the type 
described by Tautfest and Fechter™ has been installed 
inside the scattering chamber just beyond the scattering 
target. The secondary emission monitor has been found 
to have a linear response up to full electron-beam 
intensity and now replaces the helium ion-chamber 
monitor, which in previous use was found to be slightly 
nonlinear. 

The Cerenkov counter which we use for detecting 
the scattered electrons is carefully shielded with lead 
and paraffin. On the average only one background 
pulse in two minutes has been registered under condi- 
tions of full electron beam, target in place, closed 
analyzing magnet slits, and magnet at 90°. With open 
slits, typical counting rates of 50 to 100 counts in the 
same time period are obtained. 

In most of the experiments described here an energy 
spread of 0.5 percent of the energy in the primary elec- 
tron beam was chosen. The beam spot at the target was 
approximately 3 in. wide and ¢ in. high. In all experi- 
ments the target was held at an angle of 45° with re- 
spect to the direction of the primary beam. 

The collision energy loss of the electrons in the 
target was a maximum in the case of Ca, where it was 
approximately one Mev. The loss of energy due to 
recoil of the target nucleus, at 183 Mev and at a 
scattering angle of 90°, amounts in Ca to 0.9 Mev, and 
in Au to 0.18 Mev. 

The angular resolution of the scattering experiment 
depends mainly on the multiple scattering of the 
primary electrons in the target, on the finite acceptance 
angle of the analyzing magnet, and on the finite size 
of the beam spot. Multiple scattering is the main effect 
limiting the target thickness. The multiple scattering 
angle was kept smaller than +1.5°. For Au a maximum 
target thickness of 5 mils at 183 Mev (target angle 
45°) was used. The acceptance angle (in the scattering 
plane) of the analyzing magnet was adjusted to +1.5°. 
In the preparation of the theoretical scattering curves 


2G. W. Tautfest and H. R. Fechter, Phys. Rev. 96, 35 (1954); 
Rev. Sci. Instr. 26, 229 (1955). 
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the finite experimental angular resolution has been 
taken into account (see Sec. III). 

A major problem in these experiments was to 
separate elastic scattering events from inelastic scatter- 
ing events. By an inelastic scattering event we under- 
stand here an event in which the bombarding electron 
gives up some of its energy to the target nucleus, which 
is thereby left in an excited state. Inelastic scattering 
in high-energy scattering experiments has been ob- 
served in Be,'* C,'* Mg,!® Si, S,!° and Sr,!* and in other 
nuclei. 

In all of our experiments the number of counts per 
unit integrated beam is measured for various magnet 
current settings. Thus an elastic peak is obtained and 
in some cases one or more inelastic peaks, depending 
on the target nucleus and on the scattering angle, are 
found. In Fig. 1 a typical elastic peak is shown for Ca 
together with a small inelastic peak superimposed 
on the bremsstrahlung tail of the elastic peak. The 
number of counts is plotted vs energy of the scattered 
electron. In this particular case the inelastic peak is 
small and weil separated from the elastic peak. 

The best energy resolution of the scattering apparatus 
obtained in these studies corresponds to a peak width 
energywise of 0.4 percent (full width at half-maximum). 
It is therefore possible to recognize inelastic contri- 
butions arising from excitation of nuclear levels with 
energy down to approximately 300 kev. For the nuclei 
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Fic. 1. A typical curve of counting rate vs electron 
energy for calcium at 183 Mev and 6=50°. 
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Ca, V, Co, In, Sb, Au, and Bi inelastic scattering was 
either clearly resolved from the elastic events or else 
no evidence from line shape studies for an appreciable 
inelastic scattering contribution down to 300 kev was 
found. 

As a measure of the differential elastic cross section, 
a sum of the counting rates at 6 points defining an 
elastic peak was usually taken. No absolute cross 
sections have been measured so far. Results with any 
given target material are however subjected to a kind of 
standardization by associating the measurement at 
each angle with a corresponding measurement using a 
standard Au target. After correcting for the target 
thicknesses, cross section ratios with respect to Au 
become available. In Sec. IV these ratios will be 
compared to the theoretical ratios (see Table II). 
The individual Au runs agree with one another at each 
angle almost to within the counting statistics. At 
angles smaller than 90° the statistical error amounts to 
+5-7 percent. 

The over-all accuracy of the relative cross sections 
obtained in these experiments is of the order of +10 
percent. At least half of this error is due to counting 
statistics. The remainder has to be ascribed to drifts in 
various parts of the experimental equipment. No 
corrections were found to be important enough to be 
applied to the direct experimental data and no back- 
ground effects need to be subtracted. A discussion of 
possible sources of corrections has been given in earlier 
papers.!.?-6 


Ill. THEORY 
A. Introduction 


The experimental results for Ca, V, Co, In, Sb, Ta, 
Au, Bi, and U are represented in Fig. 2. In order to 
display diffraction structure, the experimental cross 
sections have been divided by the_angular factor 
cos*(0/2)/ sin‘(@/2). (This factor is proportional to 
the theoretical cross section for point scattering 
obtained using the first Born approximation.) From 
Fig. 2 and Fig. 13, we see that while for the nuclei 
Ca, V, Co, In, Sb, Au, and Bi the cross sections show 
pronounced diffraction structure, this structure is much 
less marked for the nuclei Hf, Ta, W, Th, and U. The 
experiments thus separate the nuclei we have examined 
into these two groups, which we shall call (a) and (b), 
respectively. In this paper we shall analyze the results 
of only group (a) nuclei. 

The nuclei of group (a) are believed to have little 
or no “intrinsic deformation” in the Bohr-Mottelson 
sense,!® and the electron scattering is elastic. The 
nucleus can therefore be represented by a static, 
spherically symmetric charge distribution. The electro- 
static potential due to an assumed nuclear charge 
distribution is obtained numerically. The differential 


16©A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd 27, No. 16 (1953). 
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Fic. 2. Experimental results for several nuclei. The differential 
cross sections, divided by cos?(@/2)/ sin*(@/2) to display diffraction 
structure, are plotted vs A?sin(@/2). The solid lines are smooth 
curves drawn through the experimental points. They have been 
shifted arbitrarily in the y-direction. The dashed vertical lines 
indicate approximately the location of the first, second and third 
diffraction dips. 


cross section for electron scattering is then calculated 
by means of a partial wave analysis of the Dirac 
equation for an electron moving in this potential.!” 
This analysis, which is also performed numerically,'8 
is very complicated ; for gold at 183 Mev, for example, 
the first ten phase shifts are modified appreciably by 
the finite nuclear size. The relation between charge 
distributions and differential cross sections is therefore 
known to us only empirically, as it were, from experience 
with many such calculations. One relationship, namely 
that between the observed diffraction structure and the 
relatively abrupt nuclear surface, shows up very 
clearly. This might also be inferred from the first Born 
approximation, which predicts smooth cross sections 
for smooth charge distributions such as the Gaussian 
shape p= po exp(—?/a’), but undulating cross sections 
with diffraction zeros for the uniform and “smoothed 
uniform” shapes.'®:° As can be seen from Fig. 2, the 
experimentally observed diffraction structure becomes 
more pronounced for the lighter elements, where the 
Born approximation is more reliable. This approxi- 
mation also predicts that the diffraction structure is a 
function of [2ER sin(6/2) |/hc, where Ep is the electron 


174 detailed description of this calculation was given in 
reference (3). 

18 These calculations were performed on the computer Univac 
at the University of California Radiation Laboratory at Liver- 
more (unpublished). 

#9 J. H. Smith, Ph.D. thesis, Cornell University, 1951 (un- 
published); Phys. Rev. 95, 271 (1954). 

*”L. I. Schiff, Phys. Rev. 92, 988 (1953). 
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energy, and R the nuclear radius. Hence the fact that 
diffraction dips of the same order occur at approxi- 
mately the same value of A!sin(6/2), which is dis- 
played in Fig. 2 by using A‘sin(6/2) as the scale for 
the abscissa, indicates that some parameter describing 
the radius varies roughly as A? from element to element. 
This prediction is confirmed by the detailed analysis 
presented in the next section. 

The nuclei of group (b) all have properties indicative 
of collective motion of their outer nucleons.'* (Evidence 
for this from other experiments is cited at the end of 
Sec. IV.) Hence we expect contributions to the electron 
scattering arising from the asymmetry of their charge 
distributions, and from transitions to their “rotational” 
levels, which are so low in energy as to be unresolvable 
in these experiments. It can be shown that for suitably 
chosen nuclear parameters these contributions fill in the 
diffraction dips te yield smooth cross sections, like those 
observed experimentally. The analysis of this process 
will be given in another report." Some of the nuclei 
of group (a) show properties characteristic of a little 
collective nuclear motion, also, but to a negligible 
extent as regards the electron scattering. 


B. Charge Distributions 


As is to be expected, for a given experimental error 
the amount of detail that can be observed in the charge 
distribution is limited by the electron’s reduced de 
Broglie wavelength, which at 183 Mev is 1.08 10-" 
cm. Let us first consider “smoothed uniform” charge 
distributions, for which the charge density is roughly 
uniform in the central regions, with a smoothed-out 
surface. We have used the following functional forms: 


Fermi: 

p(r)=pi/{expl (r—c)/a1J+1)}; (1) 
Modified Gaussian” : 

p(r)=p2/{expl (r?—c*)/z*]+1) ; (2) 
Trapezoidal : 


p(r)=ps, 0<r<c—z;, 
=p3(c+23—1)/2z3, 
=0, r>c+23. 


Experience has shown us that at energies up to 183-Mev 
differential cross sections depend essentially on only 
two parameters, a mean radius and a surface thickness, 
and are almost independent of the particular analytic 
form used for p. Roughly speaking, the radius deter- 
mines the angular position of the diffraction dips, and 
the surface thickness their depth. Of course, for each 
of the above shapes the parameter c adjusts the radius, 
while the surface thickness is related to 2;, 22, and 23 in 


C—23<7r<c+z3, (3) 


*1 Downs, Ravenhall, and Yennie (to be published). 

2 Note that this shape is roughly uniform with a Gaussian 
surface. It is mot the Gaussian shape p=po exp(—r*/a®) used 
previously. 
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(1), (2), and (3), respectively. But the exact relationship 
among the parameters of equivalent shapes [i.e., 
particular examples of (1), (2), and (3) which yield 
almost identical differential cross sections ] is known to 
us only numerically. Approximate relationships can be 
obtained by using the fact that the electron wave 
functions in the neighborhood of the nucleus are 
approximately plane waves with modified amplitude 
and argument.” A simple analysis on the lines of the 
Born approximation then shows that the scattering 
depends, to lowest order in (s/c’)*, on the quantities c’ 
and s defined by the relations 


ga f o(r)dr/p(0), (4) 


0 
s=—4 f (r—c’)*p' (r)dr/p(0). (S) 


c’ is the distance at which p has dropped to half of its 
value at the center, and s is proportional to the rms 
thickness of the surface. (The last two statements are 
true strictly for only (1) and (3), where p obeys the 
additional condition that p(c’+6)=p(0)—p(c’—S).) 
Since the value of s is found to vary appreciably with 
the functional form of p, we quote in our results also ¢, 
the distance over which p drops from 0.9 to 0.1 of its 
central value. It turns out that ¢ is less dependent on 
the form of p than s. Since the rms radius has been used 
extensively in the literature as a measure of nuclear 
radius, we quote also R, which is proportional to it: 


R= (5(r*)/3)}. (6) 


We shall also use ro= A~*R and r;= A~tc. The quantities 
c, s, and R are connected by the approximate relation 


Revel 1+ (5s?/22) [1+ (352/42) ]. 


The surface parameters s and ¢ are related to the 
quantities occurring in (1), (2), and (3) as follows: (1), 
the Fermi shape, s=2z;/vV3=3.632:, t= (4 log.3)z: 
=4.40z,; (2), the modified Gaussian shape, ¢ 
=(?+22,? log.3)!—(?—2z_? log,3)#2.20z,?/c (the 
expression for s is only known to us numerically for 
special cases); (3), the trapezoidal shape, s=2z;/v3 
=1.1523, ‘=1.60z3. In terms of these quantities the 
central charge density is given by 


p(0)=3Ze/{4nc*L1+ (33°/4c*) ]}. (7) 


The effect of a variation in the central charge density 
has been examined in gold by using the functional form 


p(r)=pal1+ (wr?/c*) //{expl(r—c)/ze]+1}. (8) 


Since this variation turns out to have little influence 
on the cross sections, we have used only two-parameter 
charge distributions in our examination of the other 
nuclei. Such an effect, if present, will probably show 
up more clearly when experiments at higher energies 
include several of the diffraction dips. 
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C. Analysis of the Experiments 


The present procedure for finding the nuclear charge 
distributions predicted by the experimental cross 
sections is necessarily one of successive trials. For any 
assumed charge distribution the cross section obtained 
by means of the phase-shift analysis is folded over a 
small angular range to allow for the finite experimental 
resolution. We assumed a Gaussian distribution, 


6(0) = (wa) f o(0’) expl (0—0')?/A* a0’, (9) 


and for A have used the fixed value of 2°. This is 
intended to represent approximately a spread in incident 
beam energy, multiple scattering in the target and 
finite beam size, besides the acceptance angles of the 
spectrometer (usually +1.5°). 

Comparison with experiment is made by least 
squares. The probability that theory and experiment 
are in agreement is 


P=] exp{—[(oi/re:)—1 PN ,/2}, 


where co; is the theoretical cross section at 6;, and ¢; 
and JN, are, respectively, the experimental value and the 
number of counts. The parameter A is required because 
the experimental cross section is not known absolutely, 
and we therefore maximize P with respect to A. The 
maximum occurs when A=M2/M,, where M, 
=) i(o;/e,)"N;; for this value of \ the logarithm of 
the probability is given by 


—logP=}(MoM.—M?’)/M2. (11) 


Thus, for each theoretical cross section we calculate 
(11) and then look for the values of ro and s which 
make it a minimum. This is then the best fit for that 
particular shape. We can thus compare the relative 
merits of various shapes, and also have an idea of the 
error in our results due to statistics. A comparison of 
results for various experimental runs in gold shows us 
the error due to any slight lack of repeatability in the 
experiments. We discuss this more fully in the next 
section. 


(10) 


D. Other Effects 


For simplicity we ignore radiative corrections to 
scattering in the above analysis. Suura* has shown that, 
independently of Z, the relative correction to the cross 
section is to a good approximation the same as was 
calculated by Schwinger™ using the Born approxi- 
mation. For typical experimental conditions (E= 183 
Mev, AE/E=0.5 percent) Schwinger’s analysis predicts 
a relative change in the theoretical cross sections 
between 35° and 120° of 4.3 percent. Since the radiative 
correction varies smoothly with angle, however, its 


1H. Suura, Phys. Rev. 99, 1020 (1955). 
% J. Schwinger, Phys. Rev. 76, 780 (1949). 
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Fic. 3. Angular distributions for gold. The experimental points 
at 183 Mev are the average of five runs. The solid curve at 183 
Mev is the theoretical best fit obtained by using the Fermi 
smoothed uniform charge distribution (1). It corresponds to the 
open circle in the inset figure of s vs ro. Its coordinates are the 
weighted average of those corresponding to the best fits for the 
individual] runs, represented by the points. The ellipse in the inset 
figure corresponds to charge distributions for which the proba- 
bility of agreement with experiment is half of its maximum value, 
attained for the best fit. The crosses (a) and (b) correspond to 
charge distributions whose parameters differ from those of the 
best fit by about two probable errors. Their cross sections are 
shown in Fig. 4. The solid curve at 153 Mev is for the same 
parameters as the best fit at 183 Mev. Numerical values of the 
parameters for all of the nuclei are given in Table IIT. 


inclusion would make the theoretical cross section a 
little steeper while not altering its detailed shape. This 
would decrease the surface thickness of the predicted 
charge distribution a little (~0.4 percent), and would 
not alter the radius appreciably. In view of possible 
uncertainties in the theoretical analysis, and of their 
small and easily predicted effect, it seemed better to 
omit radiative corrections altogether. 

For those nuclei of group (a) having nonzero spin 
values and magnetic moments, there should be a 
magnetic dipole contribution to the elastic scattering. 
Since the magnetic moment (u) arises in the surface 
region of the nucleus, this contribution can be expected 
to show about the same dependence on the finite 
nuclear size as the charge scattering. The ratio of these 
two contributions will thus vary approximately as 
(u/Z)*, so that although the magnetic effect is ap- 
preciable for hydrogen,”*.* it is negligible at this energy 
for the nuclei examined here. 

The analysis of the elastic scattering in terms of 
static charge distributions is quite general, but the 

2°R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 


(1955). 
26M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 
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Fic. 4. Comparison with experiment at 183 Mev of cross 
sections for charge distributions whose parameters differ by 
about two probable errors from those of the best fit. They corre- 
spond to the crosses (a) and (b) in the inset in Fig. 3. In vertical 
scale one of the cross sections has been shifted by a factor 10 for 
clarity. 


connection between this charge distribution and the 
nuclear wave function may not be so direct. Although 
the major part of p(r) comes from |Wgrouna(r)|*, there 
will also occur, in higher orders of the perturbing 
interaction between the electron and the nucleus, 
contributions involving nuclear excited states arising 
from virtual excitation. For light nuclei Schiff,” using 
the Born approximation, has estimated that this 
“dispersion scattering” is only about 1/137 of the 
scattering from the ground state alone. In our analysis 
this effect would show up as a contribution to the charge 
distribution which might be energy-dependent, because 
of the energy denominators in the perturbation theory. 
In Sec. IV we have analyzed the scattering from Bi 
at both 153 and 183 Mev, but the results at the two 
energies are probably not significantly different. 

Our calculations assume the Coulomb law of force 
between the electron and each element of the nuclear 
charge. Any alteration in the law of force at small 
distances would modify the relationship between the 
charge distributions and the potentials used in the 
Dirac equation. Correction of our results to allow for 
this effect would not involve much recalculation. From 
the potentials corresponding to our quoted best fits the 
altered relationship between potential and force law 
would immediately give us the modified charge distri- 
butions. There is at present no strong evidence for 
such an altered force law. 


27 L. I. Schiff, Phys. Rev. 98, 756 (1955). 
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IV. RESULTS 


Gold.—In gold-197 there are five experimental runs 
at 183 Mev. The average of these runs is shown in 
Fig. 3 together with the theoretical best fit using shape 
(1), which has been folded to allow for finite experi- 
mental resolution. Inset in that figure are points 
indicating the values of ro and s for the best fits to the 
individual runs at 183 Mev. Corresponding to each of 
these points, for which P, the probability of agreement 
between theory and experiment, is a maximum, there 
is a curve describing charge distributions for which P 
is a half of its maximum value. Since we are close to 
the best fit, this curve is of only second degree in ro 
and 5, i.e., it is an ellipse. It tells us the error due to 
statistics. The scatter of these points about their mean 
(measured by using as weighting factor }- Ni, the total 
number of counts in the run) arises both from statistics 
and from a slight lack of repeatability of the runs. Our 
analysis indicates that the latter is only about half as 
important as the former. The ellipse shown in the inset 
figure combines both sources of error. In Fig. 4 we 
compare with experiment the cross sections of two 
shapes whose parameters differ from those of the best 
fit by about two probable errors. (They correspond to 
the crosses in the inset to Fig. 3.) We feel that these 
are a significantly poorer fit to experiment than the 
shape chosen in Fig. 3; this shows that the estimates of 
error given by the least squares analysis are in rough 
agreement with intuitive ideas obtained from inspection. 

A feature of our results which is not too marked for 
gold, but which is very noticeable for the lighter 
elements, is that the major axis of the ellipse corresponds 
to shapes with the same value of the radial parameter c. 
This means that c is the parameter that can be specified 
most accurately, a result which agrees with our experi- 
ence that the angular position of the diffraction dips, 
the most prominent feature of the cross section, is 
determined mainly by c. The eccentricity of the ellipses 
increases for the lighter elements, implying that for 
these elements the accuracy of s decreases relative to 
the accuracy of c. This is linked with the fact that in the 
diffraction dips, the angular region where the surface 
thickness is most evident, the agreement between 
theoretical and experimental cross sections is poorer for 
the light elements than for the heavy elements. The 


TABLE I. Results of the analysis of the gold experiments at 
183 Mev. The first three shapes are two-parameter shapes of the 
smoothed uniform type, while the fourth contains an additional 

arameter which allows alteration of p in the central region. All 
engths are in units of 10~“ cm, and the charge density in units of 
10% coulomb/cm*. The accuracy of the radial parameters c¢, ¢c’, 
and R is about +1 percent; for the surface thickness parameter / 
it is about +5 percent. 
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errors in the results on the other elements are in any 
case somewhat larger than those for gold, since the 
results are less numerous (usually only two runs for 
each element). For all of the above reasons, the errors 
quoted at the beginning of Sec. V should be regarded as 
orders of magnitude rather than precisely known 
quantities. 

To examine the experiments on gold for dependence 
on surface shape, the same procedure as that just 
described for shape (1) was followed for shapes (2) 
and (3). The maximum values of P for the three cases 
were found all to lie within a factor 1.3 of each other, 
ie., the agreement with experiment is not significantly 
different for the three shapes. The values of the param- 
eters for the best fits are presented in Table I. The 
variation in the radial parameters quoted is very 
small: in ¢ [the parameter occurring in the definitions 
(1), (2), and (3)] it is 1.6 percent, while in c’ [defined 
by the integral relation (4)] and in R [proportional 
to the rms radius, as defined by (6) ] it is 3.3 percent. 
There is a much larger variation in the parameters 
describing the surface thickness, as is to be expected, 
although #, the distance over which p drops from 0.9 
to 0.1 of its central value, varies less (10 percent) 
than s, defined by the integral relation (5) (17 percent). 
It should be possible to define a radial and a surface 
parameter so that their values are independent of 
shape, but as these results show, we have been able 
to do this only in an approximate way. The charge 
distributions corresponding to the best fits for shapes 
(1), (2), and (3) are shown in Fig. 5. It is remarkable 
how closely they agree over the surface region, especially 
at the two outermost points of intersection. Needless 
to say, the cross sections corresponding to these charge 
distributions differ so little that Fig. 3 can be taken 
to represent also shapes (2) and (3), with a slight shift 
in the vertical scale. 
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Fic. 5. Three charge distributions in gold, the best fits to the 
experimental results at 183 Mev for the Fermi, modified Gaussian, 
and trapezoidal shapes (1), (2), and (3); the charge distribution 
parameters are listed in Table I. The cross section for the Fermi 
best fit is shown in Fig. 3; those for the other two shapes differ 
from it only slightly. 
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Fic. 6. (a) Charge distributions in gold obtained using shape (8), 
which allows variations in the charge density near the center. 
The full curve is the best fit to the experimental data at 183 Mev, 
and the two dotted curves give cross sections for which the 
probability of agreement between theory and experiment (10) 
is a half of its value for the best fit. The dashed curve, drawn for 
comparison, is the best fit using shape (1). (b) The charge distri- 
butions represented by the full and dashed curves in (a) have been 
multiplied by r?, to show the distribution of the actual amount of 
charge with radius. 


We have used shape (8) to detect any dependence 
of the cross section on the central charge density. The 
procedure is closely similar to the preceding ones: 
for chosen values of w, the parameter fixing the varia- 
tion in central charge density, the best fit for varying 
zg and ¢ is obtained. We then minimize (11) with 
respect to w. The “best” value of w corresponds to a 
ratio p(0)/pmsx of 0.80; the value of P is 1.5 times 
its value for the Fermi smoothed uniform shape (1), 
a difference which lies within the probable error. The 
charge distribution is shown in Fig. 6, and the cross 
section is almost indistinguishable from that shown in 
Fig. 3. It turns out that the cross sections are rather 
insensitive to w so that the limits that can be put on w 
are rather wide. The reason for this weak dependence 
on w is clear from Fig. 6, in the plot of r°p(r), the amount 
of charge at a distance r from the center, vs r. We see 
that what looks from the plot p(r) vs r to be an im- 
portant alteration in shape actually involves the 
shifting of only a small amount of charge. This is, of 
course, why our analysis predicts most accurately the 
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Fic. 7. Experimental and theoretical cross sections for the 
scattering of 183-Mev electrons by calcium. The full line in this 
figure, and in Figs. 8-12, is the theoretical best fit at 183 Mev 
obtained by using shape (1). The dashed line in this figure is 
the experimental cross section for the inelastic scattering corre- 
sponding to excitation of nuclear levels at about 3.7 Mev. 


position of the nuclear surface—that is, the place where 
most of the charge resides. 

To summarize, the analysis of gold-197 yields the 
results that first, there is no discernible dependence on 
the details of the shape of the surface of the charge 
distribution, although the relation between parameters 
of equivalent charge distributions is known only 
numerically ; secondly, there is only a weak dependence 
on the variation in the central density, and the best 
fit has charge density almost uniform in the center. 
Hence, in our analysis of the other elements, which 
we do in order of increasing Z, we have used only shape 
(1). With the assumption that the relations between 
parameters of equivalent shapes is the same for the 
other elements as those found in gold (Table I), the 
numerical results, presented in Table III, can be 
reinterpreted in terms of shapes (2) and (3), respec- 
tively, by scaling the parameters therein as follows: c, 
by factors 1.00 and 0.98; R, by factors 0.99 and 0.97; 
and t, by factors 1.11 and 1.02. 

The experimental angular distributions for the nuclei 
Ca, V, Co, In, Sb, and Bi together with their best 
theoretical fits (using Fermi smoothed uniform charge 
distributions) are shown in Figs. 7-12. The errors 
quoted in these figures are only due only to counting 
statistics. For small angles, where no error is indicated, 
this error is smaller than 10 percent. All nuclei in this 
group, except Sb, have an isotopic purity greater than 
95 percent. The target thicknesses, measured in mils, 


were 120 (Ca), 26 (V), 42 (Co), 10 (In), 15 (Sb), and 07 OF ahaa 


REVENHALL, AND HOFSTADTER 


10 (Bi). The results for the individual nuclei will now 
be discussed briefly. 

Ca.—(Fig. 7.) A natural Ca target containing 96.9 
percent of doubly magic Ca“ was used. Besides the 
elastic scattering peak a strong inelastic peak has also 
been found, which is probably due to excitation of the 
known levels in Ca at 3.73 and 3.90 Mev. There seems 
to be no evidence for the lowest known level in Ca 
at 3.35 Mev (0+) from this experiment. The angular 
distribution of the inelastic scattering is indicated by 
the dashed line in Fig. 7..As can be seen from Fig. 1, 
the inelastic scattering in Ca was easily separated 
from elastic scattering. Between 70° and 80° there 
appears, approximately 1 Mev down from the elastic 
peak, an additional small inelastic peak, the origin of 
which is unknown to us. 

V.—(Fig. 8.) 99.75 percent of natural V is V. This 
nucleus has a level at 320 kev, which, if excited in our 
experiment, should show up as a broadening of the 
elastic peak. No evidence for such an effect was seen, 
and there is probably no more than 10 percent inelastic 
contribution to the measured cross section at any angle. 
Such an inelastic contribution would not alter the 
values of the charge distribution parameters by more 
than the quoted errors. 

Co.—(Fig. 9.) Co (natural Co) is known to have 
excited states at approximately 1.1 and 1.3 Mev. 
Some evidence has been found in this experiment for 
excitation of several levels above 1 Mev, the relative 
cross section with respect to the elastic cross section 
being largest at about 65° and amounting to approxi- 
mately 20 percent. This elastic scattering has been 
resolved experimentally. 
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Bh: _8. Experimental and theoretical cross sections for the 
of 183-Mev electrons by vanadium. (In the abscissa, 
be 70.) 
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In.—(Fig. 10.) Natural In contains 95.8 percent 
In" and 4.2 percent In"*. In a high-resolution run, 
0.8 Mev full width at half-maximum of the elastic peak, 
no inelastic peaks have been found. The charge distri- 
bution parameters obtained from a least square fit to 
the 813-Mev data have been used to calculate the 
theoretical angular distribution at 153 Mev, yielding 
a curve which is in good agreement with the experi- 
mental data. 

Sb.—(Fig. 11.) Natural Sb contains approximately 
half and half Sb’! and Sb”. Sb'* has a known level 
at 0.15 Mev. This level, if excited in our experiment, 
could not be resolved from elastic scattering. The 
measured cross section therefore may include some 
inelastic contribution. We know however from our 
inelastic scattering work that the relative inelastic 
scattering contribution becomes in general smaller by 
going to large nuclei, with the possible exception of 
nuclei with large distortions from spherical symmetry 
(like Hf, Ta, W, etc.). 

Au.—(Fig. 3.) The low-lying levels in Au at 77 and 
268 kev, which have been excited in Coulomb excitation 
experiments, are believed to give no appreciable 
contribution to the measured cross sections. According 
to calculations by Downs et al.,“ such a contribution 
becomes important only at very large scattering angles, 
amounting to about 10 percent at the third diffraction 
dip at 115°. A line-shape study of the Au peaks did 
not reveal any broadening of the peaks by going to 
large angles. The theoretical Au curve at 153 Mev is 
obtained by using the same charge distribution param- 
e ters as gave the best fit at 183 Mev. 

Bi.—(Fig. 12.) The lowest known levels in Bi 
(natural Bi) lie at 0.91 and 1.63 Mev. No experimental 
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Experimental and theoretical cross sections for the 
scattering of 183-Mev electrons by cobalt. 
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Fic. 10. Experimental and theoretical cross sections for the 
scattering of 183- and 153-Mev electrons by indium. The theo- 
retical cross section at 153 Mev is calculated for the same 
parameters as the 183-Mev result. 


evidence has been found for the excitation of these 
levels by 183-Mev electrons. The angular distributions 
at 183 and 153 Mev have each been analyzed theo- 
retically and the best fits are plotted in Fig. 12. The 
values of the parameters are r9>=1.201, s=2.25, and 
ro= 1.214, s=2.03, respectively. These values agree to 
within the errors quoted in Sec. V. 

A valuable check on the consistency of the theoretical 
results has been obtained by comparing the experi- 
mental cross section ratios (with respect to Au) with 
the corresponding theoretical ratios. An average 
cross-section ratio over the five smallest angles measured 
has been chosen. The experimental ratios divided by 
the theoretical ratios are listed in Table II. In view of 
the fact that cross sections vary by large factors with 
changes in angle and from element to element, these 
ratios are remarkably close to unity. 

In Fig. 13 angular distributions at 183 Mev for the 
nuclei Hf, Ta, W, Th, and U are plotted. The fact that 
these curves show almost no diffraction structure is 
believed to be connected with distortion of nuclear 
matter from spherical symmetry. All of these nuclei 
have low-lying nuclear levels which are strongly 
excited by Coulomb excitation, indicating high intrinsic 
quadrupole moments. The averages for natural Hf, Ta, 
and W of the intrinsic quadrupole moments deduced 
from measurements of the y-ray yield in Coulomb 
excitation are approximately 10, 4, and 7 barns, respec- 
tively. The quadrupole moments of Th and U are 


28 McClelland, Mark, and Goodman, Phys. Rev. 97, 1191 
(1955). 
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Fic. 11. Experimental and theoretical cross sections for the 
scattering of 183-Mev electrons by antimony. 


not known to us. There are, however, levels at 50 and 
44 kev for U, found by Coulomb excitation, suggesting 
large nuclear distortion. An analysis of electron scatter- 
ing from such nuclei will, as mentioned in Sec. III, be 
presented in another report.”! 


V. DISCUSSION 


Results of the analysis of gold, the nucleus studied 
most intensively in this investigation, are presented in 
Table I and Fig. 3, and have been commented on fully 
in Sec. IV. Briefly, the following information has been 
obtained about the charge distribution: while not too 
much can be said about the central region, except that 
p is probably fairly flat, the surface region is now known 
with the following precision: the radius c (the distance 
to the half-point) is 6.4X10-" cm, accurate to about 
+ one percent, and the surface thickness ¢ (the 0.9 to 
0.1 distance) is 2.4X10-" cm, accurate to about +5 
percent, although the precise values depend slightly 
on the particular shape chosen. These values are 
in agreement with the preliminary prediction of 
Ravenhall and Yennie,‘ and with analyses of our earlier 
data by Brown and Elton’ and by Hill et al.* 

The charge distributions for all of the nuclei examined 


TABLE IT. Experimental cross-section ratios with respect to Au 
divided by theoretical cross-section ratios with respect to Au for 
group (a) nuclei. An average cross-section ratio over the five 
smallest angles measured has been chosen. 








Element Ca Vv Co In Sb Bi 





(ox/cAau)exp 


(ox/cAu)theor - 


1.03 0.85 0.95 1.01 1.09 








are plotted in Fig. 14, and the values of the various 
parameters are given in Table III. The choice of the 
Fermi smoothed uniform shape has no special signifi- 
cance, and the formulae for converting the results to 
apply to the other two-parameter shapes, assumed to 
be the same as for gold, are given in Sec. IV. As regards 
the accuracy of the entries in Table III, we feel that 
as an order of magnitude the errors can be said to be 
about twice those quoted for gold, i.e., +2 percent 
for radial parameters, and +10 percent for the surface 
thicknesses. These errors are, however, difficult to 
estimate and, as mentioned in Sec. IV, the error in s 
for the lighter elements may be a little larger. Not 
included is a possible error due to uncertainty in the 
energy of the primary electron beam, estimated to be 
smaller than 1 percent. This uncertainty would affect 
all data by the same amount, and in the same direction. 

To examine the dependence of the radial parameters 
c and R [defined by (4) and (6)] on A and Z, the 
quantities r»>=R/A*, r:=c/A*, and r2=R/(2Z)* are 
also given in Table III. ro varies appreciably with A, 
but both 7; and rz are remarkably constant from 
element to element, the total variations being only 4 
percent and 5 percent, respectively. Our result that 7; 
is constant means that for the nuclei we have investi- 
gated the midpoint of the surface of the charge distri- 
bution varies as A? to within +2 percent. These results 
are to be compared with those of Fitch and Rainwater,® 
who measured level splitting in the mu-mesonic atoms 
of Ti, Cu, Sb, and Pb. The analysis of the experiments 
by these authors and by Cooper and Henley" assumes 
a uniform charge distribution (zero surface thickness), 
but it appears that at least for the light nuclei the 


\ 
\ 


1625 

















y 


a_t NAN 
J \ 


YN 


Teed N 
3 50 70 90 ##+NO0 130 150 
SCATTERING ANGLE IN DEGREES 


\ 
Vc 
Ne 





DIFFERENTIAL CROSS SECTION- cm? / STERADIAN 





























Fic. 12. Experimental and theoretical cross sections for the 
scattering of 183- and 153-Mev electrons by bismuth. The 
experiments at the two energies were analyzed separately. 








HIGH-ENERGY ELECTRON SCATTERING 


only parameter that can be determined is the rms 
radius, i.e., R. They find that the radius of the uniform 
distribution is given roughly by 1.10A*X10-" cm for 
Ti and Cu (assuming a mu-meson mass of 207 electron 
masses). A more elaborate analysis of their experiments 
in Pb by Hill and Ford," using charge distributions 
with finite surface thicknesses, yields the value for ro 
of 1.18 10-* cm, in good agreement with our results. 
There remains, however, a discrepancy between the 
values of 79 obtained from the mu-mesonic atom 
experiments and from our electron scattering experi- 
ments for the lighter nuclei, especially Cu and Ti; we 
should expect results for these elements to agree with 
our results on Co, V, and Ca. The origin of this dis- 
crepancy is not known to us.§ 

As regards the other quantities listed in Table III, 
we note first that the surface thickness ¢ is approxi- 
mately constant, to within the quoted errors, and equal 
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Fic. 13. Experimental cross sections at 183 Mev for the nuclei 
Hf, Ta, W, Th, and U. Absolute cross sections have been obtained 
from the counting rate ratio with respect to gold, and from the 
absolute cross section for gold given in Fig. 3. The dashed lines are 
smooth curves connecting the experimental points, and are not 
theoretical. The curves have been shifted vertically by factors of 
ten as indicated. 


§ Note added in proof.—Professor E. P. Wigner has kindly 
pointed out to us that, following his suggestion, B. G. Jancouici 
(Phys. Rev. 95, 389 (1954)) made a detailed calculation on the 
Coulomb energy in the pairs (N"*, 0) and (F!7, O17) and showed 
that nuclear radii determined from mirror nuclei data were larger 
than those obtained by using the results of Fitch and Rainwater 
for light elements (ro= 1.2 10-* cm). Thus this discrepancy had 
been noted earlier. 
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Fic. 14. (a) Charge distributions p(r) for Ca, V, Co, In, Sb, Au, 
and Bi. They are Fermi smoothed uniform shapes, with the 
parameters given in Table III, and yield the cross sections shown 
in Figs. 3 and 8-12. (b) A plot of (A/2Z)p(r) for the above nuclei. 
On the assumption that the distribution of matter in the nucleus 
is the same as the distribution of charge, this represents the 
“nucleon density.” 


to about 2.4 10-" cm. Expressed in terms of s [defined 
by the integral relation (5)], this is 2.0X10-" cm. 
The central charge density p(0), calculated from ¢ and 
s by means of Eq. (7), is given in units of 10 coulomb 
per cm*. For gold, for example, it corresponds to 0.068 
proton per (10—* cm)*. It shows a significant decrease 


TABLE III. Results of the analysis of the group (a) nuclei in 
terms of charge distribution (1), the Fermi smoothed uniform 
shape. All lengths are in units of 10~" cm, charge densities in 10 
coulombs/cm’, and energies in Mev. The accuracy of these 
results (except for gold, for which the accuracy is given in the 
caption of Table I) is estimated as follows: radial parameters, 
+2 percent; surface thickness parameter, +10 percent, although 
the last figure may be perhaps a little larger for the lighter nuclei. 
The quantity po is the normalization parameter occurring in the 
definition (1), and physically is probably an average value of p 
for the central regions. It is not the actual central density, which 
cannot be determined accurately from these experiments. 
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for the heavy elements. It seems worth noting that if, 
on the assumption that the distribution of matter in 
the nucleus is the same as the distribution of charge, we 
calculate (A/Z)p(r), as in Fig. 14(b), the central value 
of this “nucleon density” remains roughly constant 
from element to element. In the last column of Table 
III we give the electrostatic Coulomb energy of the 
nuclear charge distributions (E,=}/p(r)V (r)d*r). This 
turns out to be approximately the same as the Coulomb 
energy of a uniformly charged sphere of radius R. 

These results may be summarized as follows: for 
seven elements between calcium-40 and bismuth-209 
the nuclear charge distribution is found to have a 
radius c (to the midpoint of the surface) of (1.07+.02)A! 
X 10-" cm, and a surface thickness ¢ (0.9 to 0.1 distance) 
of (2.4+0.3)10-" cm. 
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Effects of a Ring Current on Cosmic Radiation 


Ernest C. Ray 
Department of Physics, State University of Iowa, Iowa City, Iowa 
(Received September 19, 1955) 


A theoretical analysis of the effect of an equatorial ring current on the latitude variation of the primary 
cosmic radiation has been carried out. It has been found that a ring current of the size suggested by Schmidt 
should lead to observable effects on the latitude variation. In particular, if a ring current of radius equal to 
7.5 earth radii and current strength sufficient to produce a field of 100 at the earth’s equator exists, then 
the knee in the latitude variation is a feature of the rigidity cut-off curve rather than of the primary spectrum. 
The primary spectrum obtained with the use of geomagnetic theory which includes a ring current is satis- 
factorily fitted with a function of the form J=0.29 E~-* (cm? sec sterad)~}, where £ is the total energy of a 
primary particle. Certain features of time variations of the cosmic-ray intensity apparently disagree with the 


theory. 


INTRODUCTION AND SUMMARY 


N their theory of magnetic storms and auroras, 

Chapman and Ferraro! speculated that a westward- 
flowing ring current encircling the earth at the geo- 
magnetic equator with a radius between five and ten 
earth radii might explain the decrease of the earth’s 
field observed during the main phase of a geomagnetic 
storm, and perhaps as well serve as a reservoir of 
particles to produce the auroras during times of no 
magnetic storm. The present work is an attempt to 
submit this hypothesis to experiment by exploring the 
effect of such a ring current on the latitude variation 


1§. Chapman and V. C. A. Ferraro, Terrestrial Magnetism and 
Atm. Elec. 37, 77 (1931) ; 36, 171 (1931); 37, 147 (1932) ; 37, 421 
(1932); 38, 79 (1933); 45, 245 (1940); 46, 1 (1941). The ring 
current is discussed in 38, 79 and 46, 1 of the above list of refer- 
ences. 


of the primary cosmic radiation. This investigation has 
been carried out in the Stérmer approximation,” and 
hence can be expected to be valid only in directions 
near the vertical and in a range of latitudes north of 
about 45° geomagnetic. This range of validity is quite 
convenient, since it will turn out that the ring current 
has its greatest effect in those latitudes, and is of com- 
paratively little importance nearer the equator. 

The main results found are the following: If the 
primary spectrum is of the form J=JoE~7, where E is 
the total energy of the primary particle,’ then with 
Jo=0.29 and y=0.9, a ring current with suitably 
chosen parameters will produce the observed latitude 
dependence of the vertical intensity (see Fig. 7). The 


2See R. A. Alpher, J. Geophys. Research 55, 437 (1950) and 
references therein. 
3 Morrison, Olbert, and Rossi, Phys. Rev. 94, 440 (1954). 





EFFECTS OF RING CURRENT ON COSMIC 


parameters cannot be chosen with great accuracy, but 
the radius must be about 7.5 earth radii, a value very 
appropriate for producing the observed location of the 
auroral zone, and the current strength must be such 
as to produce a magnetic field at the geomagnetic 
equator of about 1007, a value sufficiently small to be 
consistent with Vestine’s analysis of the earth’s field.‘ 
This ring current is, however, stronger than that felt 
to be necessary by Chapman and Ferraro. According to 
Chapman, on those occasions when a fall of 100y is 
observed near the equator, it is thought that the ring 
radius is greatly reduced, rather than that the current 
strength is increased. On the other hand, Schmidt has 
speculated that a ring of radius a few earth radii and 
current strength sufficient to reduce the equatorial field 
by as much as 250y might always be present, a specu- 
lation with which Chapman does not take issue.® 

If a ring current does in fact exist, and if the latitude 
“knee” (which does not represent a sharp cutoff in the 
spectrum on this picture) is produced by this mechan- 
ism, then one would expect the knee to change position 
in correlation with the sunspot cycle. This feature has 
tentative experimental confirmation, but certain ap- 
parently related variations (changes in intensity below 
the knee and near the geomagnetic pole) are not 
explained by the theory. 


Experiments have not so far produced data capable 


of deciding the existence of the ring current on these 
grounds, but some experimental tests of this theory 
are proposed in the present paper. 


R. AS A FUNCTION OF LATITUDE 


The exact nature of our problem is the following: 
given the magnetic field in the vicinity of the earth as 
being due to a dipole situated at the earth’s center® of 
moment M=8.1X10" gauss-cm* and a ring current 
flowing in the geomagnetic equatorial plane with radius 
a and equivalent dipole moment M,=-a*J/c (where I 
is the current in statamperes), what rigidity (R= pc/Ze, 
p the particle momentum, Ze the charge, c the velocity 
of light) must a charged particle have in order to arrive 
at a given latitude from the vertical direction? The 
solution of this problem is very difficult, requiring 
machine calculations. However, it is quite easy to find 
a necessary (but not necessarily sufficient) condition 
for arrival (the Stérmer cone) and in practice this 
condition differs little from sufficiency above some 
latitude, about 45° geomagnetic in directions near the 
vertical. Since the latitude knee is farther north than 
this, we shall use the Stérmer cone in this paper. 

The motion of a charged particle in a magnetic field 


4 Vestine, Lange, Laporte, and Scott, The Geomagnetic Field, 
Its Description and Analysis (Carnegie Institute of Washington, 
Washington, D. C., 1947), p. 4. 

5S. Chapman and J. Bartels, Geomagnetism (Oxford University 
Press, Oxford, 1940), p. 710. 

6 This is only approximate. See reference 5, p. 648 for a dis- 
cussion of the more accurate “eccentric dipole” approximation. 


RADIATION 


s 











Fic. 1. Coordinate System. N and S denote the north- and 
south-seeking poles of the earth’s dipole. 


is specified by the Lorentz force equation 
md’x/dt? = (Ze/c) (dx/dt) XH, (1) 


where m=mo|1—(v/c)*}-*, mo is the rest mass of the 
particle, x the position vector, and H the magnetic field. 
As is well known, » and # are constants of the motion 
if H does not depend explicitly on time, and therefore 
m is also a constant. Putting ds=vdt, and p=mz, (1) 
becomes 

x”=R"x’XH, R=pc/Ze, (2) 


where the prime denotes differentiation with respect 
to path length, s. Note that the physical properties of 
the particle are all contained in R, the so-called 
“rigidity.” Let us introduce the spherical coordinates 
r, 4, @ (see Fig. 1). It is well known’ that the ¢- 
component of Eq. (2) has a first integral which is 


ro cosA+ARs cos\=2y. (3) 


A is the g component of the usual vector potential (the 
only component which exists in our case) and 2y is an 
integration constant having the dimension of length. 
Physically it is proportional to the impact parameter. 
If we assume, as is customary, that the cosmic radiation 
is isotropic and homogeneous at infinity, then y may 
vary throughout the range —e<y<+ without 
varying the intensity of particles being considered. 

Now imagine a right circular cone with vertex at the 
observer and axis along the east-west direction. Denote 
the angle between the eastward direction and an 
element of the cone by w. Then it is easy to see that for 
a particle arriving at the observer with its trajectory 
tangent to the surface of the cone, 


cosw=ry’ cosy. (4) 
Then Eg. (3) becomes 
r cos\ cosw+A Rr cosA= 2. (5) 


7 See Kane, Shanley, and Wheeler, Revs. Modern Phys. 21, 51 
(1949). 
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Fic. 2. Stérmer plots for a dipole field. 
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(This equation holds for positive particles. For negative 
particles, the sign of cosw should be reversed.) The 
vector potential of a dipole is 


A,=M cosX/?’, 
while that of a ring current is 


A= (2M,/xa) (ar cosr)—*F (k), 
where 


F (k) = (2/k)(K—E)—kK, 
4ar cosX 


P= . 
r?+-2ar cos\-+a? 





and K and £ are the complete elliptic integrals 


x= f d6(1—k? sin*#)-}, 
0 


E= f d6(1—k? sin’6)}. 
0 


Also, 
M,=ra'l/c. 


This expression for the vector potential corresponds to 
a filamentary ring current. Giving the ring a finite cross 
section would complicate the problem excessively 
without much altering the results obtained. Putting 
these expressions into (5), we obtain, after a few 


algebraic transformations, 
2y M axa M, 2y F(k) } 
r cosh R 'M xa (ar cosy)? 








COSwW = 


(M/R)** has the dimensions of a length. If we use it as 
the unit of length, we have 


2y cosA 2M, F(k) 
COsw = =: — —— - —- ———_., 
rcosk\ 9 a (ar cosh)? 


where we have also used the earth’s dipole moment as 
unit dipole moment. If we now put p=r/a, y’=7/a, 


2y' 1fcosA 2M, F(k) 
+ | (6) 
p? a (pcosd)! 


This is the most convenient form of the equation for 
computational work. In the discussion to follow, lengths 
will be in units of (M/R)! rather than units of a. 
[(M/R)} is called the Stérmer unit. ] 

Let us first consider briefly the result first given by 
Stérmer, the case when M,=0. (For a fuller discussion 
see reference 2 and references therein.) In Fig. 2 in the 
shaded regions of the various figures, Eq. (6) yields a 
value of cosw such that |cosw|>1. In the unshaded 
regions, |cosw| <1. Thus no particle can travel in the 
shaded regions. The surface of the earth, if plotted on 
these diagrams, is a circle with center at the origin and 
radius which depends on the rigidity of the particle 
being considered (since the size of the Stérmer unit 
does). For R= 59.2 Bv, the earth’s radius is unity. From 
a study of diagrams like those in Fig. 2, one can see that 
for R>59.2 Bv, y may be chosen so that the particle 
can reach any point on the earth. 

Now, confining our attention to rigidities less than 
59.2 Bv (hence earth radii less than unity), we see from 
Fig. 2 that if y21 no particles can reach the earth 
anywhere. Then let us choose y=1 as the critical 
condition for preventing particles from reaching the 
earth. Putting y=1 and M,=0 in Eq. (6), as well as 
cosw=0, and any convenient number for p, one obtains 
a as a function of X. p is now interpreted as the ratio of 
the earth’s radius to the ring radius. Assigning a nu- 
merical value to p amounts to choosing the ring radius. 
Since in this case no current flows in the ring, it does 
not matter where one chooses it to be. Using the value 
chosen for p and the cgs values of the earth’s dipole 
moment and radius, one can then interpret a as rigidity. 
That is, a(A) specifies the rigidity which a particle must 
exceed to reach the earth at the latitude \ from the 
vertical direction. Actually, at latitudes below about 
45°, there are appreciable forbidden regions in the region 
allowed by this discussion. However, we confine our- 
selves to latitudes where this approximation is valid. 

Now let us see how these results are modified by the 
addition of a ring current. A ring current will appear 
on these diagrams as a point on the line z=0, whose 





cosw= 
pcosr @ 
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distance from the origin depends on the ring radius in 
centimeters and the rigidity of the particle for which the 
diagram is drawn. Let us discuss the case when the ring 
has a radius of 7.5 earth radii and M,=1. Then for a 
rigidity R= 59.2 Bv, we obtain Fig. 3(a). Note that the 
presence of the ring has caused the “‘pass point” at the 
equator to open slightly. In order to just close it again, 
the value of + must be increased. As the rigidity de- 
creases, if one keeps y adjusted so that the pass point 
is always just closed, one obtains successively Figs. 
3(b) and 3(c). In Fig. 3(c), there are two pass points. 
The inner one is the one which has been there all along. 
The outer one is the result of the gradual distortion of 
the shape of the forbidden region by the increasing 
value of y. If one were to continue keeping the inner 
pass point just closed, the outer one would become a 
solid block much like the equatorial block in Fig. 2(d). 
Therefore when the condition shown in Fig. 3(c) is 
reached, as the rigidity is further decreased it is the 
outer pass point which is kept just closed, as shown in 
Fig. 3(d). 

Now it is desirable to have a systematic method of 
calculating the critical value of y. Consider Fig. 4, 
drawn for \=0. Since the ring radius is a fixed number 
of centimeters, this is a plot of a quantity proportional 
to R! against the radial coordinate in Stérmer units. 
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Fic. 3. Stérmer plots for a combined dipole and ring current 
field. Figures (a) and (c) were calculated. Figures (b) and (d) 
were sketched using Fig. (c) and Fig. 2 as well as figures like Fig. 
4 as guides. The scale on Figs. (b) and (d) therefore indicates the 
general magnitudes of the quantities involved but has no precision. 
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Fic. 4. Forbidden regions in the equatorial plane as a function 
of ring radius in Stérmer units. Combined dipole and ring current 
fields. 
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The shaded regions are the forbidden regions. A com- 
parison of this figure with the sequence of diagrams in 
Fig. 3 will immediately show the relation between the 
two kinds of plot. From Fig. 4 it is apparent that the 
value of y for which the pass point just closes may be 
obtained by putting 


(da/dr),.0=0, (7) 


putting in this equation the desired value of a (which 
serves as rigidity), and solving for y. The result of this 
procedure may be denoted y,(a). (Note that one does 
not obtain y.(a) by putting cosw=1 in Eq. (6) and 
finding the value of 7 for which the two roots intersect 
and become complex, since these points are those 
denoted by B in Fig. 4.) After carrying out these oper- 
ations, one obtains 


1 
Y= tpet-— 
ape 


x[3-— “pe(1— ro(— =p) 


1 2M, E. K, 
pete ik, By 
pe 7 1—p.e 1+p¢ 


where all lengths except a, are in units of the ring radius 
and M, is in units of the earth’s dipole moment, just as 
as in Eq. (6). The subscript c means that the quantity 
so labelled is appropriate to just closing the pass point. 
pc is the ratio of the radial coordinate of the pass point 
to the ring radius. a, is in Stérmer units. By calculating 
both a, and y, for a range of p,, one obtains y,(a,), the 
quantity of interest. 


-2.-K.) 


(8) 
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Fic. 5. Critical values of y as a function of ring radius in 
Stérmer units. Combined dipole and ring current fields. 


The result of this procedure is shown in Fig. 5. for 
two values of M,. The dotted portions of the top curve 
show the result of keeping the “wrong”’ pass point just 
closed. It should be noted that the “kinks” in these 
curves are not due to the filamentary approximation to 
the ring current. Even if a ring of finite cross section 
were used, one would still shift from one pass point to 
the other as a criterion. It may be that current distri- 
butions can be constructed in such a way that this shift 
in criteria may take place while keeping the first de- 
rivative of these curves continuous, but there is no 
reason why this break is unrealistic. In particular, it is 
not due to the singularity in the vector potential. 

Now, just as before, we put this result back in Eq. 
(6), at the same time putting cosw=0 in order to get 
the vertical cutoff. The value of p to be used is the ratio 
of the earth’s radius to the ring radius; hence this is the 
number specifying the ring radius, and is otherwise 
constant throughout the problem. The other parameter 
needed in order to specify the ring completely is the 
value of M,, the equivalent dipole moment of the ring 
in units of the earth’s dipole moment. For convenience 
in visualizing the magnitude of these parameters, Table 
I gives the value of the field measured at the earth’s 
surface at the equator produced by a ring having the 
listed properties. 1y=10-* gauss. The total field at the 
equator, due almost entirely to the dipole, is about 
30 000y. 

500 is, from data on the earth’s field, probably ex- 
cluded as being too large. As we shall see from a study 
of the rigidity cutoff, this set of ring parameters is 
excluded by cosmic ray data as well. The other sets of 


TABLE I. Magnetic field at equator due to ring current. 
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values seem consistent with knowledge of the earth’s 
field. 

The resulting vertical rigidity cutoffs are shown in 
Fig. 6. Note the “break” in each curve with a nonzero 
value of M,. This is a direct result of the break occurring 
in the curves shown in Fig. 5. 


APPLICATION TO EXPERIMENTAL RESULTS 


Figure 7 shows the significance of these breaks. In 
this figure are plotted some of the available data con- 
cerning vertical intensities obtained in latitude surveys.® 
The rigidity plotted along the horizontal axis is derived 
from geomagnetic theory. Assuming the earth’s field 
to be that of a dipole alone, and taking account of the 
theory of the main cone of Lemaitre and Vallarta,? one 
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Fic. 6. Critical rigidity for arrival in the vertical direction as 
a function of latitude, with and without ring current. 











obtains the points on the solid curve. The latitude knee 
occurs at R=1.5 Bv. The dotted curve shows the 
spectrum obtained for one set of the ring current 
parameters. This dotted curve is a plot of the function 
J=0.29E~-°*, where E=(R?+0.8668)! is the total 
energy of a proton in Bev. If there is indeed a ring 
current, and if this mechanism is the dominant one in 
producing the observed latitude variation, then the 
latitude knee is produced by the “break” in the curves 
shown in Fig. 6. Hence within the framework of this 
theory we can study variations in the latitude knee by 
studying the behavior of the “kink” in the critical 

* J. A. Van Allen and S. F. Singer, Phys. Rev. 78, 819 (1950) ; 


M. A. Pomerantz, Phys. Rev. 75, 1721 (1949); Winckler, Stix, 
Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 





EFFECTS OF RING CURRENT ON COSMIC RADIATION 


rigidity curves of Fig. 6. Figure 8 shows the result of 
such a study. By comparing 8(a) with 8(b), one sees 
that as the ring radius increases, or as the current 
strength decreases (M, is proportional to the current 
strength) the kink moves to higher latitudes. Now it is 
of interest to try to correlate changes in the ring param- 
eters with the sunspot cycle. 

The two immediate consequences of changes in the 
ring (apart from consequences for cosmic radiation) 
are changes in the strength of the magnetic field meas- 
ured at the earth’s surface and changes in the position 
of the auroral zone (assuming the ring current to be the 
reservoir of auroral particles). Variations in the earth’s 
field having a cycle of 11 years have been found at 
several stations. The analysis of the data is quite 
difficult, and the results not unique, as may be seen by 
studying the discussion of Vestine e¢ al. The result given 
by Chapman and Bartels is not in phase with the sun- 
spot cycle, a result not in accordance with the inter- 
pretation we will suggest below. The result favored by 
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Fic. 7, Primary cosmic ray rigidity spectrum as deduced from 


latitude surveys using geomagnetic theory with and without ring 
current. 


Vestine, however, is moderately well in phase. One can 
perhaps conclude that these data are not inconsistent 
with the earth’s field being lowered during sunspot 
maxima by an enhancement of an equatorial ring 
current (either an increase in the current flowing, or a 
decrease of the radius, or both) and being allowed to 
rise again during sunspot minima by a decay of the 
current. 

It is commonly stated that the auroral zone drifts 
north as sunspot numbers decline.” This result is also 
explainable qualitatively as being due to the enhance- 
ment of a ring current during times of solar activity, 
as discussed above. 

Provided that this interpretation is correct, one then 
has a mechanism for partially explaining certain recent 
cosmic-ray results. 


9 See reference 4, pp. 85-92; and reference 5, p. 134. 

See J. W. Chamberlain and A. B. Meinel, The Earth as a 
Planet, edited by G. P. Kuiper (University of Chicago, Chicago, 
1954), p. 546. 
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Fic. 8. (a) Critical rigidity at the kink as a function of the ring 
radius in earth radii (with ring current). (b) The latitude of the 
kink as a function of the ring radius in earth radii (with ring 
current). 











Both Neher" and Meyer and Simpson” report that 
the cosmic-ray latitude knee moved north during the 
period from 1948 to 1954. As can be seen from Fig. 8 
this is just the result the ring current would be expected 
to produce as solar activity decreased (assuming that a 
decrease in solar activity either allows the ring radius 
to increase or the ring current to decrease, or both, as 
discussed above), and the years 1948-1954 are indeed 
a period of declining sunspot activity. These data 
cannot, of course, be taken as confirmation of the 
existence of a ring current, since the effects may be 
produced by some entirely different mechanism. Never- 
theless, they are consistent with such a hypothesis. 

There exist other data which one might expect to be 
explained by the ring current which, at this level of 
analysis, at least, contradict it. The results obtained 
here, in agreement with those of Treiman," predict 
the cosmic-ray intensity at latitudes below the knee 
during the main phase of magnetic storms to be higher 
than normal. Actually, it is low. Also, the data of 
Neher" and of Meyer and Simpson” indicate that the 
intensity has increased at all latitudes even up to the 
geomagnetic pole during the period 1948-1954. Neither 
of these results can be explained by the theory developed 
in the present paper. Actually, the situation is more 
complicated than this. Both sets of data were taken 
with omnidirectional detectors, which means that the 

1H. V. Neher and E. A. Stern, Phys. Rev. 98, 845 (1955). 

2 P. Meyer and J. A. Simpson, Phys. Rev. 99, 608(A) (1955). 


3S. B. Treiman, Phys. Rev. 89, 130 (1953). 
4 Reference 5, p. 485. 
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Fic. 9. Critical value of particle velocity (8 =v/c) 
with and without ring current. 


behavior of the shadow cone at high latitude may be 
important. It would seem from qualitative consider- 
ations that the shadow cone should not be much affected 
by the ring current, but this is not certain. In addition, 
the results of Simpson are at a low altitude, and he 
believes that atmospheric absorption restricts his 
measurements to primaries sufficiently near the vertical 
that the shadow cone has no effect. In the absence of a 
significant shadow-cone variation, the results would 
suggest that either the ring current hypothesis is not 
correct, at least in its present form, or else some ad- 
ditional mechanism exists which increases the intensity 
at all latitudes. Vertical-intensity measurements near 
and above the knee as a function of time should help 
settle this question. (To be useful, they should be carried 
out at least within a gram or two of the top of the 
atmosphere.) 


PROPOSED EXPERIMENTS 


The theory presented in this paper suggests the 
following experiments. In the first place, as shown in 
Fig. 6, the existence of a ring current will reduce the 
value of the rigidity cutoff at all latitudes but par- 
ticularly in the vicinity of the latitude knee. Measure- 
ments in the vertical direction with, for instance, a 
Cerenkov counter, should in principle detect the dif- 
ferences necessary to produce the latitude knee, if this 
is the mechanism involved. If photographic emulsions 
can be flown to sufficiently high altitudes, measurements 
of multiple Coulomb scattering of heavy primaries 


should also help decide whether particles with less than 
the Stérmer cut-off rigidity reach the earth. The results 
of such measurements could help in the determination 
of the ring parameters if the effect were found. Figure 
9 is a plot of the critical value of 8(=»/c) in the vertical 
direction as a function of latitude for protons and a- 
particles assuming only a dipole field and then a ring 
current with representative values of a and M,. This 
figure shows the general magnitude of the effect for a 
Cerenkov detector. 

Secondly, vertical measurements very near (within 
a gram of two) of the top of the atmosphere from below 
the knee to the geometric pole should settle the question 
concerning the change in absolute intensity as discussed 
near the end of the previous section. To give the best 
information on this point, the measurements should be 
repeated several times over a sunspot cycle with homo- 
geneous, or at least carefully intercalibrated, techniques. 

Finally, it is quite conceivable that a ring current of 
the sort discussed here can have large effects on the 
impact zones for charged particles leaving the vicinity 
of the sun and arriving at the earth. These zones have 
been studied in connection with the solar flare effect by 
Firor.!® We are now doing work on trajectories of such 
solar particles in order to assess the importance of this 
effect. 


CONCLUSION 


If a ring current with the characteristics postulated 
by Schmidt exists, then it should lead to easily ob- 
servable effects on the latitude variation of cosmic rays, 
producing a latitude knee even if there is no low rigidity 
cut off in the primary spectrum. If this effect is absent, 
then it must be concluded that the ring, if it exists, is 
much weaker than Schmidt’s value. Some features of 
recently observed long period variations in the cosmic 
radiation are consistent with the Schmidt values. 
Experiments are proposed which should help settle the 
question more definitely. 
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J. AsHKIN, J. P. Buaser, F. Femner,f AND M. O. STERN 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 


(Received August 5, 1955) 


The pion-proton differential scattering cross sections have been measured at 150 and 170 Mev. Measure- 
ments were made at eight angles using scintillation counters and a liquid hydrogen target. Statistical errors 
are of the order 5 percent or less. Phase shift analyses of the data have been made on the assumption that 
the total isotopic spin is conserved and that only s and p waves are appreciably scattered. The angular dis- 
tributions give no positive indication of any d-wave scattering. 





I. INTRODUCTION 


HE main features of the pion-proton scattering 
were established with remarkable clarity by the 
pioneering experiments of Fermi'-* and co-workers at 
Chicago. Following this work, a number of experi- 
ments*-* were undertaken to increase the accuracy of 
the observations and to test Fermi’s general conclusions. 
The energy region near 200 Mev is especially attractive 
for this purpose since the total cross-section measure- 
ments’:* with both positive and negative pions have 
shown that the scattering is large in this range and that 
the dominance of the isotopic spin 3/2 states, first 
evident in the lower energy scattering, is still main- 
tained. 

In the present experiments at 150 Mev and 170 
Mev, we have measured the differential elastic scat- 
tering of positive and negative pions and the charge 
exchange scattering of negative pions for eight angles. 
This has been done with sufficient accuracy, keeping 
statistical errors below 5 percent and making all cor- 
rections of magnitude 0.5 percent or more, so that the 
data provide a good test of the charge independence 
hypothesis and of the supposition that only s and p 
waves play a significant role in the scattering. 


Il. MESON BEAMS 


The meson beams used for this experiment are pro- 
duced by the circulating 440-Mev protons inside the 
cyclotron chamber hitting targets of Be (for w~) or 
Cu (for +).? After emerging from the shield wall 


* Research partially supported by the U. S. Atomic Energy 
Commission. 

+ A thesis based on this work has been submitted by F. Feiner 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy at Carnegie Institute of Technology. 

1 Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 
934 (1952). 

2 Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952). 

3 Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 155 
(1953). 

4M. Glicksman, Phys. Rev. 94, 1335 (1954). 

5 H. L. Anderson and M. Glicksman, Phys. Rev. 100, 268 (1955). 

6 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 

7 Ashkin, Blaser, Feiner, Gorman, and Stern, Phys. Rev. 96, 
1104 (1954). 

8S. J. Lindenbaum and L. C. L. Yuan, Proceedings of the Fifth 
Annual Rochester Conference on High Energy Physics (University 
of Rochester Press, Rochester, 1955) and Phys. Rev. 100, 306 
(1955). 


the beams are bent through 45° by an analyzing and 
focusing magnet. Before each run a range curve is 
taken and analyzed to determine mean energy and beam 
contaminations. The latter is mainly due to muons, 
approximately 5 percent in the r+ beams and 8 percent 
in the m~ beams. x~ beams are also slightly contami- 
nated by electrons. The exact amount of electrons 
present proved very difficult to determine, but scat- 
tering experiments and range curves made with elements 
of different atomic numbers showed the contamination 
to be negligible. Beams of positive mesons are ac- 
companied by protons of the same momentum. Time 
of flight discrimination is used in this case.’ The energy 
spread of the beams is determined from the range curve, 
taking into account energy straggling due to multiple 
scattering in the absorber. The total energy spread, 
including energy loss in the target, is +7 Mev at both 
energies. The beam intensities over an area of 25 cm? 
ranged from 10000 sec~! for 150 Mev x to 80 sec™! 
for 170 Mev xt. In order to prevent overloading of the 
electronic circuits however, measurements were taken 
at intensities lower than 3000 sec. 


III. SCATTERING GEOMETRY 


The experimental arrangement for scattering (see 
Fig. 1) is similar fo the one used previously by other 
laboratories.4° The incoming meson beam is defined 
by a telescope consisting of three counters with total 
spacing of 150 cm. The first monitor counter, 1, is 
placed at the exit of the analyzing magnet, the third 
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Fic. 1. Experimental arrangement. For the x measurements, 
counters 5 and 6 detect the elastically scattered pions and the 
telescope of counters 9,7 and 8 (with 9 in anticoincidence) detects 
the y rays from the charge exchange scattering. For the #* 
scattering, two detecting telescopes analogous to 5,6 are used to 
measure the scattered particles on both sides. 


* Bodansky, Sachs, and Steinberger, Phys. Rev. 93, 1367 (1954). 
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counter, 3, 7 cm wide and 3.5 cm high, defines the beam 
geometrically. The mesons then traverse a liquid 
hydrogen target 12 cm deep in the beam direction. 
This target is built of styrofoam" and equipped with 
a nitrogen jacket reducing evaporation to 300 cm* per 
hour. The chief advantage of the styrofoam construction 
is the very low probability for conversion of y rays in 
the target walls. The hydrogen target is located in the 
center of the scattering table. Two legs carrying 
counters revolve around it. 

To detect elastically scattered mesons two counters 
are used, the second one 4 in.X6 in. high, defining the 
solid angle of 0.08 steradian. At the small angles (30° 
and 40° in the laboratory system) enough absorber is 
inserted between the counters to avoid counting the 
recoil protons produced by backward scattered mesons. 

For the detection of the gamma rays produced in 
charge exchange scattering, the counter arrangement 
is the following. The gamma rays first traverse an 
anticoincidence counter, 9, whose purpose is to avoid 
detection of charged particles. Immediately behind is 
a 43 in.X4} in. lead converter (normally } in. thick) 
defining the solid angle of 0.07 sterad. Conversion 
electrons are counted by two counters (7 and 8) 
following the converter. The geometry allows conversion 
electrons to be counted if emitted into a cone of approxi- 
mately 40° half-angle. 

An anticoincidence counter, number 4, 6 in. in 
diameter, is placed in the incident beam behind the 
hydrogen target.'! Its purpose is to block the detection 
equipment each time an incident meson is not scattered 
by the hydrogen and therefore hits the anticoincidence 
counter. This reduces the chance of random background 
events in the ratio ¢/(1—1#), ¢ being the fraction of beam 
transmitted through the hydrogen. (/ is approximately 
90 percent for x*, 95 percent for m~.) Since the trans- 
mission into anticoincidence counter 4 is different for 
full and empty target, a correction factor has to be 
applied to the empty target counts before one subtracts 
them from the hydrogen counts. This factor can be 
obtained by a short measurement of scattering by the 
dummy target with the anticoincidence disabled. A 
very considerable improvement in the subtraction was 
obtained by this method for the negative pion scat- 
tering.” For w+ scattering, the advantage was not so 
great and this counter was not used. 


IV. COUNTERS, ELECTRONICS 


The counters use plastic scintillators (normally 1 cm 
thick) produced by the method given by Wouters." 


0 F, Feiner and J. A. Kane, Carnegie Institute of Technology 
Report (unpublished). 

1 A. Roberts and J. Tinlot, Phys. Rev. 90, 951 (1953). 

12 When observing scattering of x~ at large angles (157.5° in the 


laboratory system), recoil protons may produce counts in anti- 
coincidence counter 4. Sufficient absorber is therefore placed in 
front of the anticoincidence counter to stop the protons. This 
increases the detection efficiency for neutrons but the net cor- 
rection is still negligible because of the small solid angle. 

%L. Wouters (private communication). 
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As photomultipliers R.C.A. types 5819 and 6199 were 
used. All counters were shown to be 100 percent 
efficient to minimum ionizing particles over their 
entire area. The block diagram of the electronics used 
is shown in Fig. 2. The fast multiple-coincidence circuit 
uses G-7A germanium diodes in DeBenedetti-type“ 
circuits. The use of the semifast secondary coincidence 
circuit’? makes it possible to keep detection efficiencies 
extremely constant over long periods of time and helps 
define corrections due to deadtime. 


V. EXPERIMENTAL PROCEDURE 


The rather short distance from the target to the 
defining counter detecting the scattered mesons requires 
a careful centering of the incoming beam. Profiles of the 
beam were taken with a small (3 in. diameter) sampling 
counter. In addition, measurements were taken for 
scattering both left and right during the same run. 
For positive pions elastic scattering was measured on 
both sides simultaneously with identical geometry. In 
the case of negative mesons, simultaneous measure- 
ments of elastic and charge-exchange scattering were 
performed, then the detecting legs reversed to the 
opposite sides and the same points retaken. The average 
between cross sections obtained on the left and right 
is considered free of effects due to possibly poor beam 
centering. Measurements were usually made at eight 
angles, the points for full and empty target being 
alternated sufficiently to avoid errors due to drifts and 
especially changes in cyclotron operation. 

Total cross sections were also determined during the 
experiment for each of the energies using the trans- 
mission method.’ The final detecting counter used was 
8 in. in diameter and placed 60 cm from the center of 
the hydrogen, thereby subtending a half-angle of 9.8°. 
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Fic. 2. Block diagram of the electronics. A;—100-Mc band- 
width amplifier; A2—40-Mc band width amplifier; Z~ limiter and 
clipper; L* limiter; C; fast diode coincidence circuit of approxi- 
mately 5-mysec resolving time; D fast discriminator and uni- 
vibrator pulse shaper; C: semi-fast coincidence circuit of approxi- 
mately 20-mysec resolving time; S fast 0.1-usec scaler. 


4S. DeBenedetti and H. Richings, Rev. Sci. Instr. 23, 27 (1952). 
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VI. EFFICIENCY OF y-RAY DETECTION 


The problem of assigning an absolute efficiency to 
the conversion telescope which detects the 7 rays from 
m decay is rather complicated because of the wide 
energy spectrum of the y rays and the complex multiple 
processes suffered by the electrons and positrons after 
creation in the lead converter. Ideally, the telescope 
should have been calibrated with an extended source 
of monochromatic y rays whose energy could be varied 
from 20 to 300 Mev, the energy range of the r° y rays 
in the laboratory. Since this was not possible we de- 
cided to use the Monte Carlo calculations of Wilson'® 
on photon initiated showers as a basis for the energy 
dependence of the efficiency, and to rely on several 
independent empirical determinations for the absolute 
value. 

Figure 7 of Wilson’s paper gives the expected number 
n of electrons with energy greater than 8 Mev in the 
core of a shower and within 30° of the incident photon 
direction, plotted against penetration in lead for initial 
photon energy in the range 20-500 Mev. The probability 
for finding no electrons is shown to be well represented 
by exp(—m). Since our telescope is sensitive to one 
electron and since the geometry is comparable to 
Wilson’s, the detection efficiency would be 1—exp(—1). 
Although the energy dependence of this expression is 
probably accurate enough for our purpose, the absolute 
value is expected to be too high for all except the central 
portion of the lead converter, since showers initiated 
near the edges of the lead give rise to some fraction of 
electrons missing the final counter. To estimate the 
magnitude of this effect we made some experiments 
with the Panofsky y radiation (see below), using a 
centrally located lead converter of small cross-sectional 
area, varying the distance between converter and final 
counter to obtain a rough angular distribution of the 
electrons.'® With this distribution we could attribute 
an effective detection efficiency to each point of the 
actual lead converter, which, upon averaging gave 
0.81 as the overall reduction factor to be applied to 
1—exp(—7). 

A second estimate of this reduction factor was based 
on a measurement of the absolute efficiency for de- 
tecting the spectrum of the Panofsky y rays!’ emitted 
when negative pions at rest are captured by protons. 
Figure 3 shows the experimental arrangement used. 
Transmissions with and without hydrogen in the Dewar 
were recorded simultaneously with counts in the y-ray 
telescope as a function of the copper thickness used to 
bring the mesons to rest. From the differentiated range 
curves or from the difference between the hydrogen-out- 
hydrogen-in transmissions, we can obtain the number 

18 R. R. Wilson, Phys. Rev. 86, 261 (1952). 

16 The rather sharp decrease in the number of electrons beyond 


30 or 35 degrees gave an indication of the applicability of Wilson’s 
results. 

17 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
A similar calibration was made in the first experiments of Ander- 
son, Fermi ef al. (reference 3). 
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Fic. 3. Detection of the Panofsky y rays. The experimental 
arrangement is shown in the inset next to the lower curve which 
gives the y-ray counts for different thicknesses of Cu absorber. 
Curve A in the upper part of the figure gives the transmission 
curve for empty Dewar, curve B the same with Dewar containing 
hydrogen. Curve C is the difference between A and B and should 
be compared in shape with the y-ray curve below it. 


of pions stopping in the hydrogen and hence the number 
of y rays emitted into the solid angle subtended by the 
lead converter. Comparison with the observed counts 
in the telescope gives the efficiency. The different 
methods for analyzing the range curves agree well with 
one another to give an efficiency of 42+3 percent, or 
equivalently a reduction factor 0.79+0.05. An indi- 
cation of the reliability of the procedure is provided 
by the fact that the peak in the y-intensity curve has 
very nearly the same shape as the peaks in the dif- 
ferentiated range curves or in the transmission difference 
curve shown in Fig. 3. It should be remarked that in 
order to obtain this similarity in peak shape and to get 
reproducible values for the number of pions stopping, 
it was necessary to make the absorption geometry as 
compact as possible to reduce the effect of multiple 
scattering of pions near the end of their range.'® 

A third determination of the absolute value of the 


18 A glass Dewar was used to decrease the distance from the 
copper absorber to the last counter. The additional absorber 
represented by the exit walls of the Dewar and part of the last 
counter produces a relative shift of the peaks in Fig. 3. 
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efficiency can be made by comparing the measured 
total cross section for x~ scattering with the sum of the 
integrated elastic and charge exchange differential 
cross sections. From this comparison at 150 Mev and 
170 Mev, we found 0.81+-0.04 as the reduction factor. 

Table I gives the absolute efficiency” and the esti- 
mated error finally adopted for the detection of the 
trays at each laboratory angle for the two incident 
pion energies. The efficiency is defined here as the ratio 
of counts in the conversion telescope to number of y 
rays striking the lead converter. Actually, it is not 
possible to give an a priori efficiency for each angle 
since the energy spectrum of the 7° decay y rays depends 
on the angular distribution of the 7° scattering which 
it is desired to measure. We have nevertheless found 
it convenient to calculate an average efficiency at each 
angle for a y-ray spectrum based on an assumed 1° 
angular distribution, close to the actual one. Using 
these efficiencies one can go from the measured y counts 
at each angle to a calculated r® angular distribution,’ 
and upon repetition of the process obtain a second 
approximation to the average efficiency, and so on. 
In practice, the iteration procedure converged very 
rapidly. 


VII. CORRECTIONS AND ERRORS 


Since the experiment was done with counting sta- 
tistics of the order of 3-5 percent, there are a number of 
corrections that have to be made. Corrections of less 
than 0.5 percent are considered negligible. 

We can divide the corrections into those that are 
(rigorously or practically) angle-independent, and those 
that are angle-dependent. Uncertainties in the former 
do not affect the shape of the angular distribution and 
should therefore be included in a bracket pertaining 
to the normalization of the cross sections. Uncertainties 
in the angle-dependent corrections must be compounded 
at each angle with the statistical counting errors. 

We can further subdivide corrections according to 
whether they are common to all three scattering 
processes, or pertinent to only one or two of them. 
Energy dependence of the corrections is, of course, 
taken into account whenever significant.” Table II 


TABLE I. Efficiencies for y-ray detection. 








Lab. angle Efficiency 


(degrees) 
a 
55° 
76° 
98° 

123° 
141° 
157.5° 


150 Mev 170 Mev 





ecooscoore. 
SESLSSSs 








* A small correction for conversion of y rays in the target and 
in the anticoincidence counter is included in these values. 

* For detailed derivations of the corrections, see F. Feiner, 
thesis, Carnegie Institute of Technology, May, 1955 (unpublished). 
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shows the magnitude of the corrections for elastic 
scattering at 150 Mev. The corrections are identified 
by numbers referring to the list below. They are given 
in the form of factors by which the raw data must be 
multiplied, even though some are inherently additive 
and can be expressed as factors only in terms of specific 
measurements. Uncertainties in corrections are quoted 
whenever significant. The Coulomb effect will be dis- 
cussed separately in Sec. VIII. 


A. Angle-Independent Corrections 


The following corrections 1 to 4 are common to all 
three processes; 5 concerns elastic scattering and 6 
concerns charge-exchange scattering. 

1. The pion beams are contaminated by muons. 
Some of these are selected by the deflecting magnet to 
have the same momentum as the pions, and form a 
shoulder on the integral range curves. A small number 
come from pions decaying in flight after the magnet. 
The percent contamination is obtained from the 
shoulder of the range curves under the assumption that 
muons suffer no nuclear interactions. It ranges from 
5 to 8 percent. Because of uncertainties in this deter- 
mination, as well as in contamination by electrons and 
protons, a standard deviation of 2 percent is assigned 
to the cross sections. 

2. The incident beam is attenuated in the hydrogen 
target, so that the beam effective for scattering is 
somewhat lower than the monitored beam. What is 
relevant is obviously the beam intensity at the center 
of the hydrogen target. 

3. The incident beam may be scattered out or ab- 
sorbed by the third monitor counter and the target 
wall. This makes the measured cross section too low. 
Accidental coincidences in the monitor act in the same 
direction; dead time losses in the slow coincidence 
circuit have the opposite tendency. The net result is 
that the cross sections should be raised by an estimated 
(1.51.0) percent. 

4. The dimensions of the hydrogen container are 
known to within 1.5 percent. 

5. Elastically scattered pions of both signs can be 
scattered or absorbed in the first detecting counter or 
the target wall. In addition the efficiency of the de- 
tecting telescope may be somewhat below 1.00. Because 
of these effects the elastic cross sections should be raised 
by (2+1) percent. 

6. In charge exchange scattering one of the y rays 
resulting from 7° decay is occasionally internally con- 
verted”! and therefore not detected, causing the meas- 
ured cross section to be 0.7 percent low. 


B. Angle-Dependent Corrections 


The following corrections 7 through 10 concern all 
three processes; 11, 12 and 13 pertain to elastic scat- 


tering, 14 through 17 to charge-exchange scattering. 


21 Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953). 





PION-PROTON SCATTERING AT 


150 AND 


170 MEV 


TABLE II. Typical set of correction factors for elastic scattering of 150-Mev x~. @ is the laboratory angle; 
numbers refer to the list of Sec. VII.* 








7. 9. 


10. 


il. 


12. 


Total 





1,010 
1.012 
1.017 
1.021 
1.021 
123° 1.017 
141° 1.012 
157.5° 1.008 


1.011+0.010 
1.010+0.010 
1.008+0.010 
1.0050.010 
1.003+0.010 
1.001-+0.010 
0.999+0.010 
0.999+0.010 


So 
SEPRSSS3 | * 


0.983 
0.988 
0.990 
0.985 
0.979 
0.978 
0.983 
0.901 


1.047+0.010 
1.021++0.010 


0.959-+0.007 
0.958+0.007 
0.9360.009 
0.895+0.018 
0.877+0.021 
0.8850.019 
0.910+0.015 
0.914+0.014 


1.003+0.016 
0.988+0.016 
0.945+0.013 
0.886+0.021 
0.882+0.023 
0.885+0.021 
0.908+0.018 
0.829+0.017 








* Angle-independent corrections are 1: 1.080+0.020, 2: 1.013, 3: 1.015-+0.010, 4: 1.000+0.015, and 5: 1.020+0.010. Total: 1.133 40.029. 


7. The solid angle subtended by the defining de- 
tecting counter or Pb converter at the target is crudely 
equal to the counter or converter area divided by the 
distance squared from target center to detector center. 
A correction arises from the fact that the detector is a 
plane rectangle and that the irradiated part of the 
target has a rectangular cross section in the scattering 
plane. 

8. The angular resolution used in the experiment 
(+7°) is large enough to give a sizable correction to the 
angular distribution where it is strongly curved. 

9. Double elastic scattering of mesons may occur 
within the hydrogen. Since the scattering is far from 
isotropic and strongly energy-dependent, this gives 
rise to an angle-dependent correction. In the forward 
direction the measured distributions are depleted by 
this effect; backward they are augmented. In the + 
case, these effects amount to 2 percent for the forward 
and backward angles. In the z~ case, there is, further- 
more, the possibility of an elastic-charge exchange type 
of double scattering which enhances the measured 
charge exchange distribution and reduces that for 
elastic scattering. An uncertainty of +1 percent in 
cross sections is assigned to these corrections. 

10. The presence of hydrogen in a full target modifies 
the scattering from the target walls, so that one cannot 
simply subtract the dummy counts from the hydrogen 
counts to obtain the hydrogen effect. Instead, the 
dummy counts must be multiplied by a factor different 
from unity before being subtracted. We distinguish three 
effects: 

(a) When the target is full, attenuation of mesons 
in the hydrogen causes fewer mesons to reach the far 
target wall and to scatter from it than would do so were 
the target empty. For * scattering, this effect requires 
an upward correction in the cross section of order 1 
percent. For w~ scattering, it is negligible. 

(b) In w= scattering, fewer mesons reach antico- 
incidence 4 (see Fig. 1) when the target is full, so that 
the accidental rate is increased. The dummy counts 
must therefore be multiplied by a factor greater than 
unity (see Sec. IIT) which is found not to exceed 1.05 
for elastic, 1.20 for charge exchange scattering. 

(c) Mesons scattered doubly, once in the hydrogen, 
and once in the target walls, give a negligible correction. 


11. The absorption of mesons in the lucite proton 
absorbers used at small angles was measured by putting 
the detecting telescope in the beam. An uncertainty of 
+1 percent in the cross section is assigned to this 
correction. 

12. The detecting telescope for elastically scattered 
m~ mesons is somewhat sensitive to y rays converted 
in the target, its walls, or the first detecting counter. 
To correct for this, one has to estimate the relative 
y-ray sensitivity of the elastic and charge exchange 
detectors. The correction at a given angle amounts to 
about 6 percent of the charge exchange counts at the 
same angle, and is considered uncertain to one part in 
six. 

13. r—y decay following a scattering event may alter 
the angular distribution. The correction can be shown 
to be negligible since only a few percent of the pions 
decay and their muons are emitted in a narrow forward 
cone about the pion direction. 

14. The efficiency ¢ for y-ray detection is discussed 
in Sec. VI and includes such corrections as the con- 
version of y rays in the target or anticoincidence 
counter. ¢ is thought to be known to +0.03. 

15. The radiative capture reaction m+p—y+n 
should be excluded. Using CalTech data on the photo- 
pion production on protons” and on deuterons, one 
finds a correction of order 1—2 percent. 

16. The neutron from the charge-exchange reaction 
has a chance of being counted in the charge exchange 
detector, by changing to a proton in the converter or 
first coincidence counter. The correction amounts to 
3 percent at 30° and rapidly goes to zero at larger 
angles. The presence of Lucite stoppers prevents the 
detection of these low-energy neutrons in the elastic 
scattering detector. 

17. The chance for detection, in anticoincidence 4, 
of a neutron or y ray correlated with a y ray that would 
otherwise have registered a count in the detector is 
negligible. 

2R. L. Walker, Proceedings of the Fourth Annual Rochester 
Conference on High Energy Physics (University of Rochester Press, 
Rochester, 1954) and R. F. Bacher et al., Phys. Rev. 92, 1090(A) 


(1953). 
8 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 
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VIII. PROCESSING OF DATA 


Our aim is to apply every relevant correction to our 
data and present them in such a form that they can be 
fed to a machine for computation of phase shifts. At 
the same time we shall wish to make an approximate 
phase-shift analysis“ ourselves, and so need to express 
the differential center of mass cross sections in the form 


o(6)=[1.00+6 ] 
X { (a+6a)+ (646d) cos#+ (cdc) cos}, (1) 


where the normalization bracket [ ] collects all un- 
certainties not affecting the angular distribution. 

In Sec. VIII, A, we shall discuss how the data are 
averaged and normalized. In Sec. VIII, B, we shall briefly 
show why and how a Coulomb correction is applied. 
Evidence justifying our neglect of d waves will be pre- 
sented in Sec. VIII, C. 


A. Averaging of Data 


The data of a given x* run are processed to yield the 
net hydrogen effect at each angle, and multiplied by 
the appropriate factor to convert them to cross sections 
in the center of mass system. A weighted average of all 
runs* is made, all corrections are applied, and the 
statistical errors of the cross sections are compounded 
with the uncertainties in the angle-dependent cor- 
rections. 

A least squares fit to the form (1) is then made, so 
that a, b, c and their errors 6a, 5b, dc are determined. 
Integration yields a total cross section 4r(a+c/3). A 
second, independent measurement of the total cross 
section by transmission is available (see Sec. V). A 
comparison of these cross sections is given in Table III. 
Since the two values are in good agreement, our pro- 


TABLE III. Total cross sections. 








Coulomb 
correction 
(mb) 


Total cross section (mb) 
From integration From transmission 


164.5-+4.6* (1.8) 
55.3+1.6* (0.5) 
194.9-+5.5* (2.2)> 
62.7-+1.9" (0.6)4 


Energy 
(Mev) 


xt — 166.65.0* (2.5) 





Ew 
150 


F ..f —1.4° 
0.5° 


—1.1° 


7 


wt =: 2001.6 6.0 (2.9) 
170 


_ a a 








* Final estimated error obtained by combining uncertainty in beam 
contamination and hydrogen thickness with error quoted in b. 

> Statistical error for transmission or compound of statistical errors with 
uncertainties in angle dependent corrections for cross section obtained by 
angular integration. 

* To be added to the uncorrected transmission cross section in order to 
eliminate the Coulomb interference for scattering outside the acceptance 
cone of the last counter. This correction is included in the final values 
quoted in the table. (see Sec. VIII). The Coulomb correction has also been 

pplied to the total cross section obtained by integration. 
The efficiency of the y-ray telescope has been partly determined by 
requiring agreement between the cross sections obtained by transmission 
and by integration of the elastic and charge exchange angular distributions. 


% J. Ashkin and S. Vosko, Phys. Rev. 91, 1248 (1953). 

% This excludes certain runs at the beginning of the experiment 
during which electronic difficulties prevented our obtaining reliable 
absolute differential cross sections. These runs were normalized 
separately before being pooled with the remaining ones. 
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cedure is to normalize the differential cross sections in 
such a way that their integral equals the weighted 
average” of the two total cross-section values. Table 
IV gives the final differential cross sections (without 
and with the Coulomb correction described in Sec. 
VIII, B). Table VI gives the final coefficients a, }, ¢ 
(including the Coulomb correction). The procedure 
is the same for the #~ data, except for the following 
points: 

1. For charge exchange scattering the coefficients 
a,b,c derived from the y-ray distribution in the center- 
of-mass system are used to deduce the coefficients for 
the r° distribution following the iteration procedure 
outlined in Sec. VI.?’ 

2. For both elastic and charge exchange scattering, 
the normalization factors are now dependent on the 
y-detection efficiency in addition to the total cross 
section, so that the systematic deviations 6 of (1) are 
somewhat larger than for w~ scattering. 

The final differential cross sections are contained in 
Tables IV and V and the coefficients a,b,c are given in 
Table VI. 


B. Coulomb Effect 


Although the interference between the Coulomb and 
nuclear scattering of the pion is of importance mainly 
at small angles, the magnitude of the effect is quite 
comparable to the quoted errors in the differential cross 


section up to 50 degrees or more in the center-of-mass 
system. This is especially true for the m~ elastic scat- 
tering where the nuclear scattering amplitude is rela- 
tively small. To extract the purely nuclear scattering 
from the observed differential cross sections it is 
sufficiently accurate to make a correction based on 
scattering phase shifts deduced™ from the uncorrected 
data. The signs of these phase shifts are chosen to 
agree with the small-angle Coulomb interference ex- 
periments of Orear** and Puppi.” 

Let us, for simplicity, illustrate the Coulomb prob- 
lem*-* by considering w+ scattering. The purely 
nuclear scattering cross section in s and states can 


* The weights are obtained, on the one hand, from the statistical 
error in the transmission measurement, on the other, from the 
error derived for (a+c/3) in the least squares analysis. The error 
in the averaged cross section is then combined with the uncer- 
tainties in the angle-independent corrections. The resultant 
relative error is the 6 of (1), and constitutes the systematic error 
that applies to all points of the differential cross section. 

27 Another method, described by Bodansky, Sachs, and Stein- 
berger, Phys. Rev. 93, 1367 (1954) (based on averaging the y-ray 
detection efficiency beforehand for the y-energy spectrum as- 
sociated with each Legendre polynominal in the + angular dis- 
tribution) allows a direct determination of the 7° coefficients a,b,c 
from the observed y-ray counts. This method gave the same results 
as the iteration procedure. 

28 J. Orear, Phys. Rev. 96, 1417 (1954). 

2% G. Puppi, Proceedings of the Fifth Annual Rochester Confer- 
ence on High Energy Physics (University of Rochester Press, 
Rochester, 1955). 

* L. Van Hove, Phys. Rev. 88, 1358 (1952). 

31 J. Ashkin and L. Smith, Technical Report No. 1, Carnegie 
Institute of Technology, 1953 unpublished). 

# F, T. Solmitz, Phys. Rev. 94, 1799 (1954). 
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TABLE IV. Differential cross sections for elastic scattering (in mb/sterad). 








c.m. angle 
(degrees) nt + 


~n (x* —9*) nuclear 


"x (x~ 7) nuclear 





19.1+2.8 | 
14.5+1.0 
13.3+0.5 

8.9+0.4 

8.0+0.4 

8.5+0.6 
11.6+0.7 
17.4+0.6 
21.7+0.8 
25.340.8 
27.4+2.3 


37.9 
50.1 
67.6 
90.5 
104.6 
112.2 
134.7 
149.6 
162.7 
169.2 


a 31.8 


19.6+2.8 c 
14.94+1.0 
13.4+0.5 
8.9+0.4 
8.0+0.4 
8.4+0.6 
11.5+0.7 
17.3+0.6 
21.6+0.8 
25.2+0.8 
27.242.3 


2.57+0.11 
2.10+0.07 
1.30+0.06 
0.95+0.05 


2.84+0.11 
2.23+0.07 
1.35+0.05 
0.96+0.05 


1.14+0.05 
1.70+0.07 
1.8320.09 
2.09+0.16 


1.13+0.05 
1.68+0.07 
1.81+0.09 
2.06+0.16 





32.1 
38.3 
50.7 
68.3 
91.1 
113.1 
135.3 
150.1 
163.0 
169.4 


19.4+1.6 
20.2+1.0 
16.7+0.7 
11.6+0.6 

8.9+0.5 
11.4+0.6 
21.8+0.8 
26.7+0.9 
26.5+1.1 
28.4+4.8 








19.7+1.6 
20.3+1.0 
16.8+0.7 
11.6+0.6 

8.9+0.5 
11.4+0.6 
21.7+0.8 
26.6+0.9 
26.5+1.1 
28.3+4.8 


2.65+0.14 
2.48+0.09 
1.53+0.08 
1.03+0.06 
1.32+0.08 
1.88+0.12 
2.51+0.13 
3.16+0.24 


2.86+0.14 
2.580.09 
1.57+0.08 
1.04+0.06 
1.31+0.08 
1.87+0.12 
2.49+0.13 
3.14+0.24 








. 








® Measurements at 150+7 Mev. b Measurements at 170+7 Mev. 


be written* 


do(+) | 1 1 2 
——= |—_A+—B cos 
dQ = |\2ik ~— Dik 


1 2 
—C sin6} , 
2ik 


a 


where the first term represents scattering without spin 
flip. A,B, and C are defined in terms of the isotopic 
spin 3/2 phase shifts, as for the s1/2 state, a3: for the 
pi2 State, and as for the p3/2 state, by 


A=A(a3), B=2A(a33)+A(as1), C=A(as3)—A(as1), 


where A(a) stands for exp(2ia)—1. 

It has been shown**! that at our energies the Cou- 
lomb effect is sufficiently taken into account if one adds 
to the non-spin-flip amplitude for nuclear scattering 
the Born Coulomb amplitude a/[2k sin?(@/2)] with 
the proper (for w+, negative) sign. Here a is the fine 
structure constant with c replaced by the velocity of 
the incoming pion in the laboratory.” Note that since 
the Born amplitude is real, it interferes with 1/(2) 
Im(A+B cos@). The interference is most important at 
small angles, where A+B cos#=A+B. With the help 
of relations (6a) and (7) of reference 24, it is easy to 
see that Im(A+8B) is an experimental constant related 
to the coefficients a,b, and c of (1), and therefore, 
independent of the set of phase shifts which may be 
chosen to represent the data. 

To correct for Coulomb effects, the angular distri- 
bution for a given process at a given energy is calculated, 
once including the Coulomb amplitude, and once with- 
out it. The difference is the correction that must be 
applied at each angle in the differential cross section. 
The difference must also be integrated over all solid 
angles (excluding that of the detecting counter) and 


33 For notation, see references 24 and 3. 


applied as a correction to the transmission measurement 
of the total cross section (see Table IIT). The differential 
cross sections are then again normalized and a last 
analysis is made from which the final phase shifts can 
be found. Table IV shows the purely nuclear cross 
sections and the observed differential cross sections 
side by side. For the 150-Mev x elastic scattering at 
the smallest angle, the correction is as large as 10 
percent. 


C. d-Wave Evidence 


Our treatment of the data is based on the assumption 
that only s and p waves scatter strongly. If, for 
example, it were somehow known that d waves make 
a significant contribution at 150-170 Mev, we should 
have ten phase shifts to calculate instead of six, and 


TABLE V. Charge exchange differential cross sections. 
(in mb/sterad). 


c.m. angle (deg) xy 





150+7 Mev 

5.09+0.12 
4.52+0.11 
4.28+0.12 
4.53+0.13 
5.35+0.15 
7.23+0.20 
7.98+0.22 
8.97+0.26 


36.6 
48.4 
65.4 | 
87.9 J 
109.6 
132.4 
147.9 
161.6 ( 


(1.00+0.05) 





170+7 Mev 
6.51+0.16 
5.7340.15 
5.12+0.15 
5.07+0.14 
5.62+0.18 
7.82+0.23 
8.46+0.27 
9.47+0.31 


37.0 
48.9 
66.1 


88.8 (1.00-+0.05) 


148.4 
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TABLE VI. Coefficients a,b,c in least squares fits do/dQ2=a+b cosé-+c cos (in mb/sterad) and associated M values.* 








at—axt Fr 


150+7 Mev 


x” >? 


sy 





7.66+0.26 
—2.35+0.37 
16.47+0.71 


M =8.1" 
My=8> 


1.00 
+0.03 


1.00 
+0.05 


M =144 
Mo=5 


0.97+0.03 
0.44+0.05 
1.87+0.10 


1.00 4.51+0.09 00 1.54+0.07 
+005 }~ 1.79+0.09 —1.34+0.06 
y 2.98+0.20 3.63+0.20 


M =3.9 
Mo=5 





wt—o* 9 


170+7 Mev 


™y x —>r® 





8.88+0.34 
—1.18+0.45 
20.46+0.87 


M =17.3 
My=7 


1.00 
+0.03 


+0.05 | 


M =9.7 
Mo=5 


1.06+0.04 
0.42+0.07 
2.44+0.13 


1 4.98+0.10 1.69+0.08 
re ae ae 1.16+0.11 —0.84+0.08 
; 3.730.24 4.25+0.23 


M =9.7 
Mo=5 


1.00 
+0.05 








= M = > «i where « =deviation of experimental point i from curve, expressed in terms of the error. 
“1 


> Expected value of M is Mo =n —m, where n =number of angles at which measurements are made, and m =:number of parameters of curve (here three). 


would make a five-constant analysis of our data, up 
to the fourth power in cos@. Of the two new terms, the 
one proportional to cos*#, arising from the interference 
of d waves and the strongly scattered p waves, might 
be expected to show up first. 

If the three-constant fit (quadratic polynominal in 
cos@), is good, there is little reason to believe that a 
fourth constant times cos*@ will make the fit signifi- 
cantly better. Clearly the three-constant fit can be 
made as good as one wishes, if one is willing to increase 
the angle-dependent uncertainties unduly. This we 
have taken care to avoid, because the presence of any 
small amount of d wave would then be completely 
masked. 

One can hope to improve the fit by means of a fourth 
constant when it is poor. It may be poor for a number 
of reasons: (1) Higher wave scattering is present; (2) 


TABLE VII. Phase-shifts sets (in degrees). 








150 Mev 170 Mev 


A,=Az 








a1 


a 


a13 
a 








* Points A: and A: refer to the graphical method (reference 24). 

> F and Y represent Fermi- and Yang-type sets, respectively. 

© Improved set of phase shifts (see Sec. IX) used for comparison with 
experimental data in Fig. 4 and Fig. 5. 


Angle-dependent errors have been underestimated ; 
(3) Statistical fluctuations not previously mentioned 
cause scatter in the data.* To eliminate (3) as a possible 
cause, we have made a statistical analysis of the a 
data, where, especially at 150 Mev, a large number of 
runs are available. Application of the x? test® to the 
sums of squares of the deviations of the cross sections 
from the mean values at each angle showed that the 
fluctuations were adequately accounted for by counting 
statistics alone. Thus (3) is ruled out. 

Table VI gives an indication of the quality of the 
three constant fits to the experimental data. The 
quantity M=>° «2, where the ¢; are the deviations of 
the experimental points from the proposed quadratic 
expression in cos0; (in units of the error), should be 
compared to the expected value** My=n—m, where 
n=number of angles @; at which measurements are 
made and m=number of parameters in the proposed 
fit (here 3). In general, the fits are poorer than expected. 
Either (1) or (2) could account for this. Four-constant 
analyses of the data do not significantly improve the 
fit in any case except the 150-Mev z~ elastic scattering, 
where the improvement is great, but probably ac- 
cidental. With this one reservation, one can safely say 
that if there is a cos*@ contribution, it must be smaller 
than twice the error quoted for 6 in Table VI. The 
deviations are therefore random with respect to such a 
term, and should probably be ascribed to reason (2). 
There seems to be no point in investigating higher 
harmonics, whose presence in the absence of a cos*é 
term would be hard to justify. 

In conclusion it should be pointed out that we have 
not demonstrated that d wave scattering is very small. 
It could happen that d waves affect only the isotropic, 


* Such a scatter would, for example, be produced if accidental 
coincidences contributed significantly and the duty cycle of the 
beam varied considerably. 

%°H. Cramér, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946). 
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cosé, and cos*@ terms, their contribution to the cos*@ 
term being accidentally zero in our narrow energy range. 
This question could probably be decided by an accurate 
differential scattering experiment at somewhat higher 
energy. 


IX. PHASE-SHIFT ANALYSIS 


In the absence of any clear indication of a d wave 
in the angular distributions, we have made a pre- 
liminary phase shift analysis of the cross section data 
assuming that only s and p waves (of isotopic spin 
1/2 and 3/2) are present in the scattered wave. As is 
well known,’ this requires a representation of the data 
for the three scattering reactions in terms of six phase 
shifts, a3, 33, a31 for the states of isotopic spin 3/2 and 
angular momentum 51/2, ps2, p1/2, respectively, and 
@1, @13, a1; for states of corresponding angular mo- 
mentum and of isotopic spin 1/2. 

The phase shifts at each energy were found by a 
graphical method™ using the nine coefficients a,b,c 
listed in Table VI for each of the three scattering 
processes. Table VII contains the results and shows the 
multiplicity of possible solutions. At 170 Mev, the xt 
coefficients just failed to produce the intersections 
required by the graphical method. After multiplying 
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Fic. 4. 150-Mev pion-proton differential scattering cross sec- 
tions. The curves represent the cross sections given by the phase 
shifts: a3;= —10°, 33 = 51.5°, a= —5°, a=9 ’ a13=2°, ay, =2°. 
The experimental points are plotted with the scale factors: 
(+)X0.97, (—)X1.00, (vy) 1.00 (see Sec. VIII). 
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Fic. 5. 170-Mev pion-proton differential scattering cross sec- 
tions. The curves represent the cross sections given by the phase 
shifts: a3= —8°, a33= 65°, a3,= —8°, a,=10°, a3=2°, ay,=0°. 
The experimental points are plotted with the scale factors: 
(+)X0.97, (—)X0.95, (y)X1.05 (see Sec. VIII). 
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the coefficients by 0.97, corresponding to the indicated 
3 percent uncertainty in the scale factor, and reducing 
the magnitude of the coefficient 5, by its error, the two 
circles representing different loci of the point A 
[=exp(2ia3;)—1] became tangent. The sensitivity of 
these loci to small changes in the x* coefficients, 
especially 5,, is readily understandable since the point 
A+B on the graph is close to the real axis** and there- 
fore dificult to locate accurately (since it depends on 
finding the intersection of a circle with a straight line 
to which it is almost tangent). 

Table VII also contains phase shifts obtained by a 
variation of the ones resulting from the graphs. The 
graphical technique favors the w+ data dispropor- 
tionately so that it is possible to improve the fit of the 


This means that the real part of the forward scattering 
amplitude [proportional to Im(A+B)] is small at this energy. 
Anderson, Davidon, and Kruse [Phys. Rev. 100, 339 (1955) ] 
have shown that this is to be expected on the basis of a general 
dispersion relation of M. L. Goldberger [Phys. Rev. 99, 979 
(1955) ] giving the real part of the forward scattering amplitude 
in terms of an integral over all energy involving the total cross 
section. According to this relation the real part of the forward 
amplitude for +* scattering changes abruptly from positive to 
negative near 180 Mev. 
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Fic. 6. Plot of (n°/w,*) cota;; against w,* (Chew and Low, 
reference 38). » is the center-of-mass momentum of the pion in 
units of wc and w,* is the center-of-mass energy minus the proton 
rest energy in units of uc*. 1: D. Bodansky ef al., reference 9; 
2: H. L. Anderson ef al., reference 3; 3: J. Orear, Phys. Rev. 96, 
1417 (1954) ; 4: J. J. Lord and A. B. Weaver (quoted by Anderson, 
Davidon, and Kruse (reference 36); 5: H. L. Anderson and M. 
Glicksman, reference 5; 6: Anderson, Davidon, Glicksman, and 
Kruse, reference 6; 7: M. Glicksman, reference 4. 


m~ coefficients at the expense of the r*. This was done 
only for the set corresponding to that preferred by de 
Hoffmann eé/ al.*" in which aga goes through a resonance. 
Figures 4 and 5 show the comparison of the differential 
cross sections given by these phase shifts and the 


37 de Hoffmann, Metropolis, Alei, and Bethe, Phys. Rev. 95, 
1586 (1954). 
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experimental points (in some cases scaled up or down 
within the limits set for the scale factor in Table IV 
and Table V). To find the “best” set of phase shifts 
requires an electronic computer. 

It is interesting to compare the phase shifts with 
those obtained in other experiments at neighboring 
energies.*:* In the case of a33, the experimental values 
may be conveniently plotted on the graph proposed 
by Chew and Low** which predicts that approximately 


(R®/w*) cotas3= const (1—w,*/wres), 


where & is the momentum of the meson, w,* is the total 
energy in the center-of-mass system minus the proton 
rest energy and Wr. is the value of w,* for which a3; 
has the value 90°. Figure 6 shows the two points of this 
experiment together with the others. The linearity of 
the plot is quite striking. 

The remaining p-wave phase shifts, as:, a13, and an 
show an erratic behavior in going from one experiment 
to another, and are generally small. The s-wave phase 
shifts a; and a; are less erratic but still allow many 
possible interpolations for their energy dependence. 
The values obtained in this experiment are in reasonable 
agreement with the linear extrapolations of Orear*® 
ai=0.16n and a3=—0.11n (in radians), where 7 is the 
momentum of the meson in units of yc. 


ACKNOWLEDGMENTS 


We wish to thank j. Kunze and R. Mcllwain for 
help in setting up the equipment and taking data. 


38 G. F. Chew and F. E. Low, Phys. Rev. (to be published), 
and Proceedings of the Fifth Annual Rochester Conference on High 
Energy Physics (University of Rochester Press, Rochester, 1955). 

% J. Orear, Phys. Rev. 96, 176 (1954) and 100, 288 (1955). 





PHYSICAL REVIEW VOLUME 


101, 


NUMBER 3 FEBRUARY 1, 


Partial Wave Analysis of the Experimental Photomeson Cross Sections* 


K. M. Watson,t University of Wisconsin, Madison, Wisconsin 


AND 


J. C. Keck, A. V. ToLLestrup, AND R. L. WALKER, California Institute of Technology, Pasadena, California 
(Received August 15, 1955) 


The experimental data concerning photopion production is studied for photon energies below 400 Mev. 
The data are analyzed in terms of S- and P-waves of the final pion-nucleon system, and an indication is 
obtained of the importance of higher partial waves. The “(3,3) state” matrix elements seem to be significantly 
larger than the other P-wave matrix elements at energies below 400 Mev, but not at higher energies. The 
energy dependence of the various partial waves can be understood on the basis of rather general arguments. 

In addition to the S-wave and “enhanced” P-wave matrix elements involving the (3,3) state, first order 
correction terms from the other, nonenhanced P-waves are included in the theory. This provides a fairly 
satisfactory description, for energies below about 350 Mev, of the positive and neutral photopion cross 
sections in hydrogen, and of the ratio of x~ to * production from deuterium. 





1. INTRODUCTION 


HE purpose of the present work is to discuss on 
rather general grounds the interpretation of the 
experimental photomeson cross sections. Particular 
emphasis will be placed on the relation to pion-nucleon 
scattering. This is relevant, since in the language of 
nuclear reaction theory, photopion production repre- 
sents the “reaction channel’ for the scattering. We 
shall also be interested in a comparison with specific 
models which have been proposed to describe pion- 
nucleon interactions. 

In general terms, we should like to inquire to what 
extent we can find the elements of the S-matrix for 
photoproduction. These are the off-diagonal elements of 
the same S-matrix whose diagonal elements are deter- 
mined by the phase shifts for pion scattering. The latter 
problem was first studied by Anderson, Fermi, Martin, 
and Nagle! and has since been pursued by many 
people. The present analysis concerns the corresponding 
problem for photopion production. An analysis along 
similar lines has been made by Hayakawa, Kawaguchi, 
and Minami.’ 

Just as was the case for the pion scattering, a model 
is necessary here for the detailed analysis. The model 
which we accept has been generally employed in the 
interpretation of pion phenomena at “low energies.” 
(By “low energies” for photoproduction, we specifi- 
cally mean y-ray energies of less than 400 Mev in the 
laboratory system.) It has been discussed in detail by 
Gell-Mann and Watson’ and has the principal features: 


* This work was supported in part by the U. S. Atomic Energy 
Commission. 

+ Partial support was given by the National Science Founda- 
tion. Also, it is a pleasure to acknowledge the hospitality of the 
Los Alamos Scientific Laboratory, where this work was completed. 

' Anderson, Fermi, Martin, and Nagle, Phys. Rev. 91, 1955 
(1953). 

2 Hayakawa, Kawaguchi, and Minami, Progr. Theoret Phys. 
(Japan) 12, 355 (1954); M. Kawaguchi and S. Minami, Progr. 
Theoret Phys. (Japan), 12, 789 (1954). 

3M. Gell-Mann and K. Watson (referred to as I), Ann. Rev. 
Nuc. Sci. 4, 219 (1954). 


(1) Few states of orbital angular momentum are 
involved in pion-nucleon interactions. 

(2) Isotopic spin is a useful quantum number. 

(3) The state of the pion-nucleon system having 
orbital angular momentum /=1, angular momentum 
J =%, and isotopic spin J = is one of strong, attractive 
interaction. We shall refer to this as the ‘(3,3)’ state. 
This feature of the model was proposed by Brueckner* 
and has been the subject of some controversy. We shall, 
however, accept this as providing a useful hypothesis 
for analysis of the experiments, which is essentially the 
point of view adopted by de Hoffmann, Alei, Metropolis, 
and Bethe? in their study of pion scattering. In favor 
of the Brueckner hypothesis of strong interaction in the 
(3,3) state is the marked simplicity of the photomeson 
cross sections when analyzed in terms of it. 

The four elementary photopion cross sections which 
will be of interest to us are: 


(r+) 
(r°) 
(r~) 


(nr°) 


yt+p— at+n, 
ytp— m+, 
y+n— «+2, 


ytn— +n. (1-1) 


We shall follow the notations of I* in representing 
physical quantities pertaining to one of these processes 
by the superscript (+), (0), (—), or (w0). Since there 
is little experimental information concerning the (m0) 
processes, we cannot use it in our analysis. We shall, 
however be able to predict the cross section for this 
process. 

In Sec. 2 we shall summarize the available experi- 
mental data on photomeson production. The general 
theory based upon an enhancement of the (3,3) state 
and including all the S- and P-wave terms is developed 
in Sec. 8 where expressions for the photopion corrections 
are obtained in terms of the multipole amplitudes and 


4K. Brueckner, Phys. Rev. 86, 106 (1952). 
5 de Hoffmann, Alei, Metropolis, and Bethe, Phys. Rev. 95, 
1586 (1954). 
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TABLE I. Average coefficients adopted for the expansion of the photopion angular distribution in the form A+B cos0+C cos’%. The 
superscripts refer to the charge. The quantities A® and C° are explained in the text. (Units are 10-® cm?/sterad.) 








At Bt ct 


Aexp® Ce xp* A° ce 





9.340.5 —1.8+1.0 —3.341.6 
13.1+0.5 —3.0+0.9 —5.7+1.0 
16.9+0.5 —4.3+1.0 —74+1.0 
18.9+0.5 —3.824:1.2 —7.9+0.9 
18.4+0.5 —1.1+0.9 —7.2+0.9 
15.3+0.5 +1.1+0.6 —5.4+0.9 
11.340.4 +2.5+0.6 —3.0+0.7 

8.2+0.4 +3.2+0.8 —0.8+0.8 

6.2+0.3 +3.540.7 +0.4+0.8 
4.7+0.3 +3.7+0.6 +1.0+0.8 


3.50.5 
7.4+1.0 
13.32%1.5 
22.0+1.0 
25.8+1.0 
23.340.8 
17.8+1.5 
12.8+0.4 
9.2+0.4 
7.0+0.4 


—3.34:2.0 3.0+0.4 —2.824:1.7 
— 6.84:2.0 6.6+0.9 —6.14+1.8 
— 11.63:4.0 12.2+1.4 —10.743.7 
— 17.64:4.0 20.7+0.9 — 16.643.8 
— 22.03:4.0 24.6+1.0 —20.943.8 
— 20.84:3.0 22.4+0.8 —20.0+2.9 
— 15.04:2.5 17.2+0.5 —14.542.4 
— 10.02:1.5 12.4+0.4 —9.741.5 
—6.841.4 9.0+0.4 —6.6+1.4 
—5.0+1.3 6.8+0.4 —4,9+1.3 








the scattering phase shifts. Particular cases of the 
equations developed in Sec. 8 are discussed in Sec. 3 
where the behavior of photoproduction near threshold 
is considered, and in Sec. 4 where only production 
leading to the (3,3) state is considered. It is shown in 
Sec. 5 that fair agreement with experiment may be 
obtained by neglecting all those products of matrix 
elements which do not involve at least one term leading 
to the (3,3) state. Section 6 considers the energy de- 
pendence of the matrix elements, and in Sec. 7 the 
m-/x* ratio is calculated and compared with the 
experimental values. 


2. THE EXPERIMENTAL DATA 


Experimental information on the various photomeson 
reactions (1-1) is available in the forms summarized in 
this section. For r+ and r° production from hydrogen, 
the differential cross section at various angles is known 
as a function of photon energy. These data may be 
summarized by analyzing the differential cross section 
for either process in the form 


o(@)=A+B cos6+C cos’ 


and giving the values of the coefficients A, B, and C 
as a function of energy. To simplify comparison with 
the theory, we have tried to choose “average” experi- 
mental values of A, B, and C taking into account all of 
the more recent and accurate data. The average values 
adopted for A+, B+, C+, A° and C° are given in Table I. 
For x* production, the coefficient A* follows the low- 
energy data of Bernardini and Goldwasser* up to about 
230 Mev, and then the average of data obtained by two 
different methods at the California Institute of Tech- 
nology, up to 470 Mev. These two methods employ a 
magnetic spectrometer’ and a counter telescope® respec- 
tively, to detect the photopions. The coefficients Bt 
and C* are essentially averages of the CalTech data.’:* 
The x* data of Jenkins, Luckey, Palfrey, and Wilson at 
Cornell® are in reasonable agreement with the coef- 


®G. Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 
(1954). 

7 Walker, Teasdale, Peterson, and Vette, Phys. Rev. 98, 210 
(1955). 

§ Tollestrup, Keck, and Worlock, Phys. Rev. 98, 220 (1955). 

* Jenkins, Luckey, Palfrey, and Wilson, Phys. Rev. 95, 179 
(1954). 


ficients A+, B+, and C+ adopted here. For details about 
the points of agreement and disagreement between the 
various experiments, and for references to other experi- 
mental work, see references 7, 8, and 15. 

The coefficients A° and C® adopted for x° production 
are taken from the data of Oakley and Walker’ at 
high energy (above 290 Mev) and follows fairly well 
below this energy the data of Goldschmidt-Clermont, 
Osborn, and Scott" from the Massachusetts Institute 
of Technology. We refer to these two papers for refer- 
ences to other experiments and for a comparison with 
the other data which are available. Older x° experi- 
ments, which have not been given as much weight, are 
those of Silverman and Stearns,” and Walker, Oakley, 
and Tollestrup." 

The coefficient B® is not shown in Table I. It is small 
at all energies," but will not be used to provide any 
very interesting information for the theory. 

After the present analysis was made, other experi- 
mental results have become available. These include 
measurements of positive photoproduction at Illinois" 
and Berkeley’*; and measurements of neutral pion pro- 
duction at Illinois.'*'’ The inclusion of these data 
would not materially change the results of the present 
analysis. 

Since the charged and neutral pion data are to be 
analyzed together by a theory which ignores the dif- 
ference in mass, a slight difficulty is encountered at low 
energy since the theory does not provide for the dif- 
ference in thresholds of the x+ and 2° production. Since 
the energy dependence near thresholds has a form which 
is determined by general considerations such as the 
density of states, we have tried to change the experi- 
mental values A,x,’ and C.x,° of Table I into the values 
A® and C° which would be found if the r° threshold were 
the same as that for x*. Specifically, A°= Aexp(44?)/ 
(popc?) and similarly for C°. The quantity p will be 

 D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955). 

11 Goldschmidt-Clermont, Osborne, and Scott, Phys. Rev. 97, 
188 (1955). 

12 A. Silverman and M. Stearns, Phys. Rev. 88, 1225 (1952). 

18 Walker, Oakley, and Tollestrup, Phys. Rev. 97, 1283 (1955). 

4 Leiss, Robinson, and Penner, Phys. Rev. 98, 201 (1955). 

18 Gordon W. Repp, University of California Radiation Report 
UCRL-2953 (unpublished). 


16 F. E. Mills and L. J. — ys Phys. Rev. 98, 210 (1955). 
17L, J. Koester, Jr. Phys. Rev. 98, 211 (1955). 
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defined in Sec. 3 (see Eq. (3-5)). p, and po are the 
momenta of the r+ and 7° respectively, in the center-of- 
momentum system, assuming each was produced by 
the same photon energy. The correction factor is cer- 
tainly not right at high energies, above the maximum 
in the cross section, but it is large only near threshold. 
(It is 5 or 6 percent at 300 Mev.) The “corrected” 
values, A° and C°, of Table I will be used throughout 
this paper. 

The average experimental values of A+, B+, C+, A®, 
and C° shown in Table II have been taken from smooth 
curves, so the errors at neighboring points are corre- 
lated. The errors have been estimated from the accuracy 
of the individual experiments, and from the degree of 
consistency between different experiments, and are 
intended simply to indicate the estimated accuracy of 
the experimental coefficients as a function of energy. 

The photoproduction of x~ mesons from neutrons is 
not directly measurable, of course, but information is 
obtained about this process by measuring the ratio of 
~ and x* production fromm deuterium. We shall use 
the data of Sands, Teasdale, and Walker,'* for this 
ratio, together with some recent unpublished data at 
104° obtained by these same authors and Michel Bloch. 
These data are shown in Fig. 12 where they are com- 
pared with the theoretical calculations. References to 
earlier experimental work on the x~/n* ratio are given 
in reference 18. Some measurements on the x—/z* ratio 
have also been made at Illinois at low energies, but 
these are not yet published.’ 

Photoproduction of r° from neutrons is the least 
known of the reactions (1-1). Some data on the ratio 
of x production from deuterium and hydrogen™.*! are 
available, but the interpretation of these is less clear 
than that of the x~/x+ ratio from deuterium. The dif- 
ficulty is that the x° production from the proton in 


TABLE II. The multipole amplitudes for S- and P-wave photo- 
meson production. The decomposition into isotopic-spin substates 
is made in the last column, using the notation of Anderson ef al.! 
for the scattering phase shifts. 








Amplitude 
of-pion 
wave 


Isotopic- 
spin 
substate Amplitude 


Ey 
E; 


Multipolarity 





Ea electric 
dipole 


Miu 
Ms 


i 
3 
Ma(4) 2 
3 
4 Mi; 
2 
4 
3 


magnetic 
dipole 
Mi(#) magnetic 


dipole M3; 


Eis 


E, electric 
Eis 


quadrupole 








18 Sands, Teasdale, and Walker, Phys. Rev. 95, 592 (1954). 

19 Benventano, Bernardini, Lee, and Stoppini; quoted by Chew, 
reference 29, as obtaining the result : ~/x* ratio= 1.5+-0.1 at 170 
Mev. : 

2” G. Cocconi and A. Silverman, Phys. Rev. 88, 1230 (1952). 

21 Bingham, Keck, and Tollestrup, Phys. Rev. 98, 1187 (A) 
(1955). 
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TABLE III. Scattering phase shifts used in this analysis. 








t a3 





—4.0 
—7.5 
—10.7 
— 14.0 
— 16.5 
— 19.0 
— 21.5 
— 24.0 


200 
230 
260 
290 
320 
350 
380 








deuterium may not be the same as that from the free 
proton in hydrogen. Experimentally, the ratio of r° pro- 
duction from deuterium and hydrogen per nucleon is 
about 0.9 with little energy dependence or angular 
dependence. 


3. GENERAL FEATURES EXPECTED OF THE 
PHOTOPION CROSS SECTIONS 


We shall assume that for the y-ray energy in the 
laboratory system, E,<400 Mev, the photopion cross 
sections are primarily determined by orbital S- and 
P-states of the final pion-nucleon system. Estimates 
have been made, however, of the effect of D-states and 
states of higher orbital angular momentum. The states 
contributing are summarized in Table I. 

The amplitudes Ez, Ma(3), etc. are essentially the 
elements of the S-matrix for photoproduction, but they 
differ from these by multiplicative constants and a 
factor k. The multipole amplitudes Ey, etc. must be 
specified for each of the four elementary processes (1-1). 
Since we are using the relations obtained from charge 
independence, these may be expressed in terms of the 
amplitudes for isotopic-spin substates, which are listed 
in Sec. 8. Their derivation was indicated in 1.* For our 
purposes, it is important to note that the quantities in 
the last column of Table II are real and that the rela- 
tions between E, and F,, and £,, etc., involve explicitly 
complex functions of the pion-nucleon phase shifts.?*.” 
(See Sec. 8 and reference 3.) 

For this reason, we must assume that the pion- 
nucleon scattering phase shifts are known. Those of 
de Hoffmann ef al.* will be accepted for our analysis, 
since these are in agreement with the ‘‘(3,3) enhance- 
ment model” to be described in the next section. Ad- 
mittedly, other sets of phase shifts are expected to be 
compatible with other models of photoproduction. On 
the other hand, we are aware of no other model which 
seems to indicate as much simplicity in the experimental 
cross sections as does the (3,3) model. The scattering 
phase shifts used are shown in Table ITI. 

For only S- and P-wave pion emission, the photo- 
meson cross section in the center-of-mass system takes 
the form discussed in Sec. 2: 


o(6)=A+B cosé+C cos’, (3-1) 


2K. Watson, Phys. Rev. 95, 228 (1954). 
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where @ is the angle between the direction of motion of 
the y ray and pion. 
In terms of the amplitudes of Table II, the coef- 
ficients in Eq. (3-1) are* 
A=|Ea|*+|X|?+|¥|?, 
C=|K|?—|X|?—|¥]?, 
B=—2 Re{E,*K}, 


(3-2) 


X=$Ma(3)+iE,, 
Y=}[Ma($)—3E,]+Ma(}), 
K=[Ma($)—3E,]—Ma(3). 
For y-ray energies sufficiently near threshold that the 
scattering phase shifts are small (say for £, <225 Mev), 
the quantities X, Y, K, and EZ, are real. In this case, 
the S- and P-wave contributions to the cross sections 
may be separated, using Eqs. (3-2) and the experi- 
mentally determined coefficients A, B, and C. We have 


A+C=E?+K? 


(3-3) 


and 


B=—2EiK, (3-4) 


from which E, and K may be found. X?+ Y? may next 
be determined from either A or C. 

The analysis of the low-energy cross sections may be 
carried further if we make use of the energy dependence 
expected of reaction cross sections near threshold. We 
introduce the quantity® 


n 
oft rp/MIL1+ (n?-+1)'p/M] 


where y is the pion rest mass and M is that for the 
nucleon. 7 and » are the pion and photon momenta, 
respectively, in the center-of-mass (c.m.) system in 
units of (uc). Then* 





p (3-5) 


E?= pgs, 
X°+ V?=n’pgp, 
C= —n’pge, 
B=—npgi, (3-6) 


where gs, g1, 2, and gp are constants near threshold 
(which probably refers to E,<225 Mev for x*+-photo- 
production) and can each be directly determined from 
experiment. From Eqs. (3-2) and (3-6) we obtain*® 


gr’ = 4gs| gp— g2 J. (3-7) 


This represents a very general relation between the 


%3 See, for instance, reference 3. The notation is due to Fermi 
(unpublished). The usefulness of this form for the cross sections 
appears at very low energies, as will be seen below. In Eqs. (3-2), 
the statistical weighting factor W of reference 3 has been absorbed 
into the quantities X, Y, K, and Ea, etc. 

*% The factor vy in p is not determined from general consider- 
ations, but appears in w-meson field theory. This question will 
later be discussed in more detail. The »-dependence of Eq. (3-10) 
is also not determined by any general principles. 
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experimentally observable g’s, which is valid if only S- 
and P-wave pion production occurs. 

We may generalize relation (3-7) by including the 
S-D interference term, as follows. S-D wave inter- 
ference adds to Eq. (3-1) the term 


A sp[cos@—}], (3-8) 


where A gp represents the strength of the S—D inter- 

ference. This, of course, does not change the form of 

Eq. (3-1), but it modifies Eqs. (3-2) to 
A=|Eq\?+/X|?+|V|?—4A sp, 
C=|K|?—|X|?—|¥|?+Asp, 
B=—2 Re [E.*K ]. (3-9) 

Near threshold, A sp will have the form™ 

(3-10) 


where gsp is a constant. The value of gsp gives a direct 
indication of the importance of D-waves near threshold. 

To proceed, we now expand our quantities in a power 
series of n,> (keeping all terms up to and including 7’): 


Asp= neg sp, 


A=pgstn’pgos, 
C= —n’pg2s, 
B= — P81, 


Ev =pgst+n'pgss. (3-11) 


We now obtain from Eq. (3-9), 


gr=4egsl gos— gos— (3gsptgsa) ]- (3-12) 


Since gi, gos, gs, and gos are directly observable, Eq. 
(3-12) permits us to determine 


2espt+gsz. 


Physically, this represents the net contribution to the 
cross section due to the finite size of the nucleon. 

Experimental! angular distributions are as yet rather 
incomplete for E,<225 Mev. Because of the smallness 
of gs for the x° cross sections we can apply Eq. (3-12) 
to the w+ cross sections only. From our subsequent 
study, it will appear that 


gos (81) 10- cm?, 


whereas (3gsp+gs3) is probably at most one-tenth of 
this. This indicates a small effect from nucleonic 
structure, as will become even more apparent from our 
subsequent analysis of the higher energy data. 

It is quite interesting that pseudoscalar meson per- 
turbation theory predicts 


2 aie 
38spD> — 8s3 


to the order in to which our analysis applies. Thus, the 
observed smallness of (?gsp+gs3) results from a can- 
cellation rather than from the smallness of D-wave 
terms. 


25 There is no point in expanding the factors in the denominator 
of p Eq. (3-5). 
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The foregoing has been described to emphasize that 
for energies low enough that the scattering phase shifts 
are small the cross sections are subject to a particularly 
simple, general analysis not possible at higher energies. 
A more detailed comparison with experiment was given 
in reference 3. The remainder of the present paper will 
be concerned with the ‘(3,3) enhancement model.” 
This model appears to make it possible to analyze the 
cross sections into partial waves for threshold <Ey, 
<400 Mev. By its use of the isotopic spin, this model 
involves a simultaneous discussion of all four of the 
elementary cross sections (1-1). 


4. THE “(3,3) ENHANCEMENT MODEL” 


Roughly speaking, the (3,3) enhancement model 
supposes that those matrix elements leading into the 
final (3,3) state of the pion-nucleon system dominate the 
P-wave contributions to the photopion cross section. 
In terms of the matrix elements of Table IJ, this means 
that M33 and £33 are appreciably larger in magnitude 
than the other P-wave matrix elements. 

We have, for instance, for the quantity X* of Eq. 
(3-3)?6 


1 
At= e'@33—[ 3M 33+ 3E33 
v2 


1 
+—[3(M1s—6Mi3)+4(E1s—6Ei3) ]. (4-1) 
2v2 


Similar expressions may be written for X° and the 
other quantities occurring in Eqs. (3-2), as is seen from 
Sec. 8. 

The first bracket in X* (divided by v2) represents 
the contribution from the “enhanced” (3,3) state. The 
second bracket (divided by 2v2) represents ‘“non- 
enhanced” matrix elements. Calling the “enhanced” 
and ‘“‘nonenhanced”’ matrix elements, M, and M,, re- 
spectively, we have 


Xt=e'%3M+M,,. (4-2) 


where M, and M, are real. Thus 


|X+|/?=M?+2M.M,, cosa3;+M,?. (4-3) 


A similar decomposition into “enhanced” and ‘‘non- 
enhanced” matrix elements can be made for Y and K 
for each of the four elementary cross sections (1-1). 

We shall call the simple enhancement model that which 
results from neglecting all “nonenhanced” matrix 
elements (for example, we would set M,=0 in Eqs. 
(4-2) and (4-3)). 

The general enhancement model results from keeping 
only linear terms in the “nonenhanced” matrix elements 
in the cross sections. Thus, for example, in Eq. (4-3) 

26 We recall that the superscript “+” refers to the * cross 


section of expressions (1-11). We also recall that we have agreed 
to set equal to zero, all P-wave scattering phase shifts except a3. 


we would neglect the M,? term, having just 
g ’ J) 


| X+|*~M 2+2M.M,, cosays. (4-4) 


The factor of cosas; which necessarily occurs is of 
importance for our subsequent analysis. 

The justification for neglecting the terms such as M,2 
depends on the magnitude of the enhancement factor, 
defined to be 


«=|M./M,|. 4-5) 


As a result of our analysis the various enhancement 
factors, ¢, can be determined experimentally. It will 
appear that in all cases, for Ey <<350 Mev, ¢>5, which 
means that the neglected terms M,,’ are less than 1/25 
of the terms kept in equations such as (4-4). This 
demonstrates the consistency of the neglect of these 
quantities. The enhancement factor «¢ is of interest, 
since it provides a measure of the importance of the 
(3,3) state in determining the photomeson cross sections. 

We shall begin our study by comparing the simple 
enhancement model with experiment.?7.8 


A. The Magnetic Dipole Model 


Because of the relatively large anomalous magnetic 
moments of nucleons, one might guess that the magnetic 
dipole are more important than the electric quadrupole 
transitions.”’ This conclusion is qualitatively supported 
by meson field theory.” This suggests keeping only M33 
of the P-wave multipole amplitudes, as a first approxi- 
mation to the simple enhancement model. In this case, 
the coefficients of Eq. (3-1) have the form (for the r+ 
and 7° cross sections) 


At=AgtApt=Ast(5/2)Am, 

Ct=—3Ay, 

Bt = —}(A sA u)*Lcos(as33—a3)+2 cos(a33—a1) |, 
A°=2A pt, 


C°=2Ct. 


(4-6) 


Here 
As= | Eat | A. 


(4.7) 


which represents the S-wave contribution to o+(@). In 
Eq. (4-6) we have neglected the S-wave contribution 
to o°(8), since this is known to be small experimentally. 
We also define 

Apt=At—As. 


(4-8) 


We shall use the quantities As and A p*, as defined by 
Eqs. (4-7) and (4-8), frequently throughout this paper. 
The quantity Ay is [see Eqs. (4-11) and (4-12) ] 
A m= 20 M33 P. (4-9) 
Equations (4-6) express the five experimentally known 
quantities At, ---C° in terms of only two parameters, 
A Ss and A M: 


27K. Brueckner and K. Watson, Phys. Rev. 86, 923 (1952). 
28 B. Feld, Phys. Rev. 89, 330 (1953). 
*” G. F. Chew, Phys. Rev. 95, 1669 (1954). 
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Fic. 1. The coefficients B+ for x*+ production as calculated from 
the magnetic dipole model, Sec. 4A, compared to the experimental 
values. 


The first difficulty with Eqs. (4-6) is that the value 
of Bt is too large if As and Ay are chosen to give the 
observed values of A*+ and C+. This may be seen from 
Eq. (3-7) if we use the condition from Eqs. (4-6) that 
gp= (5/3)go. Taking from reference 3 the values for the 
g’s [gi~3.0, go=3.5, gs~10, all in units of 10-* cm? ], 
we obtain a discrepancy of about a factor of 10 in the 
observed and calculated values of g,’ from Eq. (3-7). 
In Fig. 1, we compare the observed and calculated 
values of B+. The calculated values are obtained from 
Eqs. (4-6), choosing As and Ay to give the experi- 
mentally observed At and C+. Equations (4-6) also 
imply that 


A®/(%=5/3=1.67. (4-10) 


The experimental ratio is considerably smaller, being 
1.22+0.10 at all energies below 440 Mev,” although it 
is not known very accurately at the lower energies. 

It seems apparent that we must conclude that this 
model is inadequate to explain the cross sections 
o*+(@) and o°(6) even at moderately low energies. We, 
therefore, investigate the unrestricted simple enhance- 
ment model, for which electric quadrupole transitions 
are permitted. 


B. The Simple Enhancement Model 


We now drop all P-wave multipole amplitudes which 
do not lead to pion production in the (3,3) state, but 
keep an arbitrary admixture of magnetic dipole and 
electric quadrupole transitions to this state. We also 
neglect S-wave contributions to o°(@).” 


%® A more thorough development is given in Sec. VIII, where 
Eqs. (4-11) and (4-12) are derived. 


KECK, TOLLESTRUP, 


AND WALKER 


Then we have 


At=Agt+Apt=AstAxotjAxo, 

C+=4AK0—Axo, 

Bt+=—3(A sA xo)*[cos(ass—a3)+2cos(as33—a1) ], 
A°=2Apt, C=2Ct. (4-11) 


Here Axo and Axo represent the “enhanced” P-wave 
contributions to the cross section, Axo arises from 
P-waves which interfere with the S-wave and A x» from 
those which do not interfere. Explicitly,® 


Axo=2[Mss—}3Es33 F, 
A xo=4[3Ms3t+-4Es33 F. (4-12) 


It is evident from Eqs. (4-12) that knowledge of A xo 
and A xo permits us to determine individually the mul- 
tipole amplitudes M33 and E33. As again represents the 
S-wave contribution to o+ (@) and is given by Eq. (4-7). 
[If we set Z3;=0 in Eqs. (4-12), Eqs. (4-11) reduce to 
the form of Eqs. (4-6). } 

We have now three quantities, As, Axo, and Ax to 
be determined. This may be done using o*(@) only 
(i.e., A+, C+, and B*). Having done this, we can use the 
last two equations of (4-11) to uniquely predict the 
coefficients A® and C° of o°(@). 

These calculated values are compared with the experi- 
mentally observed values in Fig. 2. The discrepancy 
between these values appears to be rather consistently 
larger than is expected from the assigned experimental 
errors. 
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Fic. 2. Coefficients A® and C° for r® production as calculated 
from the r+ data using the simple enhancement model, Sec. 4B 
are shown by the dashed curves and are labeled 2A* and 2C‘, re- 
spectively. The experimental values of A® and C” are shown for 
comparison. 
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It is thus our conclusion that the simple enhancement 
model fails to describe all of the observed detail in the 
cross sections. We consequently turn in the next section 
to the general enhancement model in the hope of ob- 
taining a quantitative description of the experiments. 
We may remark here, however, that this study will 
imply that corrections to the simple enhancement 
model are rather small for E,<400 Mev and also that 
magnetic dipole contributions do appear to be appre- 
ciably more important than are electric quadrupole 
contributions for this range. 


5. THE GENERAL ENHANCEMENT MODEL 


We now keep first-order corrections to the cross 
sections arising from nonenhanced P-states. This means 
that we drop all squared matrix elements which are not 
enhanced, as in Eq. (4-4). The details are given in Sec. 
8. The resulting w+ and 7° cross sections are finally 
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Fic. 3. “Experimental” values of A xo from Table IV, compared 
to the theoretical energy dependence of Eqs. (6-3), for Z=0. The 
three curves are for n=0, gxo=7.5X10-” cm?/sterad; n=1, 
gxo=4.4X10-" cm?/sterad, and n=2, gxo=2.63X10-" cm?*/ 
sterad. 


written in the form 


At=Ag+Apt 

=AgtAxot 14 KotAai COSa33, 
Ct= 2A Ko— A x0—Aai COSa3;, 
Bt= —3(A sA xo)'Lcos (ass—a3)+2 cos(a33—a1) |, 
A°®= 2A pt—3Aai COSa33, 
C= 2C++3Aai1 COSQ33. (5-1) 
The quantities As and Apt have been defined by Eqs. 
(4-7) and (4-8). Axo and Axo have been defined by 
Eqs. (4-12). The new quantity appearing in Eqs. (5-1) 
is Agi, which represents the expected first order cor- 
rection arising from nonenhanced P-waves. The factors 
of cosa33 were anticipated in Eq. (4-4). 

As is discussed in Sec. 8, Eqs. (5-1) represent an 
approximation to the general enhancement model. The 
exact model is developed there, as well as the experi- 
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Fic. 4. Experimental values of Axo compared to curves calcu- 
lated from Eqs. (6-3) with Z=4. The three curves are for n=0, 
gxo=6.2X10- cm?*/sterad; n=1, gxo=3.6X10-" cm?/sterad, 
and n=2, gxo=2.03X10-™ cm?/sterad. 


mental (and theoretical) justification for this approxi- 
mation. 

There are four quantities to be determined at each 
energy from the experimental angular distributions. 
These are: 


A s—the ot S-wave contribution; 

Axo—enhanced P-wave contribution, not interfering 
with S-waves; 

A xo—enhanced P-wave contribution, interfering with 
S-waves; 

Aji—nonenhanced P-wave contribution, not inter- 
fering with S-waves. 


Ag, is, of course, the product of two factors, one of 
which is enhanced and the other of which is not. 

It is interesting that it is only the product cosag3A 41 
which is determined from the experiments. According 
to de Hoffmann and Bethe,;'*! cosas3 should pass through 
zero at E,=345 Mev. This means that the corrections 
to the simple enhancement model should change sign 
at about this energy—and in particular should be quite 
small in the energy region at which this occurs. We may 
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Fic. 5. Experimental values of A xo compared to curves calcu- 
lated from Eqs. (6-3) with Z=1. The three curves are for n=0, 
gxo=8.5X10-" cm?/sterad, n=1, gxo=5.6X10-" cm*/sterad; 
and n=2, gxo=3.38X 10~™ cm?/sterad. 


3! See Table III. 
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Fic. 6. “Experimental” values of As from Table IV, compared 


to the curve calculated from Eqs. (6-3) with gs=16.1X10~” 
cm?/sterad. 


readily verify that the terms neglected in Eq. (5-1) 
are not sufficiently large to modify this conclusion 
(unless we keep higher partial waves than P-waves), if 
we accept the general characteristics of the (3,3) 
enhancement model. 

To further study Eqs. (5-1), we observe that 


At+Ct=AgtAnxo. (5-2) 


This along with the equation for B+ permits us to 
determine As and Axo. We may next use the equation 


Apt=At—Asg 
to determine 
A pt= [A xotAa CoSa33 |+4A K0- (5-3) 


We are thus able to explicitly separate the S-wave and 
P-wave contributions to o*(@), using just the angular 
distribution of o* (6) at a given energy. 

Having now Ap* and C+, we may use either of the 
last two Eqs. (5-1) to determine A,: cosa33. As is 
indicated in Sec. 8, these two independent deter- 
minations are quite consistent with each other. 

We now have determined each of the quantities in 
Eqs. (5-1). The values, as obtained from the experi- 
mental data summarized in Sec. 2, are tabulated in 
Table IV and are shown in Figs. 3-8. 

The values of A,; CoSa33, as given in Table IV, are 
shown in Fig. 8. The results seem to suggest that cosas3 
passes through zero at too low an energy. This is an 
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Fic. 7. “Experimental” values of A xo from Table IV, compared 
to curves calculated from Eqs. (6-3) with Z=4, n=0, gxo=0.41 
X10-” cm? sterad. 
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extremely important point for the present model. It 
should be realized that the value of Aa: cosas3 depends 
upon a comparison of the absolute cross sections o+ (6) 
and o°(@). Insofar as the discrepancy seems to be real, 
one has two alternatives (other than giving up the 
(3,3) enhancement model) to explain this: 

(1) The P-wave scattering phase shifts other than a33 
are too large to equate to zero, as we have done. To 
explain the indicated discrepancy would require that 
some of these phase shifts be in excess of 30° for 
E,-~300 Mev, however, and that some fortuitous can- 
cellation of matrix elements occur. Such large P-wave 
phase shifts (other than a33) seems in disagreement with 
the de Hoffmann-Bethe determination. This explana- 
tion we consider rather unlikely. 

(2) Higher partial waves may account for the dis- 
crepancy. Since the discrepancy apparently observed 
is associated with the finer details in the cross sections 
(Agi represents a moderately small contribution to the 
cross sections) this need not represent a very big effect. 
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Fic. 8. Agi Cosas, showing the effect of including higher partial 
waves as calculated with meson perturbation theory. The lower 
points (circles) are those from Table IV from the analysis in terms 
of S and P waves only. The upper points (crosses) are corrected 
for the effects of higher partial waves as discussed in Sec. 5. The 
dashed curve has the energy dependence expected from Eqs. 
(6-3), and is calculated with ga:= 1.42 10-® cm? sterad. 


In order to estimate the effect of higher partial waves, 
the analysis of Sec. 8 was supplemented by including 
these waves as predicted by meson field theory in the 
perturbation limit. No new parameters need be intro- 
duced since the contribution of the higher partial waves 
is uniquely predicted in terms of the S-wave amplitude. 
The effect of these terms on the shape of the angular 
distribution at two different energies is shown in Fig. 9. 
The effect of higher partial waves upon the determina- 
tion of Aa cosa3s may be seen in Fig. 8. When only S 
and P waves are included in the theory, any deviation 
in the ratio of the r+ and 7° cross sections from that 
predicted by the simple enhancement model (Sec. IV, b) 
must be absorbed in the term A, cosas3 of Eq. (5-1). 
Thus any effects of the higher partial waves are included 
in the values of A,: cosas; as calculated in Table IV 
and shown in the solid curve of Fig. 8. If the calculated 
effect of the higher partial waves is removed, then one 
obtains the curve through the crosses in Fig. 8 as the 
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TABLE IV. Values of the parameters obtained for the general enhancement. model. The last columns list the values of 
Agi COSa33 as calculated by the two methods indicated in the text. (Units 10-® cm?/sterad.) 








As Ako 


5.9+1.5 0.14+0.15 
7.1+0.9 0.3320.20 
8.90.9 0.61+0.29 
10.4+0.8 0.65+0.41 
10.9+0.8 0.24+0.40 
8.5+1.6 1.38+1.50 
7.80.7 0.55+0.26 
6.9+0.6 0.44+0.22 
6.1+0.6 0.54+0.22 
5.0+0.6 0.69+0.22 


Ap* 


3.4+1.6 
6.0+1.0 
8.0+1.0 
8.50.9 
7.5+0.9 
6.8+1.7 
3.5+0.8 
1.340.8 
0.1+0.7 
—0.340.7 


Axo 


2.141.8 
4.141.2 
6.6+1.2 
9.341.2 
10.4+1.2 
9.5+2.0 
6.6+1.0 
+4.1+0.9 
2.7+0.9 
1.9+0.9 


A4Ai COSsass 


1.341.2 

1.80.9 

1.4+1.3 
—0.341.3 
—2.2+1.4 
—3.141.2 
—2.8+0.9 
—2.7+0.7 
—2.5+0.7 
—2.340.7 


A4i cosass 


1.31.1 

1.80.7 

1.340.8 
—1.2+0.7 
—3.3+0.7 
—29+41.2 
—3.4+0.6 
—3.340.6 
—2.9+0.9 
—2.5+0.6 
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correction term A 41 COSa33 due to nonenhanced P-waves 
alone. 

From the coefficients given in Table IV one may 
calculate the values of Ez*+, M33, and E33 using Eq. (4-7) 
and (4-12). Values for these amplitudes are plotted in 
Fig. 10. In order to indicate the relative importance of 
the magnetic dipole, electric quadrupole, and other con- 
tributions to the cross sections, it is convenient to 
consider the total cross section, e.g., 


ot =4r(A++3C*) 


= 4 (Eat? +4M 33°+ geese +3Aai COSa33). (5-5) 


Since M33 and £33 are nearly equal, it is seen that M33 
contributes about twelve times as much to the total 
cross section as E33. This, as remarked above, might 
have been expected from theoretical calculations. 


6. THE ENERGY DEPENDENCE OF THE 
MATRIX ELEMENTS 


We have obtained in the last section the energy de- 
pendence of the various partial waves which contribute 
to o+ (8) and o°(@). It is of interest to compare this with 
various predictions from theory of the expected energy 
dependence. 

For energies near threshold, this has been discussed 
in Sec. 3. For higher energies, it has generally been 
thought that the enhanced multipole amplitudes should 
contain a factor”: sina33/7°. 

Gell-Mann and Fermi*® have suggested a generaliza- 
tion of this energy dependence. At a distance Z (in 
units of the pion Compton wavelength), the pion- 
nucleon scattering wave function for the (3,3) state 
contains the radial factor 

g=[jilnZ) cosass—mi(nZ) sinas3], (6-1) 
as long as Z is greater than the range of the scattering 
interaction. Here j; and m are the regular and irregular 
spherical Bessel functions, respectively.* If we consider 
Z to be the “effective distance” from the nucleon at 
which photopions are produced, we may expect the 
photo cross section to be proportional to ¢’, the prob- 


3 M. Gell-Mann and E. Fermi (unpublished). 
%L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949). 


ability of finding a pion at a distance Z.* This then 
gives us a predicted energy dependence for the cross 
sections. 

To be specific, we define 


¢/n 
P(Zjo-——-; 
(¢/n) »=0 


(6-2) 


so F=1 when n=0. We can combine this with the 
proper powers of 7 to give the correct threshold energy 
dependence. If we accept the S-wave energy dependence 
of Eq. (3-6) and an arbitrary power law for the » 
dependence, we obtain 
As=p§s, 

A xo=v"9’pF*gxo, 

A xo= v"n’ pFg xo, 

Agi= n’pF ga 1, (6-3) 


where » is an unknown number and p is given by Eq. 
(3-5). gs, gxo, gxo, and ga: are constants. It is to be 
noted that only one factor of F is included in Aa, 
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Fic. 9. The effect on the shape of the +* angular distribution of 
including higher partial waves as calculated with perturbation 
theory, (dashed curves). The solid curves include only S- and 
P-waves as in Eq. (5-1). 


4 Such arguments have frequently been used in connection with 
pion phenomena. See, for instance, K. Watson, Phys. Rev. 88, 
1163 (1952), for a more detailed justification of the arguments 
used, 
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Fic. 10. The quantities E+, M33, and E;; as a function of energy, 
as determined by eo of the x* and x data using the general 
enhancement model, Sec. 5. 
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since it contains only one factor which is enhanced. The 
form given for Ag; implies that the nonenhanced am- 
plitudes increase with y. For E,<400 Mev this seems, 
at least roughly, to be the case. 
For 7Z<1, 
sina33/n* 


F(0)= (6-4) 


> ’ 
(sina33/n*) ,.—0 


in agreement with previous”. estimates of the energy 
dependence. For E,<400 Mev, we have <2.2, which 
means that nucleonic structure effects are not expected 
to show up in our analysis if they are confined to Z <3. 
We do not, of course, mean to take the expressions (6-1) 
and (6-2) very literally as telling us at just “what 
distance” mesons are produced. However, it is reason- 
able to expect F(0), as given by Eq. (6-4) to give a 
quantitative prediction when 7Z is small and also for 
Eq. (6-2) to describe qualitatively the energy at which 
structure effects may appear. In any case, structure 
effects do not seem very important for E,<400 Mev. 

The dependence of the terms in Eq. (6-3) on the 
photon momentum » is of course not known from general 
principles. The form given for As is that predicted by 
meson theory and seems to fit the data very well for 
E, <400 Mev. It might be felt that some such factor as 
[(1/v)7:(vZ) P should be included in A xo and Axo. In 
view of the fact that Z seems to be too small to be of 
much importance, this factor is assumed to be constant 
and absorbed in the constants gyo and gxo. 

In Figs. 3, 4, and 5, we compare A xo as calculated 
from Eqs. (6-3) with the observed values (Table IV) 
for n=0, 1, 2 and for Z=0, 3, and 1. The value of gxo 
was adjusted in each case to give a best fit. It is probably 
not possible to pick the “best” value of m from these 
curves. Fortunately, the curves for different Z are not 
very different, although Z=1 seems clearly too large. 
We shall arbitrarily take n=0 for our subsequent argu- 


ments, pending future considerations which might 
make another value preferable. n=0 is, incidentally, 
predicted by meson field theory in the perturbation 
limit. We shall also take Z=}$, although a “best’’ value 
of Z is probably somewhat smaller, perhaps 0.3 or 0.4. 

A least squares determination of the g’s of Eqs. (6-3) 
has been made (with »=0, Z=}, as specified above). 
The values are listed in Table V. 

To illustrate this we use these four constants from 
Table V and Eqs. (6-3) to calculate the photopion cross 
sections [Eqs. (5-1) ]. These calculations are compared 
with experiment in Figs. 11 and 12. The agreement is 
fairly good, with the exception of the coefficients At 
and C* in the region of the peak at E,~~320 Mev, and 
A® and C° above the peak, E,>350 Mev. These dis- 
crepancies result in part from the fact that the energy 
dependence given by Eqs. (6-2) and (6-3) for the 
enhanced P-wave contributions seems to fall too rapidly 
at high energies. (See Figs. 3, 4, and 5.) Perhaps more 
important, however, is the discrepancy in the energy 
dependence of Aa: cosa; shown in Fig. 8. The possi- 
bility that this is associated with the contribution from 
D-waves was discussed in the previous section. 

We must finally emphasize that our analysis is in any 
case not expected to be reliable above E,=400 Mev, 
as is seen from Table IV. That is, above this energy Aai 
and Axo become comparable which violates the as- 
sumption that the (3,3) P-waves are predominant. 


7. THE x~/x* RATIO 


The most useful information concerning the cross 
section o~ comes from the study of the #~/x* ratio of 
photopions produced from deuterons. This, unfor- 
tunately, of course, does not give us the ratio from free 
nucleons because of (1) deuteron binding effects, and, 
(2), the possibility that the pion may be scattered by 
the two nucleons before getting out of the range of their 
interaction. A satisfactory discussion of these effects 
has not been made, to our knowledge. 

To a first approximation we may argue, however, 
that binding and scattering effects tend to cancel for 
the 2~/x+ ratio from deuterium, permitting us to 
interpret this as being roughly the same as for free 
nucleons. The arguments for this were given in reference 
22, the point being that for energies high enough that 
Coulomb effects could be neglected the charge-inde- 


TABLE V. Values of the constants gs, gx, etc. which appear in 
Eqs. (6-3), (7-3), (7-2), and (11-12).* Units for all but r are 10-” 
cm?/sterad. 








r=0.11340.005, 
gse=0.48+0.03, 
gs1=0.4740.24, 


gs=16.140.6, 
gxo=6.15-40.38 
exo=0.4140.11, 
gai= 1.42-40.37, gas= —0.04-4.0.38, 
ex:—2¢a:=0.124021, ex1=0.04-40.79, 
&p' =gx0ttgxotgai= 7.70.5. 








* Bernardini and Goldwasser (reference 5) obtain the values: 
gs =15.1+1 and gp* =11 +3. 
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pendent nuclear binding effects in deuterium tend to 


modify the free nucleon cross sections x~ and + in the _ 


same proportion. Thus, for the ratio o~/o* the binding 
effects tend to cancel, giving very nearly the same value 
for deuterium as for free neutrons and protons. The 
discussion was given only for S-wave photopion pro- 
duction in reference 22. The extension to the practical 
case for which several multipole amplitudes contribute 
to photopion production can easily be made if we 
assume that the proportional modification due to 
deuteron binding effects is the same for each multipole 
amplitude. 

Lacking, then, a more complete analysis, we shall 
assume that the ratio o~ (@)/o+(@) as measured for deu- 
terium is the same as for free nucleons. 

The difference between the cross sections o~(@) and 
o* (6) is due to the ‘“‘nucleon recoil’”’ terms of the mul- 
tipole amplitudes is derived in Sec. 8. This is 


o~ (60)=0*(0)+r(r+2)As 
+ cosags{_As1 sin’?@+ Asx cos] 
+cosé[rBt+— (1+7) (A s/A xo)*Asx |. (7-1) 


Here As, Bt, and Axo are the same quantities which 
occurred in Eqs. (5-1); r is a constant expressed in 
terms of the ~/x* ratio at energetic threshold: 


[o- (0)/o* (6) |threshoia= (1+r)?. (7-2) 
Aj, and Asx are two new quantities having the form 
(7-3) 


where gs; and G;x are constants. We have assumed that 


Ay=npF gs, Asx=n’eF gsx, 











aT. b amen 





Miata wannee Wes 
320 360 400 440 480 


1 
160 200 240 


INCIDENT PHOTON ENERGY MEV IN LAB 





n 
280 


Fic. 11. Experimental values of A+, B*, and C* for x* pro- 
duction, compared to dashed curves calculated from Eqs. 61) 
and (6-3) with Z=4, n=0, and values of gxo, etc. from Table V. 
The experimental] data are taken from references 6, 7, 8 and 9. 
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Fic. 12. Experimental values of A®°, B® and C° for r° production, 
compared to dashed curves for A® and C° calculated from Eqs. 
(5-1) and (6-3) with Z=4, n=O, and values of gxo, etc. from 
Table V. The experimental data are taken from references 10, 
11, 12 and 13. The M.I.T. points (reference 11) at 320 Mev 
disagree badly with the other data (probably because of diffi- 
culties in obtaining data so near the upper end of a bremsstrahlung 
spectrum), and have not been included in this figure. 


the conclusions which we reached in Sec. 6 concerning 
the energy dependence of the multipole amplitudes are 
valid here also. 

We have now three new constants, 7, gs1, and gsx to 
be determined from the observed #~/x* ratio. Since gs: 
and gsx depend upon the nonenhanced P-waves, we 
expect them to be small compared with gxo (to satisfy 
the condition of the general enhancement model that 
the largest P-wave amplitudes are those which lead to 
the final (3,3) state). Values for gs1, gsx and r have been 
determined from the experiments of Sands, Teasdale, 
and Walker,'* together with some more recent data at 
104° mentioned in Sec. 2. The values obtained are given 
in Table V. The smallness of gs; and gsx is quite satis- 
factory from the point of view of the enhancement 
model. The value of r leads to 


(7-4) 


which may be compared with the prediction from meson 
field theory that this be (1+u/M)*~1.3. 

Using the constants of Table V and Eqs. (5-1) and 
(7-1), we may calculate the ratio o~(6)/o+(@). The cal- 
culated values are compared with the measured values 
in Fig. 13. 

We may finally calculate a predicted cross section 
o(6) using Eqs. (8-11). A‘ =A°— Aj) cosas. This 


(o—/o*) threshold = 1.24, 
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Fic. 13. The experimental x—/z* ratio in deuterium compared 
to curves calculated by using Eqs. (5-1), (7-1), and the values of 
constants given by Table V. 


differs from A° by a negligible amount except at the 
highest energies, and even at 410 Mev, the difference 
is only four percent. 

Also C) = C°— cosas Asx— Asi ~C*. B™ like B® 
is small. Thus, within a few percent, o (9)=0°(@) and 
this is probably in sufficiently good agreement with the 
experiments,”*! considering the difficulties in inter- 
pretation of these, as mentioned in Sec. 2. 


8. EXPRESSION OF CROSS SECTIONS IN TERMS 
OF MULTIPOLE AMPLITUDES 


The photopion cross sections, when only S- and 
P-waves are important, are directly expressed in terms 
of the multipole amplitudes using Eqs. (3-1), (3-2), 
and (3-3). The next step of expressing these in terms 
of the amplitudes for final states of pure isotopic spin 
is given in references 3 and 22. 

For convenience we summarize here the equations 
from reference 3 which express the amplitudes Eau, 
M,(3), etc. for each of the four cross sections (1-1) in 
terms of the amplitudes for pure isotopic-spin states 
(see Table II). 


Egt=e'@v2E;+ 1 (1/v2)[E£1—5E; |, 
Ef=e'2E,—e™3[E,—6E,], 
Mat (4) =eV2M 31 +e" (1/¥2)[Mu—6M 11], 
M?(4)=e#2M n— eM 11—6M 1; |, 
Mat (3) = e'*V2M 33+ '"9(1/V2)[Mis—6Mis |, 
MP (3) = e'*2M 33— e™33[M 13—6 Mis |, 
Ejt=eV2E33+'™4(1/V2)E1s—5 Ei], 
E,= 82 Ey3—e3[ E13—5E 3). 


To obtain the corresponding quantities for the 
(x~-) from the (x*+) process and the (mx°) from the (7°) 
process, we change the sign of 6£;, 5M 11, 6M1s, and 6; 
in Eqs. (8-1). 


(8-1) 
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The purpose of the present section is to reduce these 
general expressions to a convenient form for the analysis 
of the data within the framework of the (3,3) model. 


A. S-waves 


If we consider energies sufficiently near threshold 
that only S-wave pion production is important, the 
analysis is very simple. 

In terms of the three S-wave amplitudes £3, Ei, and 
5E;, we define 


Ey=V2Es+ (1/V2)[E1— 5E 1], 
r=V26E;/ Eo, 
o> (1 /Eo){2E3— 3£:+6Ei} ° 


When the S-wave phase shifts are small (as they 
actually are, according to de Hoffmann et al.*), 


Ejt= Eo. 


(8-2) 


(8-3) 


The four differential cross sections are now (we are now 
neglecting P-waves!) 
ot (0)=E?; 0 (0)/ot (0) = (1+7)?, 
a) (9) =reat (0) 
and 
o°(0)=3(r+rovV2)?ot (6). (8-4) 


Even when we do not neglect the S-wave phase 
shifts, we shall continue to use the definitions (8-2) as 
given. 


B. The General Enhancement Model 


We shall next write out the general form for the dif- 
ferential cross sections in the approximation of Eq. 
(4-4), keeping both S- and P-wave contributions. That 
is in the cross sections we shall drop the squares of all 
amplitudes which do not lead into the (3,3) state. 

We first define 


Xo= (1/V2)[3Mss+3Es3], Ko=V2[Mss—}Es3]. (8-5) 
From Eqs. (4-12), we see that 
Am=X¢, Axo=Ke¢. 
We further define 
Ag3=V2KoM 1, 
Agi= (1/V2)X of 30. Mis—6M13 ]+-3[4is—65Ei3 J} 
+ (1/2v2)K of [Mis—5M 13 }—3[Eis— Eis] 
+2[Mu—-6M 11 ]}, 


Axi=V2K of [M1s—6M13 |— 3 E1s—5E is | 
—[Mi—-6M,}}. 


It should be recalled that in Sec. 5, we found the 
X?>>K?. Comparison with Eqs. (8-7) suggests that 
Ag; should then be larger than Ag; or Axi. 

Since we have agreed to neglect all P-wave phase 
shifts, except for a3, it is only a matter of algebraic 


(8-6) 


(8-7) 
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manipulation to express the cross sections in terms of 
the quantities of Eqs. (8-6) and (8-7). We have 
(neglecting some obviously very small terms involving 
the S-wave phase shifts) : 


At=AgtAxot}A xotcosassAaitAas ] 
=AstApt, 
Ct= iA Ko—A xot COSa33[_A xt" Agi-— 3Aas |, 
Bt+=—2(A sA xo)*{[cos(a33—a3) +2 cos(a33—a1) | 
+$[1/A xo [A x1— 2A as ]+(r+V2r0) 
X [cos (a33— a3) — cos(a33—a21) }}, 
A? = 2A pt — COSaga{_ 3A A i, 
C°=2Ct++3 cosassl Aai—A x1], 
B= — (4/3)(A sA xo)*{[[cos(a33—a3) — cos(as3—a21) | 
+ (r+v2r)[cos(a33—a3)+4 cos(a33—a1) | 
— (r+v2ro)(3/8A xo) [A x1+4Aas ]}. 
We first discard the coefficient B® since it is not yet 
known sufficiently well experimentally to be useful. 
We also neglect the last term in B*, since this is cer- 


tainly very small. 
The second term in brackets in Bt, 


(8-8) 


1 
(3/2)-—[A xi—2Aas], 


Ako 


must be small since it doesn’t seem to effect the point 
at which B+ passes through zero (see Sec. 5). Indeed, 
we can put limits on this term from the experimental 
data at that energy for which 


COS (a33—a3) +2 cos (a33—a1) =0. 


Using the fact that we were able to determine the energy 
dependence of the multipole amplitudes, we can ap- 
proximate the value of 


A xi—2Aags= (gx1— 2803) pn’F 


over our entire energy range by estimating the value of 
gxi— 2ga3 from the behavior of Bt. The result is 


gK1i— 2£a3= 2F gxo(0.4+0.7X 10-*°) 
=0.12+0.21X10-* cm?/sterad. 


It seems clear from this that 
(8-9) 


A xim™2Aa;, 


which permits us to eliminate Ax: from Eqs. (8-8). 
Using the five experimental coefficients, we can now 
determine all the quantities Axo, Axo, Aai, Aas, and 
Ag, as summarized in Table V. It is apparent that Axi 
and Aa; can both be neglected, as was to have been 
expected on theoretical grounds from the discussion 
following Eqs. (8-7). 

Neglecting Ax: and Aas, Eqs. (8-8) reduce immedi- 
ately to Eqs. (5-1). 

Before passing on, we note that in view of the small- 
ness of Axo, it is somewhat surprising that the term 
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(3/A xo)(Axi—2Aa3) doesn’t dominate the coefficient 
B+. The mere fact that it doesn’t seems to imply that 
Eq. (8-9) must be a good approximation. 

To obtain the remaining two cross sections, we define 


Asi= —V2Xo(—36M 13— 4613) 
—(1 /V2) K o(—6Mi3+46F13— 26M 1), 
Asx= —2vV2Ko(—6Mi3+-46E13+6M 1). (8-10) 
The (x~) and (n°) cross sections then have the form: 
A~= (1+1)?A st+Apt+cosas3A 1, 
C-=Ct-+cosa33(Asx— Aa), 
B-=(1+r)Bt—(1+r)(As5/Axko)'Asx; 


and 


(8-11) 


A (nO) — A o_ COSa'33A 51, 
C™ = C°— cosas3(Asx— Aa), 
B = — (4/3)(AsA xo)*{ (1+1)[cos(a33—as) 
—cos(a33—a1) |+V2ro[.cos(a33—a3) 
+3 cos(a33—a1) }— (1, 4A xo) (3 v2)ro 
X[A Kit 4Aast+Asx}}. 
Equation (8-11) were used in Eq. (7-1). 
In accordance with the determination of the energy 


dependence of the amplitudes, as was done in Sec. 6, we 
now define 


(8-12) 


(8-13) 


In Table V are listed the seven coefficients gxo, gxo, 
Zs, a1, £a3, £K1, £51, and gsx, aS determined from the 
experiments as well as the constant r of Eq. (7-2). 


Ay3=m pF gaz, Axi=’pF gr. 


9. CONCLUSIONS 


Our analysis has consisted of two major subdivisions. 
The first has asked only that we be able to find S-matrix 
elements which are compatible with both the experi- 
mental data and with the (3,3) enhancement model. 
It appears that this can be done for E, <400 Mev, but 
not for higher energies. A difficulty was probably 
encountered for £,-~300 to 350 Mev (in the value of 
A41 COSa33), but can possibly be resolved by the inclu- 
sion of D-waves as predicted by meson field theory. 
This question involves a relatively small effect in the 
observed cross sections, however, so must likely await 
more experimental accuracy (say at 6=90°) in this 
energy range. 

The second portion of our analysis has involved a 
comparison of the experimental S-matrix elements with 
those obtained from models. It was found, for instance, 
that the energy dependence is reasonably well deter- 
mined by very elementary models for E,<350 Mev. 
It has been suggested by Sachs** that the slight peak 
in Ag at E,~300 Mev might be due to an S-wave 
“resonance” of the pion-nucleon system (assuming that 
this peak has experimental significance). 


35 R. G. Sachs (private communication). 
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Fic. 14. The polarization of the recoil nucleon, as calculated from 
Eqs. (9-4). 


None of the models has been very good in the 350-400 
Mev energy range. This is not surprising, first, because 
our models have been low-energy models using argu- 
ments appropriate near energetic threshold, and, second 
because higher partial waves may become important 
in this energy region. 

We observe that the (3,3) enhancement model has 
given a very natural and simple explanation for the 
gross features of the experiments. The detailed features 
show considerable complication, however. 

A detailed test of the (3,3) enhancement model is, in 
_ principle, possible if the polarization of the recoil nucleon 
were to be measured. 

If we define “spin up” in the direction (kX q), where 
k and q are respective momenta of the y ray and pion 
in the c.m. system, the polarization of the recoil nucleon 


is 
o(t)—a(4) 

P=, 

o(t)+o(y) 

where o() and o({) are the respective differential cross 
sections for photopion production when the final 


nucleon spin is “up” and “down.” 
We easily obtain 


(9-1) 


sind 
orand Im[ E,*(2Ma(3)+Ma($)—3£Q) J 


+3 Im[M4*(3)(Ma($)—43E,) ] cosd}. (9-2) 


Here o(@) is the differential cross section (3-1) and 
“Im (-+-)” means the “imaginary part of (---).” 
Experimental observation of the polarization could 
give quite useful additional information concerning the 
multipole amplitudes. For our purposes, the most inter- 
esting conclusions would be that direct information 
would be obtained concerning the validity of the (3,3) 
enhancement model. The reason for this is that the 
enhanced terms occur only in the combination 


Ma(§)— bE, 


in Eq. (9-2). This is the combination occurring in A xo, 
which we have seen to be quite small (due to the 
tendency for the magnetic dipole and electric quad- 
rupole terms to approximately cancel in Eq. (9-3). This 
means that the predicted polarization should be quite 
small on the basis of the (3,3) model. (For other models, 
with different “large” multipole amplitudes, this would 
not generally be the case.) Thus an observed large 
polarization would appear to be incompatible with (3,3) 
model. 

Keeping only the “enhanced” wave amplitudes, we 
obtain 


(9-3) 


POR ci hisaitis si 
“are sA xo)*{}[sin(a33—a3) +2 sin(as33—a1) ]}, 


Past AT NS 
=—— 0 S$1N (Q@33—— Q@3) — SIN(Q33—- a1 . 
o°(6) —_— (9-4) 


These expressions should be especially valid for 6-~90°, 
since in this case, the smallness of the phase shifts other 
than a33 helps keep the contribution from ‘nonen- 
hanced” P-wave terms small. The quantities As and 
Axo appear in Eqs. (5-1). 

In Fig. 14, we plot the expected polarization for 
6-~90°, using Eqs. (9-4). As anticipated, this is small. 
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Weisskopf’s analysis of the electron self-energy in 1939 showed that the part of the self-energy that is 
due to the spin of the particle is negative. An extension of this analysis with the addition of a Pauli term 
to the Hamiltonian shows that the additional self-energy that arises is also negative and only adds to the 
original spin self-energy. The physical significance of this negative spin energy is discussed in detail. 

With the choice of an appropriate cutoff, the total self-energy of a Dirac particle with a Pauli anomalous 
magnetic moment can be made negative. A possible explanation of the neutron-proton mass difference in 
terms of their difference in electromagnetic self-energy, as first pointed by Feynman and Speisman, is 
considered in the light of such an analysis of the self-energy. 





I. INTRODUCTION 


N the present framework of quantum electrody- 

namics, the electromagnetic self-energy of the 
electron is a divergent quantity. In many problems, 
however, it is possible to obtain physically meaningful 
results with the process of mass renormalization, 
whereby the infinite self-energy is covariantly isolated 
out as a mass “correction” and incorporated into the 
observed mass of the particle. The possibility of the 
renormalization procedure has not made the theory 
complete and self-consistent. For example, it has not 
thrown any light on the question whether the present 
quantum electrodynamics can be given a mathematical 
reformulation without any change in its physical 
content, in such a way that only finite quantities 
appear throughout the theory, or that some entirely 
new and heretofore unknown fields come into play 
when one considers the interaction between matter 
and high frequency quanta, so as to make all self- 
energies finite. In the present stage of development, 
these two approaches are actually equivalent. They 
merely represent different ways of saying that the 
interaction between matter and radiation according to 
the existing theory must be modified at high frequencies. 
Exactly how it is going to be modified is something 
completely unknown. To crudely simulate such a 
modification in the theory, one may introduce a certain 
cut-off frequency, above which one assumes that the 
interaction between matter and radiation becomes 
negligible. If one takes such a cut-off procedure seri- 
ously, then the electromagnetic self-energy of the 
electron becomes finite (being a function of the cut-off 
frequency), and assumes a physical meaning. 

It was in the spirit of such an approach that Weiss- 
kopf! calculated and analyzed in detail the self-energy 
of the electron in 1939. It was shown there that the 
self-energy of the electron according to the electron- 
positron field theory of Dirac can be decomposed into 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at The Institute for Advanced Study, Princeton, New 
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ersey. 
1V. F. Weisskopf, Phys. Rev. 56, 72 (1939), hereafter referred 
to as W. 


several parts. There is the static Coulomb self-energy, 
which is the direct analog of the classical electro- 
magnetic self-energy of a point charge, and which 
consists of terms diverging logarithmically with the 
cut-off frequency. There are two other terms which are 
specifically nonclassical in origin: first, there is the 
“fluctuation energy,” which diverges quadratically, and 
which represents the kinetic energy of the electron in 
its “Brownian motion” in the fluctuating electromag- 
netic vacuum. And then there is the “spin energy,” 
which consists of terms diverging logarithmically and 
quadratically, and which represents the additional 
energy arising from the electric and magnetic fields 
associated with the spin of the electron. This “spin 
energy” is negative in contradistinction to all other 
terms, and, as shown in W, is equal to twice the static 
attractive energy of a system of magnetic moment 
distributions. On adding up all these terms, there is a 
calcellation of the quadratically divergent terms, so 
that we have a total electron self-energy that is positive 
and diverges only logarithmically. 

It is interesting, in the light of the analysis mentioned 
above, to consider the self-energy of a Dirac particle 
which possesses an anomalous magnetic moment in the 
form of a “Pauli term.” The addition of the Pauli term 
leaves the charge and spin of the particle unchanged, 
but increases or decreases its total magnetic moment, 
depending on the sign of the anomalous magnetic 
moment. It is therefore not surprising to find, with 
subsequent analysis, that, by introducing an anomalous 
moment, the spin energy alone is affected in the self- 
energy of the particle. Since the spin energy is negative, 
it is made more negative by the addition of a positive 
anomalous moment, and less negative by a negative 
anomalous moment. As is pointed out by Feyman and 
Speisman,’ this could be the reason why the proton has 
a slightly smaller mass than the neutron. Assume that 
before one “turned on” the electromagnetic coupling 
the proton and neutron both had the same “mechanical 


? R. P. Feynman and G. Speisman, Phys. Rev. 94, 500 (1954); 
G. Speisman, Ph.D. Thesis, California Institute of Technology, 
1955 (unpublished). See also A. Petermann, Helv. Phys. Acta 
27, 441 (1954), for a slightly different approach. 
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mass.”’ Assume further, that when the electromagnetic 
field is ‘turned on” the proton and neutron are Dirac 
particles with a “Pauli term,” and differing from each 
other only in their electric charge (+e for proton and 
0 for neutron) and the anomalous magnetic moment 
(+1.79 and —1.91 nuclear magnetons, respectively). 
Then it will be seen that the electromagnetic self-energy 
tends to decrease the mass of the proton and to increase 
the mass of the neutron. By choosing an appropriate 
cut-off frequency, it is thus possible to arrive at the 
experimentally observed neutron-proton mass difference 
of 2.52 electron masses. The value of the cut-off fre- 
quency thus obtained can be related to a “radius” of 
the nucleon, for distances smaller than which the 
present electrodynamics breaks down. Feynman and 
Speisman found a cut-off radius of the order of the 
nucleon Compton wavelength—a result that is not 
unreasonable. However, the validity of adding a pure 
Pauli term to represent the electromagnetic interaction 
of a nucleon with such high-frequency quanta as is 
involved in the self-energy must be seriously questioned. 
This and other questions related to the logical basis 
for such an interpretation of the neutron-proton mass 
difference will be discussed later. 

The main part of this paper will be devoted to an 
analysis and physical interpretation of the various 
terms that arise in the electromagnetic self-energy of a 
Dirac particle with a “Pauli term’”’ anomalous magnetic 
moment. The spirit of the analysis will be the same as 
in W, but calculations will be considerably simplified 
by making use of the covariant quantum electrody- 
namics. An understanding of the effect of the Pauli 
term on the self-energy helps us in understanding even 
better the self-energy without the Pauli term. While 
it is unlikely that the neutron-proton mass difference 
may be explained without bringing in the details of 
meson theory, one hopes that the physical reason for 
this difference can be understood on a simple basis. 


Il. CALCULATION OF THE SELF-ENERGY 
(a) General Considerations 


Our purpose is to calculate the electromagnetic self- 
energy of a Dirac particle with an anomalous moment 
represented by a “Pauli term.” The Hamiltonian 
density for the system under consideration is (with 
h=c=1) 

H= Hot Hin, 


where Hy is the field-free Hamiltonian of the Dirac 
and the electromagnetic field, and 


Hint (x)= — j,( )A,(x)—3$M a(x) Fas(x), (1) 
jo(x) = ied (x)yW(x), (2) 
M p(x) =p(e/2m)y(x)oapp(x). (3) 


The notations are the usual ones, with Y=y*8, y being 
the field operator for the Dirac field, Fag=(0/0x_)Ag 
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— (0/Axg)Aa, Aq being the 4-vector potential, is the 
quantized field tensor for the electromagnetic field. 
The value of the anomalous magnetic moment in units 
of the nuclear magneton e/2m (m=nucléon mass, 
mc?=931 Mev) is denoted by uw. The summation con- 
vention is employed whereby all repeated Greek indices 
are summed from 1 to 4. Charge symmetrization of the 
current operators is not necessary, as usual, provided 
one always sees to it that the vacuum expectation 
value of the current is zero. 
The equation of motion for the field operators are 


(¥0,+m) (x) =Liey,A »(x) 
+}u(e/2m)oapF a(x) W(x), (4) 


OA,(x)=— j,(x)+0aM a(x), (5) 


where 0,=0/dx,, and 0 =0?/dx,dx,= V?— 02/d# is the 
d’Alembertian operator. (Note that Heaviside electro- 
magnetic units are being used.) It is seen that the 
effect of the Pauli term is to add to the current operator 
jy of the Dirac field a term —0,M,.,, so that the total 
source for the electromagnetic field is 


J, (x) = j,(x)—0aM a(x), (6) 
that is, 
DA,(x)=—J,(x). (7) 


The constant m® in (4) denotes the “nonelectromagnetic 
mass” of the nucleon. It is the mass of the particle 
before one “turns on” the electromagnetic interaction. 

The self-energy we shall calculate is the expectation 
value of 3¢= /Hd'x for a state in which there is one 
Dirac particle at rest and no photons present, and we 
shall calculate it only to order e’ in perturbation theory, 
treating Hj,; as the perturbing operator. The calculation 
will be carried out in the Heisenberg representation, 
and the problem reduces to the following: Given the 
Hamiltonian H=Ho+Kint, where Ho is already di- 
agonal, diagonalize 5 to second order in e. This is 
achieved by performing a canonical transformation on 
KH: 


KR*=e'SHe- S$ =Hyt Kinet iL S,Ho 
+i[S,Hine]—$0S,0S,Ho]]+---. 
Requiring 
[S,5Co ]= 1H int, 
we obtain 
R*—KHo= de'S3C; 167 *S, (8) 


where it is understood that the right side should be 
expanded to order e’ only. Hence an equivalent form 
of (8) is 

KH*—Ho=FKint’, (9) 


where Hint” is obtained from Hint by expanding all 
operators occurring in 3Cjn¢ in terms of the free-field 
operators, and the result taken to order e’. 

The self-energy of the nucleon in its rest frame, 6m, 
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is defined by the following equation: 


*-— (seo+m [ Huer) = dein? —am f Hurr=o. 


Integrating over the time coordinate and taking the 
expectation value for the state in which there is one 
free nucleon at rest and no photons, we obtain 


5 fa(Q0s")—am f aebd)=0, 


ém= AK ff atsaein) 
1 


is obtained as an invariant quantity. The bracket (_),, 
denotes the ‘‘one-particle part” of an operator, defined 


by 
( f icin) =( f d'xStin* ) / ( f deb), (11) 


where on the right side the expectation values are taken 
for a state with one nucleon at rest and no photons 
present. The quantity (/d‘xy) is singular, equal to 
the limit of (21)‘5(p—p’) as p,, p,’ both approach the 
4-momentum of a free nucleon. Hence one can also 
write 


( farses’) =[(2n)6(p— pI} f atsaein), (12) 


evaluated in the limit as p,, p,’ both approach the 
free-nucleon 4-momentum. The “division” by the 
6 function has an obvious symbolic meaning. 

The operators occurring in Kint* satisfy the field 
equations (4) and (5), which can be transformed into 
integral equations satisfying the desired boundary 
conditions as follows’: 


so that 


(10) 


v(x) =Y(x)— fee's (x—x’)[iey,A ,(x’) 
+ 5u(e/2m)oask ap(x’) W(x’), 
Y(x)=P(x)— fae’ Lier.A »(x’) 


(13a) 


+43y(e/2m)oasF a(x’) |S***(x’—x), (13b) 


A,(x)=A 26)+ fax De(e—x) 1,02), (13c) 


where y, ¥ and A,” are the free-field operators given 
by solutions to the corresponding homogeneous equa- 
tions of (4) and (5), with boundary conditions which 
are not important for the present discussions. The 


3C, N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950). 
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various Green’s functions in (11) are defined by 


Stet(x) = (y,0,—m) Att (x), 
: (14a) 
Art(x) = B(x) —4A(2), 


S*4v (x) = (y,0,—m)A*4* (x), 
(14b) 
A*4v (x)= A(x)+4A(z), 


Dr**(x) = A'*(1) | wao=— ———, 


4a |r) 


(14c) 


and the functions A(x) and A(x) are defined by4 


. dk 
A(x)=P f — ——., 
(2m)* k?+-m? 


d'k 
A(x)= —2ri f 
(27)! 


where P denotes the Cauchy principal value of the 
integral, and e(k)=+1 if ko>O, and —1 if ky<0, 
(ko=1tk,). The Fourier transforms of these functions 
will be denoted by the same symbol, e.g., 


eik-z 


(15) 


e'*-*§(k?-+-m?) e(k), (16) 


1 
A(k)=P——. 
k?+ m? 
The free-field operators obey the usual commutation 
rules*: 


{W(x), W(y)} =—iS(x—y), 
[A,°(«),Ax°(y) ]=16,,D(ax—y), 


(17) 


where S(x) = (y,0,—m) A(x), D(x) = A(x)! moo. 

To solve Hjn; to second order, it is sufficient to solve 
the field operators to first order. This is achieved by 
iterating the integral equations (11) once. We write 

¥(x)=~(x)+¥ (x), 
V(x) =P(x)+Y (x), 
A,(x)=A,°(x)+A,'(x), 


(18) 


where 
W'(x)=— f dt! Stt(x—x')Liey,A,(2x’) 
+$u(e/2m)oag0aA g(x’) W(x’), 
Vis)=— fae LievAe) 


+43y(e/2m)oa30q'A g(x’) |\S*4*(x’—-x), 
A,'(«£)= farve(e—x) 100), 


where J,° is the operator defined by (6) but with y, y’ 


‘ For details see J. Schwinger, Phys. Rev. 75, 651 (1949). 
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replacing ¥, y, respectively. We shall also write 


J (x) =J,°(x)+J,'(x), (20) 


where 
J, (x) =P[iey,—u(e/2m) 0a ar W 
+W [iey,—u(e/2m) daa» W. 
The interaction Hamiltonian density can alterna- 


tively be taken to be —J,(x)A,(x), and to second order 
it is given by 


(21) 


Hin’ =—J,°A,’—J,'A,, (22) 
where we have omitted the term —J,°A,° which 
obviously has vanishing one-particle part. 

We see that Hj," is split covariantly into two parts. 
The first term on the right side of (22) represents the 
self-interaction of the nucleon. It is the interaction of 
A,’', which is the electromagnetic field generated by the 
charge and current in the nucleon, with the (unper- 
turbed) charge-current distribution J,° of the nucleon 
itself. This term alone represents the entire self-energy 
of the particle in classical theory. It contains the 
Coulomb self-energy and the attractive energy of the 
“spin current” of the Dirac particle, denoted respec- 
tively by “Coulomb energy” and “spin energy.” We 
shall denote the whole term “interaction energy.” 

The second term of (22) represents the interaction 
of the vacuum electromagnetic field A,° with the charge 
and current J,’ of the nucleon that is produced under 
its forced motion caused by zero-point fluctuations of 
the electromagnetic field. It is hence a sort of kinetic 
energy of the nucleon due to its “Brownian motion” in 
the fluctuating vacuum. It is of purely quantum- 
mechanical origin and will be denoted “fluctuation 
energy” in accordance with W. Hence, 


5m = dmint+SmM tic, (23) 


rman fowsen:) 
1 
5M tiuc= = fares. ) ° 
1 


(b) The Fluctuation Energy 


Let us first examine the fluctuation energy. The only 
contribution to this energy comes from the term j,’ in 
J,’, and thus the Pauli anomalous moment contributes 
no “Brownian motion” to the particle in the electro- 
magnetic vacuum. This can be seen by the following 
argument: 

Writing J,’= j,/—0,.M.,' according to (6) and (21), 
we see that 


with 


dM tue 


=n fesira ‘) -K f dteh Mas Pa) (25) 
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where the second term on the right is the contribution 
due to the Pauli term. Now M,,’ is the magnetic 
moment density produced under the forced motion of 
the nucleon in the vacuum electromagnetic field Fa,°. 
It must be of the form ¢:Fas°+¢2F'ag°, where ¢1, cz are 
constants, and F’,s° is the tensor dual to Fag’. Hence 


( f dM Pa!) 
1 

=a f dF, Pat) te f dah, rp) 

0 0 


=a fa'e(Ee—He)) +04 fd'rEs Ho) =(), 
0 0 


This result is also verified by a direct calculation. 


Whence 
6M tuc= -1{ fai’) ’ 
1 


j/=ie Py + ww). 


Substituting the expression for 9 and y’ from (16), 
one obtains 


(26) 


where 


e 
imose=— f dade PCa) S™(s— 92) 


+P) nSe(e'— PU AL)) 20) 
1 
To evaluate the one-particle parts above, we shall find 
the following relationships useful! : 
({A »°(x),A »°(x’)})o=5,,D™ (x— x’), 
(W(x), P(x’) o= —S (x—x’), 


where {_ )o denotes vacuum expectation value, and 


(28) 


S® (x)= (¥rd,—m)A® (x), D(x)=A(x)| mao, (29) 


d‘k 
A(x) =2n f— e** 75 (k?+-m?). (30) 


2m)! 


In (27), only the symmetric parts of S'*t(x—<x’) and 
S*4v(%’—x) survive, so that they can both be repiaced 
by S(«—«’)= (y,0,—m)A(x—x’) [see (15)]. The final 
expression obtained is, when transformed into mo- 


mentum space,® 
Sm nec=—4e0(?) f pei P oP Seren (31) 


5 See reference 4, particularly, page 672. 
6 It is understood that p, shall be put equal to the 4momentum 
of a free Dirac particle at rest at the end of the calculation, i.e., 


pr= (0,0,0,ip0), where Bpo=m. 


d‘k 
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where u(p) is a normalized Dirac spinor of 4-momentum 


ii(p) (y»p,—im) = (y»p»—im)u(p) =0, 


32 
ai(p)u(p)=1. (82) 


(c) Interaction Energy 


The interaction self-energy is defined by (28). The 
free-field current J,° may be expressed differently by 
transforming j,° into Gordon form’: 


jo=iePy P= (e/2m)[—is,+0a(Poaw)], (33) 


where 


5,= P (dw) om (apy. (34) 


The space and time components of j,° are 
j= (¢/2m)[—is+curl(Poy) —i(d/dt) (Pay) ], 
jo=ip’= (¢/2m)[—isi+i div(Pay)]. 


The operators (0/dt)(Way) and div(Weay) have 
vanishing diagonal matrix elements, but the non- 
diagonal elements do not vanish. 

The term s in (35) is just the Schrédinger convection 
current for a spinless particle. The second term, 
curl(ey’) represents the current associated with the 
spin (the current from the Zitterbewegung),® and the 
last term (0/0t)(Way) is the time rate of change of 
the electric moment density according to relativity. 
The last two terms add up to give the covariant spin 
current 02(Pcu). The fourth component of this, 
i div(Way), has zero diagonal matrix elements. This 
insures that the total charge of the particle is related 
only to the convection current s. Note that the effect 
of the Pauli term is just to add to the strength of the 
second term in (33), the spin current. Hence 


J,= (e/2m)—is,+ (1+y)d. (Pow) ]. 
From (27) and (19) we have 


(35) 


(36) 


imint= — Af ff axate’ Dee YIMa)IAe)) 
1 


= <A f ated D(x 2,008)102)) . (37) 


It is only D(x—x’), the symmetric part of D'*t(x—<x’), 
that survives, where 


D(x—x’)= A(x—2’) | mao. 


Using the explicit form (36) for J,°, one obtains, after 
some straightforward reduction: 


5mMine= ms, +5m,. +My, (38) 


7See, for example, W. Pauli, Handbuch der Physik (Verlag 
ay Springer, Berlin, 1933), second edition, Vol. 24, Part 1, 


p. 238. 
8K. Huang, Am. J. Phys. 20, 479 (1952). 


where® 


ise 4(6/2m) f atedty Dla—2)s.(e)sse)) 
=4(e/2m)*(2n)-40(9) 
x f EDr—HR+P'S™Hu(p), (9) 
img —Bi(l-+u)(6/2m f abadte’D(x—x) 
XL5-(2) dx W(x)ora(x’)) 
+8 (@)ead(a))n@))) 
=}i(1+1) (e/2m)*(2n)-4a(p) 


x f dk D(p—k)(p,—k,)[onS(k) 


—S®(k)on](prt+ky)u(p). (40) 


bmee= —4(1 +uee/am€ f ded’ D(x x’) 
X da(V(x) oar 89 U(e")onab(e’))) 
=}(1-+u)*(c/2m)*(2m)-*a(p) f atk (p—k), 


X (p—k),D(p—h)oraS” (k)orau(p). (41) 


(d) Connection with Conventional Methods 


Before we proceed to evaluate these expressions 
explicitly, we may remark that our purpose in writing 
dmint in this form is to show its dependence on the 
anomalous moment u clearly. If ~ were zero, there 
would be no particular advantage to this decomposition, 
and it would have been better to proceed with the 
origin form iepy, for j,°. For the part of dmin that 
is independent of u, one thus gets 


mine (u=0) = —fet(2) 4a () 
x f d'kD (p—b)y-S (kyu). (42) 


Together with the fluctuation energy (31), (which has 
no contribution from the Pauli anomalous moment), 
one gets 


bm(u=0) = —4e2(2m)-*a(p) f d'ky,[D® (p—k)8(b) 


+D(p—k)S (k) Fr.u(?) 
= — 416*(2n)~*(p) 


x f dey, Dr(p—k)Sr(kyy.u(p), (44) 
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where 


Sp(k)=2/(yk,—im), Dr(k)=—(2i/k), (45) 


are the familiar Feynman propagation functions. 
Equation (44) is what one would write immediately 
for the self-energy of an electron, using the standard 
techniques of Feynman and Dyson. The transformation 
from (43) to (44) is based on the fact that the combi- 
nation 


D® (p—k)S(k)+D(p—k)S (k) 


differs from Dr(p—k)S p(k) by terms that vanish upon 
carrying out the required integrations. Splitting DrSr 
in the manner we do covariantly separates out the 
“fluctuation” and “‘interaction’’ self-energies. 


(e) Results of the Calculation 


To calculate dm iy. and dmin from (31) and (38)—(41) 
we shall introduce a cutoff in the rest frame of the 
nucleon by understanding the momentum space inte- 
gration to be carried out as follows: 


Ko +00 
fae-f Keak faa f dko, 
0 —20 


where K=|k|, and Ko denotes the cut-off momentum. 
dQ is an element of solid angle in k-space, and ko= — ik. 
All integrations are then elementary, and one obtains 
as final results: 


(46) 


bm = SM fiuctSmMint, 
bMint= bm,.+6m.,+5My,, 


OM tuc= (a/22)mv*, (47) 


5m,,= 2(a/2mr)m log[ »+ (1+ *)*] 
+$(a/2m)m{v(1+r)! 
—log[ »+ (1+)! }}, 
5m.o= —3 (1+) (a/2r)m{v(1+2*)! 
—logl»+ (1+v*)*]}, 
5Mee= — (5/4) (1+ u)*(a/24)m{v(1+r*)! 
—log{»+ (1+,*)!}}, 


where v= Ko/m is the cut-off parameter, and 


(48a) 
(48b) 


(48c) 


a= e?/4rhc= 1/137. 


The first term in (48a) represents the static Coulomb 
self-energy of the particle, as can be verified by a 
direct calculation : 


p°(rt)p°(r't) 
( f 5 drde'dt) 
lr—r'| 


=2m(a/2m) logiv+(1+v*)#]. (49) 


All other terms in 6m;,, then represent the effect of the 
spin current, and will be denoted by dmspin, the spin 
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energy, in the notation of W. Thus 
SMint=SMcourtSMspin, 
with dmcou given by (49) and 


SmMspin= —[1+3u+ (5/4)? }{v(1+r*)! 
—loglv+ (1+*)!4}}. 


The total self-energy is then 


5m=3(a/2r)m logl »+ (1+77)!] 
+ (a/2r)m[v—v(1+v*)!] 
—[3u+ (5/4) u? ](a/2r)m{ »(1+27)! 
—loglv+(1+r*)!]}, (51) 


where the first term, which is independent of y, is the 
well-known self-energy of a Dirac particle without 
anomalous moment, as given by W. The second term 
is negligible for large v, and the remaining quadratically 
divergent terms represent the additional self-energy to 
the anomalous magnetic moment. 

These results can be obtained more readily if one 
uses the Feynman-Dyson technique of calculation. The 
self-energy (51) is then the sum of contributions from 
four Feynman diagrams shown in Fig. 1. Diagram (a) 
gives rise to the terms independent of yu, the two 
diagrams (b) give rise to the terms linear in yw, and (c) 
gives the terms proportional to u?. The method we have 
employed, however, is more adapted to a physical 
interpretation of the self-energy. 


(50) 


III. PHYSICAL INTERPRETATION® 


We have seen in the foregoing developments that the 
self-energy can be covariantly separated into two parts, 
dmMtiue and éminz. The former is independent of the 
anomalous moment, and its physical significance has 
been discussed in previous sections and in W. The 
present discussion will deal mainly with the interaction 
energy dmint. This can again be split into two terms: 
the static Coulomb self-energy 6mcoui and the spin 
energy 5mspin. The introduction of the Pauli anomalous 
moment affects dms,in alone. It serves merely to put a 
multiplicative constant on dmspin, while leaving un- 
changed its functional dependence on the cut-off pa- 
rameter. For a physical understanding of the effect of 
the Pauli term, it is thus sufficient to examine dmgpin in 
more detail. 

First let us consider the pure Dirac case, with n=0: 


dMspin= <1 f atst's' D4 0-2) j.(3)j0) 
1 


~1{ f aes’ De—2o(2)02)), (52) 


where 
6(t—?’) 
p(x)=ep(x)By(x), De(x—x’)= (53) 


\r—r'| 


® From now on we shall drop the superscript on the free-field 
operators y, A,°, etc. as no confusion will arise. 
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Since the separation between dmspin and dmcoui is a 
noncovariant one, our use of the Lorentz gauge so far, 
convenient for formal calculations, becomes clumsy 
for physical interpretation. It is hence desirable to go 
over to the Coulomb gauge for our purpose here. We 
shall use a superscript ¢ on the electromagnetic po- 
tentials to denote Coulomb gauge. The equations 
defining the vector and scalar potentials are 


0¢° 
OA(x)= he ee V’o°(x) = —p(x), 


from which one obtains 
DA*‘(x)=—I(x), (a= far D(a—x)p@), (54) 


where 


I(x)=curlM(x), divI=0, 
e d‘x 


M(x) = Bal CITE eat curl | —D°(x—x’) 
2m } dr 


2 2mi 


(55) 


0 
x | s(0)+ 100) ab 2) ; (56) 


with s(x) as defined in (34). Thus we have divA°=0 
as an operator identity. If the matter field under 
consideration were a classical field, we would have I(x) 
equal to the transverse part of the current vector j(x), 
which would be just (e/2m) curl(Yoy). However, the 
transverse part of the operator j(x) contains extra terms 
which are not identically zero (only their diagonal 
matrix elements are zero). This very fact is responsible 
for the additional term in (56), which involves the 
convection current s and the electric moment Pay. It 
has, of course, zero diagonal matrix elements. I(x) then 
is the effective transverse current density responsible 
for the magnetic field and the transverse electric field 
of the particle. 

The magnetic and electric fields set up by the 
particle are given by 


H=curlA‘’, 

E= Er;+E,, 
where Er, E, are the transverse and longitudinal 
electric fields, respectively. It is easily verified that 
JS Er: Exd’x=0. The quantity /d‘x(H?— E*) is both 
Lorentz invariant and gauge invariant: 


E,=— 0A°/dt, 
E,=—grad¢*, 


(57) 


f dx (H?— E’) = f ihm f d'x(I-Ae—pd*), (58) 


from which it can also be deduced that 


facta favor E7’), 
fesooe= farsi 
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Vertex e+ -ie(W Yyw)Ay 
Vertex x? -y(e/2m) S(V Cig) Fae 


Fic. 1. Feynman diagrams for the self-energy of a Dirac particle 
with a “Pauli term” anomalous magnetic moment. 


Hence 


imcou=3 f axB,*) ’ 
1 
dMspin= — A fac E.*)) 
1 
‘ -1( f dtl. 1) 
1 
-— AC f ataats’De(x—x/)1(2) Te’) ‘ 
1 


The last equation justifies the term “spin energy,” for 
it clearly shows that 5m,,in is the attractive energy of 
the system of transverse currents I(x) which owes its 
existence to the spin of the particle. The transversality 
of I(x) enables one to picture it as a collection of 
current loops, the mass motion associated with which 
gives rise to the intrinsic spin.® 

For the case »=0, it has been shown in W that (60) 
can even be reduced further. There is a close cancella- 
tion of terms to give 


dMspin(u=0)= —F(e 2m){ f dad's’ De(—’) 
Xeurl[ Jey ()]-curl(Yey(+")]) (61) 
1 


Thus for this case dmspin is twice the static attraction 
of the spin currents. The simplicity of this result is also 
reflected in the fact that, as shown in W, the total 
energy in the transverse electromagnetic field is zero: 


1 
{ favor E:*)) =0, (for u.=0), (62) 
1 


from which one can immediately conclude that 


1 
{ favar- Er) = fait (for u=0), (63) 
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whence, 
(64) 


5mspin(u=0)= -¢ fast’) ; 


The simplicity of this result, unfortunately, is not 
carried over to the case when uy is not zero. It will be 
seen from (54) and (55) that by making yu different 
from zero, A‘ and I are not simply multiplied by 
(1+ ) as one might expect if the system were classical. 
The electric and magnetic fields, then, are not simply 
multiplied by (1+)? when we put in the Pauli term. 
The term which contains s in (56) is independent of y, 
and is the cause of the complication. This term, as we 
have seen, is quantum mechanically necessary to insure 
the transversality of the magnetic field. With the 
addition of a Pauli term, (62) and (63) are no longer 
true. Instead, one obtains, after some straightforward 
calculations, 


< f dtr (HE+ E:)) 


= —2u(1+n)m(a/2n)[ f(v)+g(v)] (65a) 
and from (60), (50): 


-( jf d'x(H2— Ey) 


=[1+3u+ (S/4)u*]m(a/2n)[ f(v)—g(v)], 


where 


(65b) 


Se~)=v(1+v)', g(v)=logly+(1+r*)*], (66) 
and » is the cut-off parameter. The introduction of an 
anomalous moment changes the gyromagnetic ratio so 
that the delicate balance that produces result (62) is 
upset. Nevertheless, the interpretation of dm,pin as a 
spin energy still stands. We must now imagine that in 
addition to the static attraction between the spin 
“current loops,” there is also an interaction with the 
convection current of the particle in intermediate 
states—a purely quantum-mechanical effect. 

To talk in a more picturesque way, one may perhaps 
make the following semiclassical picture: Drawing 
again from the interpretation of the Zitterbewegung as 
a circular motion which give rise to the spin and mag- 
netic moment of a Dirac particle,* the Pauli term 
merely adds to these “current loops” responsible for 
the magnetic moment. Thus it can be said that there 
are two kinds of current loops: the Dirac current loops 
and the Pauli current loops. Now we can write dmspin 
in the form 


OMspin= —m(a/2n)[ f(r) —g(v) IL (1t+u)?+u(1+4,) J. 


The first term expresses the effect of simply adding the 
Pauli current loops to the Dirac current loops. The 
presence of the second term demonstrates the fact that 
such a semiclassical picture is only qualitatively correct. 
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However, such a viewpoint is helpful in the under- 
standing of why 65m,pi, is negative when yp is not zero: 
the addition of » to the Dirac intrinsic moment increases 
the absolute magnitude of the negative spin energy, 
just as an increase in the current of two loops increases 
their energy of attraction. 

It may be well to discuss in this connection a fact 
which at first sight appears paradoxical. The results of 
our calculations show that dmspin= —}(fd‘x(H? 
— E7*));, which differs from the total energy residing in 
the transverse electromagnetic field 3( fd‘x(H?+ E7’));. 
In fact, for .=0, the total transverse electromagnetic 
energy is zero, while émspin is nonzero and negative. 
How are we to understand this difference in terms of 
the usual intuitive picture that the self-energy is the 
work required to ‘‘create” the particle in question? 
Let us first consider the building up of a charge aggre- 
gate classically. If one assembles elementary charges, 
originally infinitely far from one another, and build up 
a single charge, then the work one must do is 


3 f E*d'x, 


equal to the energy in the field set up by the final 
system. Thus all the work goes into setting up the 
electric field, and this work is the self-energy of the 
final system. Now imagine that one tries to assemble a 
system of closed-loop currents. To make the picture 
even more concrete, imagine that originally one has a 
number of identical thin charged flywheels, which 
rotate about the same axis but are infinitely separated 
from one another. Now one wishes to bring them 
together along the axis to form a single flywheel. How 
much work is required? The answer depends on whether 
the angular velocity of these flywheels during the 
assembling is kept constant. If each flywheel maintains 
the same angular velocity throughout, then the work 
done is equal to the field energy set up by the system 
(ignoring the electric effect), i.e., 


i f H’d*x. 


In so doing, one also finds that the total angular 
momentum of the system (mechanical+field) is differ- 
ent before and after the assembling. On the other hand, 
if one stipulates that no external torque shall be in 
effect, so that the total angular momentum shall be 
kept constant, then one must take energy away from 
the flywheels, allowing them to slow down, with the 
result that one does a negative amount of work, equal 
to minus twice the field energy of the final system,’ 


- f H?d*x, 


See, for instance, J. A. Stratton, Electromagnetic Theory 
(McGraw-Hill Book Company, Inc., New York, 1941). 
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which is the proper interpretation of dms.pin. Now if 
one wants to form a semiclassical picture of the “crea- 
tion” of the Dirac particle by assembling elementary 
charges and elementary “flywheels,” one must keep in 
mind that the total angular momentum of the system 
is quantized, and must always be 3/4." 


IV. THE NEUTRON-PROTON MASS DIFFERENCE 


Feynman and Speisman? pointed out that the 
neutron-proton mass difference of 2.52 electron masses 
may arise from a difference in their electromagnetic 
self-energy. Experimentally, the proton and neutron 
are observed to possess anomalous magnetic moments” 
Lp, un respectively (over and above the Dirac intrinsic 
moment of +1 and 0 respectively), with 


up=+1.79 Nuclear magnetons, 


py=—1.91 


(67) 
Nuclear magnetons. 


One way to account for the moments is to introduce 
Pauli terms with the proper respective strengths (67) 
in the equation of motion for the proton and the 
neutron. Such a Pauli term represents correctly the 
interaction of the nucleon with radiation of long wave- 
length (long compared to the nucleon Compton wave- 
length). 

Suppose now one takes this Pauli term seriously, and 
compares the self-energies 5mp of the proton with dmy 
of the neutron. Since the neutron possesses no charge, 
5my will be solely proportional to y?, corresponding to 
the Feynman diagram (c) of Fig. 1. The proton, on 
the other hand, will have contributions from all Feyn- 
man diagrams of Fig. 1. From (51) one can immediately 
write down: 


dm p= (a/2r)m{3 logl »+ (1+) ]+[—»(1+*)*] 
—[3ur+ (5/4)ur*[r(1+)! 
—log(v+ (i+*)*) J}, 
dmy = — (a/2r)m(5/4)un*Lv(1+*)! 
—log(v+ (1+ »*)#) ]. 


Since up and uy are almost equal in magnitude, the 
main difference between dmp and dmy comes from the 
quadratically divergent term linear in wp. With a 
suitably chosen cut-off parameter v, dmp, dmy are both 
finite and represent corrections to the nonelectro- 
magnetic masses mp, my, which appear in the equa- 
tions of motion (4) (leaving out the term iey,A, for 
the neutron). One assumes that 


(68) 


m p= my’, 


in accordance with the principle of charge independence. 
That is, the proton and the neutron are assumed to 
interact is exactly the same manner with field other 

We are indebted to M. Gell-Mann for an illuminating 
discussion concerning this point. 


12 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 


DIRAC PARTICLES 


Fic. 2. Neutron-proton 
mass difference, taken as 
the difference in their elec- 
tromagnetic self-energy, cal- 
culated as a function of the 
cut-off parameter »= Ko/m, 
where Ko is the cut-off 
momentum. 








the electromagnetic field—a fact which has been sup- 
ported by numerous experiments in nuclear and meson 
physics.” The observed masses will then be 


mp=mp+éimp, my=my°+ébmy, 


and the newtron-proton mass difference is just the 
difference in electromagnetic self-energy : 


Am=my—mp=bmy—dmp. 
From (60): 


Am/m=3(a/2m){(up— (5/12) (un?—nP*) J 
X[o(1-+»2)!—log(»+ (1-+»?)4)] 
—43[r—v(1+v*)!]—logl y+ (1+*)!}} 

= (a/2n){6.15v(1-+r2)}— 92 


—8.16 loglv+(1+»%)]}. (69) 


A plot of Am/m as a function of » is shown in Fig. 2. 
The observed value” of 


Am= 2.52 electron masses, 


Am/m=1.23(a/2r), (70) 


is seen to occur at v=1.12. This yields a cut-off mo- 
mentum Ko=1.12mc, or an “effective radius” of the 
nucleon : 

ro=h/Ko=0.9h/mc= 2X 10- cm. (71) 

Our philosophy here can be stated as follows: In 
ignorance of a consistent field theory which would give 
a finite self-energy, we attempt to simulate the actual 
state of affairs by using the existing quantum electro- 
dynamics together with a cutoff. Our procedure consists 
of retaining only the electromagnetic interaction outside 
of the cut-off radius, and discarding the “inside” 
contributions (which diverges in the existing theory). 
The radius (71) hence defines a sphere surrounding the 
nucleon, in such a way that the electromagnetic self- 
energy in the region outside of this sphere, calculated 
with the existing electrodynamics, would account for 
the neutron-proton mass difference. 

We have further assumed, in the present model, that 
in the “outside” region the electromagnetic properties 
of a nucleon are reasonably accounted for through the 
Pauli term. For our model to be valid, the cut-off radius 
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should be of the order of, or not much smaller than, 
the extension of the virtual meson cloud about a 
nucleon. Otherwise one cannot employ the Pauli term, 
and must explicitly bring in meson theory.” 

The smallness of the value (71) is a happy result 
from the point of view of the magnetic moments of 
nuclei. Experimental evidence seems to point to the 
deduction that the intrinsic magnetic moment of 
nucleons are not affected when they are in nuclear 
matter.” This means that the internucleon distance in 
normal nuclear matter (about 10- cm) must be large 
compared to the size of the meson cloud about a nucleon. 

To make a better model, one probably should use 
two different cutoffs, one for the charge distribution 
and another for the current distribution as Feynman 
and Speisman did. However, since the main effect comes 
from the current distribution, the self-energy is not 
sensitive to such a modification, as borne out by the 
fact that Feynman and Speisman obtained about the 
same radius (71) for the nucleon. 

Recently, there have been attempts to estimate the 
radius of the proton from experiments. Zemach," and 
others, have tried to deduce the size of the proton 
magnetic moment distribution from the hyperfine 
structure of hydrogen. Zemach obtains an upper bound 
for the proton radius of about 5X 10“ cm, and a lower 
bound of zero. The neutron radius as deduced from 
experiments on the neutron-electron interaction!® also 
points to a “small” meson cloud (less than 10~“ cm). 
These seem to be reassuring. However, experiments on 
the elastic scattering of high-energy (~200-Mev) 
electrons by hydrogen performed by Hofstadter and 
co-workers'® yield an effective proton radius of the 
order of 10—* cm, or about five times our cut-off radius 
(71). There is at present no quantitative way to relate 
our cut-off radius to the various effective radii deter- 
mined from experiments. However, the largeness of 
Hofstadter’s radius makes one feel unsafe in ignoring 
the detailed structure of the meson cloud about the 
nucleon. 

It is generally believed that the nucleon acquires 
additional electromagnetic interaction via virtual emis- 
sion and absorption of mesons in intermediate states. 


18 W. G. Holladay and R. G. Sachs [Phys. Rev. 96, 810 (1954) ] 
have considered the neutron-proton mass difference in a specific 
meson theory. 

“4 A. C. Zemach (private communication). Note added in proof. 
—This work has now been published [Moellering, Zemach, 
Klein, and Low, Phys. Rev. 100, 441 (1955)). 

* Hughes, Harvey, Goldberg, and Stafue, Phys. Rev. 90, 497 
(1953). 

16R. Hofstadter and R. W. McAllister, Phys. Rev. 98, 217 
(1955). 
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On the basis of Lorentz covariance, one can argue that 
the added interaction that is linear in the electro- 
magnetic field must be of the general form!” 


Y (¢a(4)jo(2) 0A, (2) + bes) Maal) Faa(2)}, (72) 


where e,(x), n(x) are invariant functions whose 
explicit forms can only be obtained from meson theory. 
For interaction with photons of long wavelength, one 
can make a Taylor expansion of these functions and . 
retain only the constant terms ¢,(0), €2(0), ---, 4: (0), 
u2(0), ---. The constant yu: (0) is identified with the 
anomalous magnetic moment, and ¢,(0) with the 
intrinsic electron-neutron interaction.'* One may rea- 
sonably expect that using the form factor u(x) instead 
of 4: (0) for the anomalous moment will not yield results 
qualitatively different. It probably would still give a 
neutron-proton mass difference of the correct sign, with 
the same physical reasons. However, we have no idea 
as to how important the rest of the terms are in (72). 
We can only say, by virtue of the relation 0A,=— j,, 
that their contributions to the self-energy can all be 
written in the form 


( farsirG(e—»j.(0).00)) : 
1 


indicating that they also represent current interactions 
(since they cannot contribute to the charge of the 
particle), similar to the anomalous moment term, but 
with some function G(x«—x’) replacing Dret(x—zx’). 
Until the explicit form of G(a—«’) is calculated from 
some reliable meson theory, we have no sure way of 
telling whether these terms are negligible. 

One may hope that in the very end it is only the sort 
of “current-loop attraction” that we have discussed 
that is important for the neutron-proton mass differ- 
ence. But one can never quite guess the devious ways of 
nature. For the moment, the model discussed here serves 
to point out that in spite of the fact that the proton is 
charged while the neutron is not, it is possible, on 
account of their structure as Dirac particles, for the 
proton to have Jess electromagnetic self-energy than 
the neutron. 


(73) 
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Renormalization Constants* 


Yorcurro NAMBUT 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 


(Received October 14, 1955) 


From a study of the formulas which relate Dyson’s renormalization constants to the spectral functions 
introduced earlier, it is shown that the charge (coupling) renormalization constant Z; must be zero. The 
symmetrical pseudoscalar meson theory is taken as an example, but the result is not necessarily restricted 


to this case only. 





1, INTRODUCTION 


ie previous papers! it has been observed that the 
Green’s functions 


(TW(x),¥(y))), (TH(x)¥(y’),¢:(2))),  ete., 


can be expressed in terms of the spectral functions 
introduced in conjunction with invariant energy 
denominators. The purpose of the present paper is to 
obtain some insight into the nature of the renormaliza- 
tion constants of Dyson from our knowledge about the 
spectral functions, taking the symmetrical pseudoscalar 
meson theory as an example. 

Killén? has already shown, in quantum electro- 
dynamics, that not all the renormalization constants 
can be finite. Goto and Imamura’ have shown, in 
meson theory and quantum electrodynamics, that the 
Green’s function (T(W(x),W(y))) or (T(¢i(2),¢%(2’))) 
must be equal to that of a free field if the renormaliza- 
tion constants and some additional integrals (higher 
moments of the spectral functions) are assumed to be 
finite. Our investigation will essentially be along a 
similar line to that of these authors in that we make use 
of the spectral representation. We have a set of for- 
mulas, obtained in I, which give relations between the 
spectral functions and the renormalization constants, as 
well as between different spectral functions (the equa- 
tions of motion). We shall study the consistency of 
these formulas using Green’s functions of the first 
two orders only. This naturally means ignoring the 
fourth renormalization constant Z, associated with the 
direct meson-meson interaction. The result of the study 
will be that the charge renormalization constant Z; 
must be zero, whereas no definite conclusion can be 
reached for the other constants. As will be discussed in 
the last section, Z;=0 means that the renormalized 
vertex function I's (including the zeroth-order term 
vsti) tends to zero for large values of k, the incoming 
meson four-momentum. 

* Supported by a grant from the U. S. Atomic Energy Com- 
mission. 

7 On leave of absence from Osaka City University, Osaka, 
JP Nambu, Phys. Rev. 100, 459 (1955). The first paper will 
be referred to as I. 

2G. Killén, Kgl. Dansk. Videnskab. Selskab, Mat.-fys. Medd. 


27, No. 12 (1953). 
3 T. Goto and I. Imamura (private communication). 


2. GREEN’S FUNCTIONS AND 
SPECTRAL FUNCTIONS 


We consider the nucleon field y, ¥ (observed mass x) 
and the symmetrical pseudoscalar field ¢; (observed 
mass uw) under interaction. In I, the Fourier transforms 
p(p)i(pt+q), p(k)b(kR+k’), p(pgk)i(p+qt+k) of the 
Green’s functions 

p(xy) =(0| TY (x),W(y))|0), 
p(2:,2%') =(0| T(¢i(z), ee (2’)) | 0), 
p(xyz;)=(0| TW (x),H(y), ¢«(2))| 0) 


have been decomposed into the form 


(2.1) 


2 (ipy)*vy (1) 
p(p)=po( p?) + (ipy)or(p*) = i f— ane, 
A=0 pri 
u=u—te, 
v(w) 


pe)=—i f —§dw, 
R+w 


1 


o(pgk)= 2 


’=0 


(2.2) 


(ipy)iys7:( = gy)” prr: (p?,¢?,R?) 


_¢ (ipy)iys7i(—i¢7)* mx (uw) 
1 cagiistiadaaiegell 


(pi) (q?-+ 0) (k2-+ 0) 


dudvdw. 


The real functions »,(%), etc., characterize the proper- 
ties of the Green’s functions, and are called the spectral 
functions. In the present paper, we shall assume that 
the renormalized interaction is 


A in=givyst ¢i, (2.3) 


with the quartic term 
tA (gigi)? 


being put equal to zero (A=0). 

In order that there presentation (2.2) be meaningful, 
it is to be understood that the » functions satisfy the 
convergence condition: 


yy (u) v(w) 
—du<o, [- dw<a, 
u w 


Vy’ (uvw) 


yn’ (uvw) oe 
—AW< ©, 


———du< ’ 
Uu w 


(2.4) 


Lvpn: (uow) = vy» (vuw) J. 
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vy, and v should also have the properties: 
uty;(u) >| vo(u)|>0, v(w) >0, (2.5) 
which is a consequence of the assumption that the 
Hilbert space has a positive definite norm. Further, the 
physical interpretation of Eq. (2.2) indicates that the 
v functions should have the structure 
vn (4) = (—x)**3(u—n?) +) (u), 
ny(u)=0 for ub—(u+x) <0, 
v(w)=5(w—p*)+n(w), 
n(w)=0 for w'—3n<0, 
vy‘ (uvw) = gb (u—x°)5(0—1?)5 (w—p?) (—Kx)??>-”’ 
+n): (urw). 
»)x’ has a spectrum similar to the product »,(u)»-(v)»(w), 
and the third equation defines the renormalized coupling 
constant g, which is different from the conventional one 
due to Dyson by a finite amount. 
The » functions are related to each other by the 
equations of motion. According to I, they are 


(2.6) 


m= xf antici (u' vu) vap(u'vw) 
s—? 
+ fas (u' WD) Pap ( u ‘uw)}, 
—{ fap (uot) rag (ser’) 
—w 


3g 
shaban f dudodw’ 
2x? w 


S(u'wu) + fas(urw’) Vag(urw)} ’ 
fas’(u'vw) sa 
(u—x*)*u 


oat 


S(u'wu) 
fas’ (u'wu) = 
(u—x*)u 


— 


pobre (2.7) 


—1 K 
: ae ge | 


S(uvw’) (’ 0 
(w= pw 0 conte 
S(abc) = 3 {e— (V/a+/b)*} {c— (V/a—/b)*} }, 


te tee Vn 


Finally, Dyson’s renormalization constants can be 
expressed in terms of the » functions: 


fas(urw’) 


Zrt= f n(u)du>1, 
Vets f m(wdu= —KoZs}, 


Zs t= f co)dw>1, 
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where xo is the mechanical mass. It was further shown 
in I that 


frm (uvw)dw= gZ,Z 3" (u)-(v), 
(2.9) 
ff rae wr) d= gZ2-*ny (aoa). 
These results have been obtained under the assumption 


that the integrals converge, but they should hold 
formally even if both sides of the equations are infinite. 


3. RELATIONS BETWEEN THE RENORMAL- 
IZATION CONSTANTS 


In Eq. (2.7), let us put 


du'dodw 
I(u)= f 


uUu-—v 


I(w)= s= 


It follows from this that 


now f handu= f (uvw)nap( iow) a 
(x+u)? 


u—K 
som f 


fag uvw)Nas( uv | ) 
I(w)dw= dudvdw 
(au)! f wp 


{ fap (u'wu)vag(u'vw) 


+ fas (u'wr)vag(u'uw)}, 


fut ua ed ) 


+ fas (uvw’) Vas (urw)} ° 








He f (we wd 


= f ind f fag (uvw)du f raw) | 


= 2,251 f dudodw f ig (uvw) vg(v) v(w) 


4 f inde f fos*(uvw)du f ra | 


som f (wv) Iw)dw 


= f iuas| f fas(uvw)dw f raster) | 


=gZ,Z;9 f dudrdw fag (uvw)va(u)vg(0). 


(3.2) 





RENORMALIZATION CONSTANTS 


Nap( | vw) and mas(uv| ) are the magnitudes of v.g(urw) 
at the point spectrum u=«’? and w=,? respectively : 


Vap(UvW) = Naa( | vw)d(u—K*)+-nap(uv| )5(w—p?)+---. 
(3.3) 


In the last two equations of (3.2), the relations (2.8) 
and (2.9) have been utilized. From Eqs. (3.2) and (2.7), 
we now get 


f mis) 
quae 


and 


n(w) 
J, foe-Z. (3.4) 


Z = 148 7,0, 
8x? 
3g 
V3= —«+—J™, 
Sr? 


Zy= tpt yan, 
or? 


Equation (3.4) will serve as a check on the consistency 
of our assumption (2.4), while Eq. (3.5) should give 
us some information concerning the magnitude of the 
renormalization constants. We shall consider here the 
latter point only. 

We estimate the integrand of J“) in Eq. (3.2) as 
follows: 


1 S(urw) 
————[w— (V/u—v/0)* Jor (u) (2) 
2 (w— p)*w 
> fap (uvw) Vq(u) 4) (v) 
1 S(uvw) 
| ciel 2) 
1 S(urvw) 
z- ae a (utr)? ]n1(u)ri(v) >0, 


2 (w—p?) 


[(w—u—v)vi(14)v1(v) — v0(u)v0(2) ] 


(3.6) 


where Eq. (2.5) has been used. The order of magnitude 
of J® is thus 


dw 
JIV= gZ,Z3- of —Zs- “w) | 


(u)= f vi(u)du>1, for w>p?. 
0 


(3.7) 


(3.8) 


O[«] here means a quantity of the same order and 
sign as x. Substituting it in Eq. (3.5), we get 


Z1=1 / (1-20 f “z:%w)]), (3.9) 


which requires 
3g? dw 
0 <=. f —Z:*(w) |< 1. 
2x? w 


The integral, however, is obviously divergent, so that 
we must demand Z,= +0 to avoid contradiction. 

In a similar way, J,’ may also be evaluated, but 
not much information can be drawn out of it. Moreover, 
if Z;=0, J® and J“ will in general be indeterminate 
as 0X , the value of which will depend on the detailed 
behavior of »,,-(wvw) and the limiting process. The 
conclusion of this section is therefore simply that Z; 
must be zero; as for the other constants, no specific 
statement can be made. 


(3.10) 


4. DISCUSSION 


The result of the previous section has been obtained 
by using the general properties of the spectral functions 
of the first two orders and the equations of motion 
which connect them. It has been assumed that the 
order of integration may be changed without affecting 
the result. Since we have used so far only part of the 
whole variety of the spectral functions and their 
equations of motion, it is yet to be seen whether more 
information can be obtained by further considerations. 

An interpretation of our result may be given as 
follows. By writing 


nie~= fr 


i y 
po(p) ~? Jrmcodumi—— poo, (4.1) 


Zr) 


u)du=i—, p>, 
2 


7 1 


—i Ls 
p(k) ~— fred ~i—, Poe, 
k? k? 


we observe that the renormalization constants (if 
finite) describe the asymptotic behavior of the Green’s 
functions p(p), p(k) for large momenta. Similarly, 


vy’ (uvw) 


(p?-+u) (+0) 


vy(u)du f vy-(v) 
= a f dv 
P+i 4 gto 


mn’ (P?,9?,k?) ~— -f dudydw 





1 
=e avi , 
ers pr(p)pr’(q), 


(4.2) 


k?-+0 (meson momentum), 


and so on. 
According to Dyson, p(pgk) is 


p(pgk) = go(p)l's(pgk)p(q)p(k), (4.3) 
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where I';(pgk) is the renormalized full vertex function. 
From Eqs. (4.1) to (4.3) follows that 


l's(pgk)~Zyys7i=0, RP o. (4.4) 


For ~* or g—>, the corresponding relation involves 
the other constants too, so that a clear-cut statement 
is not possible without the knowledge of the magnitude 
of these constants. 
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YOICHIRO NAMBU 


The results obtained in this paper need not neces- 
sarily be restricted to the specific model we have chosen, 
in view of the general character of the approach. It is 
conceivable, however, that not exactly the same con- 
clusions may be obtained for other theories. In quantum 
electrodynamics, for example, the Ward identity 
Z,Z7'=1 would be an additional relation which must 
be taken into account. 
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New Approach to the Many-Body Problem* 


GrorcE J. YEvicK,t Department of Physics, Stevens Institute of Technology, Hoboken, New Jersey 
AND 
Jerome K. Percus, New York University, Institute of Mathematical Sciences, New York, New York 


(Received November 23, 1954; revised manuscript received October 19, 1955) 


The dynamical behavior of N interacting particles may be simplified by the introduction of 3N collective 
coordinates. A geometric interpretation of collective coordinates is described which is analogous to a type 
of random walk problem. Considerations on the validity of the transformation from ordinary spatial co- 
ordinates to symmetrical collective coordinates are discussed. The difficult problem of the boundary of 


collective coordinate space is touched upon. 


In the second half of the paper, the Lagrangian formulation for the dynamical problem is carried out by 
means of collective coordinates. Conditions for the equivalence of the physical Lagrangian and the collective 
coordinate Lagrangian are established. This leads to the problem of the Fourier representation of a potential 
by a finite number of terms. Finally, preliminary remarks on a modified Dirac 6 function are presented. 


INTRODUCTION! 


N this and the next few papers, we shall be concerned 

primarily with describing the collective aspects of 
the many-body problem and how they arise out of the 
individual particles. Little or no emphasis will be placed 
on the actual evaluation of immediate, concrete, 
physical phenomena. Our aim is to furnish a sequence 
of analyses, each more refined and deeper than the 
preceding. Applications will be considered at the con- 
clusion of each major stage of development. We hope 
to discuss at some future time the interaction of the 
individual with the collective and the description of 
deeper collectives such as the nucleus. 

Our approach to the many-body problem is by means 
of a transformation from the individual to the collective. 
The possibility of focusing one’s attention on a par- 
ticular particle and following its behavior in detail 
appears to be destroyed. The collective coordinate 
places all particles of the same nature on an equal 
footing. Lengthy probing will be necessary to obtain 
familiarity with the dynamical behavior of the col- 
lective coordinates. In the zeroth order of the collective 


* Abstracts of this paper were presented at the New York 
Meeting of the American Physical Society January, 1954; see 
G. J. Yevick and J. K. Percus, Phys. Rev. 94, 787(A) 1954. 

t Visiting Research Professor at University of Sad Paulo, Sad 
Paulo, Brazil, during Summer, 1953. 

! This paper is a condensation of a lengthy and detailed analysis 
available at cost from the Department of Physics, Stevens Insti- 
tute of Technology, Hoboken, New Jersey. 


approach to the many-body problem (which is the 
primary concern of our first set of papers), only the 
collective manifests itself; higher order approximations 
lead successively to the individual manifestations of 
the collective in the same way that the usual individual 
approach leads in higher order approximations to the 
collective. 


PART A. CONCEPT OF COLLECTIVE COORDINATES 
I. Many-Body Problem 


We desire to replace the N-body problem of inter- 
acting particles by an equivalent problem which is more 
amenable to analytical treatment. This apparently can 
be achieved by the use of 3N, 2N, or N (depending 
upon the dimensionality of physical space) one- 
dimensional, bounded harmonic oscillators, which we 
shall label as g. This will be done in Part B. 

Let us consider the following Lagrangian [Eq. (1) ] 
which describes NV particles in one dimension. These 
particles are considered to lie within a box of length L 
with periodic boundary conditions. 


L,=}3 DL mte— >) >i (41-3). (1) 


Equation (1) is much too difficult to treat analytically 
in any detail because of its nonlinear character. Instead, 
if one seeks its solution, one must attempt to transform 
the nonlinear equations into some sort of linear prob- 
lem. This apparently can be done by the use of col- 
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lective coordinates first explicitly introduced by Bohm 
and Pines? in the treatment of the many-body problem 
for long-range Coulomb forces. In all of their methods,* 
no attempt was made to place the total emphasis upon 
collective coordinates as bona fide dynamical coordinates 
of the system. For example, Bohm and Pines in their 
work found it necessary, in order to describe the thermal 
motion of particles, to introduce individual-particle 
variables as well as collective coordinates. 

The collective coordinates which we propose to use 
are the simplest possible in form although it is con- 
ceivable that, for a particular problem, better collective 
coordinates may be devised. We indicate, at a later 
stage of the analysis, a general method of procedure for 
obtaining a suitable description of a dynamical system 
with arbitrary collective coordinates. 

However, we shall here restrict ourselves to the 
following collective coordinates: 


“=D of, (2) 


where x; denotes the position of the ith particle in the 
periodic cell of length Z and & is an integral (positive 
or negative) multiple of ko, defined by 


Since the above gq are complex rather than real 
quantities, one may also use real coordinates which are 
defined in terms of the real and imaginary parts of the 
g's, namely 

r=); coskx;, 

=3". cinbr. (4) 
Se= Di Sinkx;. 

II. Some Elementary Remarks on Collective 
Coordinates 


Before employing collective coordinates to transform 
the physical problem, we shall devote some space to 
elucidation of both the properties of these rather novel 
coordinates and of the legitimacy of the transformation. 

Let us briefly discuss at this point some properties 
of the g.. We observe that if the x; are randomly dis- 
tributed, the mean values of the q,’s are clearly zero. 
This should not be interpreted as meaning that the 
g's spend their time about zero. One observes, in fact, 
that the ¢,’s and s;,’s have root mean square values 
equal to \/N, if the x; are randomly distributed. One 
immediately notices that when k is exceedingly large, 
the phases of the x;,’s will in general have a random 
appearance (mod 2m) so that the /N criterion will 
prevail. For low k’s where the concept of periodicity 
enters more importantly, the q’s may have a value 
extending to N, which is the maximum value possible 
for any g,. For example, suppose there is a periodic 
effect of wave number & extending over a distance d; 
then g will have an absolute value of the order of 
(Nd)/L instead of zero. g,.’s whose indices are multiples 


2D. Pines and D. Bohm, Phys. Rev. 85, 338 (1951). 
3D Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 
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of k will also center about this value. This is clearly 
important for the solid state. Since exact periodicity 
cannot exist in reality, we shall expect that this effect 
will be distributed over a narrow band of k’s. 

A geometrical way of looking at the above is the 
following: g, may be regarded as the terminus of a 
chain of N unit vectors in the complex plane, the ith 
vector being at angle kx;. It is seen that near random- 
ness of the x,’s cause the g;, to cluster around the origin, 
more so for the higher k’s since a small motion in co- 
ordinate space tends to alter violently the direction of 
the links. The relation of this effect to the random walk 
problem is evident. Secondly, although each q has a 
maximum possible value of NV, its attainment of this 
value fixes the other q;,’s; thus the boundary in q-space 
is one in which the q,’s are intimately connected. 

The complicated boundary of the g’s is an unfor- 
tunate concomitant of the collective coordinate ap- 
proach. However, before considering this boundary in 
more detail, it is certainly incumbent upon us to verify 
that the q’s constitute a valid coordinate system. To 
this problem we now turn our attention. 


III. Discussion of the Validity of q,’s as a 
Coordinate System 


We are now prepared to investigate the sense in which 
the gi’s (or c’s, s,’s) constitute a valid coordinate 
system. The transformation 


qe= Di e** (2) 


is implicitly multivalued in the sense that the inter- 
change of two or more particles clearly does not affect 
the value of the q;’s. In fact, for a given set of values 
of the q’s, there are certainly N! points in the N- 
dimensional « space to which this corresponds. Due to 
indistinguishability of particles, this is no drawback, 
for we shall show below (see Appendix) that the region 
in the N-dimensional x-space, 


X1>X2>xX3>°+: >aN (5) 


(or any of the equivalent NV! regions obtained by inter- 
change of particles), maps in a one-to-one manner onto 
all of g space. Thus the behavior of the particles in this 
region is completely determined by the corresponding 
behavior in q space. 

Restating the problem: Is the transformation from 
g-space to x-space one-to-one except for order? First, 
let us restrict the term g-space to that region of infinite 
q-space which is the image of «-space. (The precise 
location of this bounded region in q-space, especially 
the boundary, is an important matter to be dealt with 
in detail later.) To each point in g-space there is at least 
one sequence of x,’s for which *1>%2.>%;>--- >4y, 
but is there more than one? We treat this problem, 
first, essentially by means of the implicit function 
theorem which, for our purposes, will be used in the 
following form: If a set of simultaneous algebraic 
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equations is solvable uniquely at a point, then it is 
solvable uniquely in the vicinity of the point providing 
that the Jacobian is not equal to zero. 

The Jacobian J= | 0g,/dx;| = |ik exp(ikx;)| is zero 
whenever x;= x; ; but in addition J possesses factors other 
than x;—x; which can vanish. These can be spurious 
as in the vanishing of the Jacobian of y=2* when x=0, 
or they may correspond to natural boundaries in g- 
space. Our task is to show that except for the obvious 
natural boundary corresponding to «;=.;, the singular 
surfaces on which J vanishes do not destroy the uni- 
valence of the collective coordinate transformation. 

In the Appendix, the uniqueness proof is presented 
for an arbitrary sequence of wave numbers. To ac- 
complish this, we first show that there exists a point in 
g-space at which the inverse transformation is single 
valued. Next, a lengthy but straightforward analysis 
proves that the property of uniqueness of the inverse 
at a point may be extended to a neighborhood of the 
point, irrespective of the proximity of singular surfaces. 
Thus the adequacy of the collective coordinates q for 
the representation of the state of a physical system 
containing identical particles is firmly established. 


IV. Boundary in g-Space 


We have seen, from the definition q.= )- 1" exp (ikx;) 
that not only is each g bounded and less than N in 
amplitude, but also that gq does not wander much past 
/N;; this suggests a boundary of some complexity, and 
we would like to know the nature of the true boundary 
surface in order to determine, e.g., to what extent it 
can be approximated by an N-dimensional sphere or 
cube. For the present, however, we limit ourselves to 
some general considerations; in particular, we verify 
explicitly a property which has already appeared in- 
directly in several places: the relation of the boundary 
to the transformation Jacobian. 

Consider then the expresssion c,=}°; cospx;; the 
boundary surface is determined by the condition that 
¢» is stationary under variation of the x;’s for a fixed 
set of values of the remaining ¢;,’s and s;’s. Using the 
Lagrange method of multipliers, we can express this 
in such a form that the following quantity must be 
stationary : 


Cot DX Duce t X Ar’ Se, (6) 
kA#p k 


where dy and ),’ are Lagrange multipliers. Thus, 


Cp OCe OS, 
—+ Uu—+  d’—=0 (7) 


Ox; pe Ox; & O42; 

for all 7; these N equations in the N—1 unknown 
{Ax,Ax} are solvable providing that the full determinant 
is zero. Since a nonsingular linear transformation does 
not affect the singularity of a determinant, this may 
equally well be written as | dg./dx;|=0: at the bound- 


ary surface, the Jacobian must be zero. If we can now 
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show that the additional surfaces on which the Jacobian 
is zero are physically extraneous, the boundary will be 
given by the equations x;=«; alone. This is, of course, 
a condition in x-space, but, in principle, there is no dif- 
ficulty in converting to g-space. Since the order of x’s is 
immaterial, the bounding surface may be specified sim- 
ply by setting xy_1=ay. We then have ge= > j-1"~*e** 
+2e**" for each k, and eliminating the (V—1) x;’s 
between these, a surface of dimension N—1 thereby 
results. The case V =2 yields a simple circular domain, 
but unfortunately, it is very difficult to carry out such 
a calculation for large V. In a succeeding paper, several 
indirect methods will be presented for estimating the 
major physical characteristics of the g-space boundary. 


PART B. LAGRANGIAN FORMULATION OF THE 
MANY-BODY PROBLEM 


I. Introduction 


The physical basis for our problem lies in the Lagran- 
gian given by Eq. (1). The resulting equations defy 
conventional techniques of solution because of their 
intricate nonlinearity. We seek to replace this Lagran- 
gian by an equivalent Lagrangian leading to linear 
equations which approximate the real problem. This 
is done by using the collective coordinates q. We 
assume that the g,’s may be regarded as representing 
a set of one-dimensional elementary harmonic oscillators 
and we shall now verify the extent to which this as- 
sumption is valid. Expressed otherwise, we maintain 
that the real motion of NV particles is intimately related 
to the motion of NV bounded harmonic oscillators, gy. 
For nonequilibrium processes, the first-order theory, 
not given in this paper, reveals that coupling between 
oscillators exists which contributes to irreversibility. 
It should be clearly stated that the exact theory con- 
tains coupling between all the oscillators irrespective 
of the type of physical process encountered. 


II. Equivalence of Lagrangians 


Since we maintain that the motion of N bodies having 
a Lagrangian given by Eq. (1) can be represented 
approximately by the motion of q’s regarded as N 
independent harmonic oscillators, then the most general 
form which the Lagrangian in g-space can take is 


Le= Devo 3 fe (| Gu|?— on? | qu|?) +B 
= Deo [fe(G?—or'cr”) +f (82?—wr?s?) +B, (8) 


where the constant 
B=N DLexo du? r—4N (N— 1)A (9) 


has been inserted for convenience and A is another 
constant to be determined later. Since | qx|?= | ¢-«|?, 
we may choose f;=f_, and w=w_, in Eq. (8). This is 
not unrelated to the invariance of the exact Lagrangian 
under spatial reflection. The f,; can be looked upon as 
the fictitious masses and the w, as the fictitious fre- 
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quency of the oscillators. These frequencies can possibly 
be imaginary. 

To what extent does this Lagrangian represent the 
true Lagrangian given by Eq. (1)? If we substitute 
Qe= >: exp(ikx,), we get 


Lqg= Li 3 (Lixo fr?)@?—DY: Dj ni(DXexo dor? fre i=) 
+L: Dini Deno FfcPe* Oe a; 
—4$N(N-1)A. (10) 


This is to be compared with Eq. (1) which we rewrite 
Le= Doi imi? —Dii Dini ¥V (xi—4}). (1’) 


For the kinetic energy terms to coincide, we must 


have 
D-0 firk?=m, (I) 


whereas the “‘velocity-dependent potential” terms must 
be close to zero: 


Di Divi Deno Hfek Pe 4,4;~0. 
Finally, for the potential energy terms to coincide, 
V (x: —24;) = Deno wi fee it) + A, (IIT) 


Condition I can obviously be satisfied exactly. Our 
problem now is to select N parameters f, at our dis- 
posal, V other parameters «,” also at our arbitrary 
disposal, and A, in such a fashion that conditions II 
and III are satisfied in the best possible way. If we 
have enough degrees of freedom (i.e., enough g’s), then 
in principle we could satisfy condition III exactly, 
whereas we can never satisfy totally condition II. 
Because condition II cannot be satisfied exactly, its 
neglect would be expected to play a role in certain 
physical processes, which, we will demonstrate in a 
future paper, are connected with nonequilibrium and 
nonuniform states. The fact that the number of particles 
is so large (for one dimension, > 10" per cm) allows the 
possibility of satisfying quite closely conditions I, II, 
and III. The succeeding paper will be devoted to veri- 
fication of this; we shall content ourselves for the 
present with an analysis of some of the problems in- 
volved in optimization of the correspondence between 
the true Lagrangian and its harmonic oscillator counter- 
part. 


(II) 


III. Nature of Potential 


The first problem which we shall consider briefly is 
the following: To what extent are we able to represent 
the potential V(«) with N q,’s? Or how can we satisfy 
condition III? 

Clearly 

V(«)= pa Vie™, 


allk 


(11) 


with 
L/2 

e*2V (x)dx, 
L/2 


(12) 


vi= (1/2) f 
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where all & refer to integral multiples of ko=2x/L, and 
this is valid for —L <x<L because V(x) was con- 
structed as having period L. But the number of g;’s 
available is only N, so that the number of positive 
k’s is N/2. If we take Ak= ky (the most obvious choice, 
corresponding to taking every point but the origin of 
the k-lattice), then the k’s can run only between 
— Nko/2 and +Nk)/2. 

A simple example will easily convince one that this 
choice fails to satisfy condition III for many physical 
problems. Since we have N particles per length L, the 
average interparticle spacing is d=L/N. For a gas, 
liquid, and solid, the major portion of the potential lies 
inside d. If the potential, for example, is constructed 
from terms of the form 1/(2?+-a?), then terms must be 
included for which a is smaller than d. Now if we 
attempt to represent such a potential by choosing only 
k’s between —Nko/2 and +Nko/2, an explicit com- 
putation using the criterion of minimum mean square 
deviation shows that the portion of the potential for 
x<d is “washed out” by the approximation. 

It would seem to be possible to dispense with the 
minimum mean square criterion and to attribute more 
general validity to the effects appearing in the above 
example by making use of the results of the Heisenberg 
uncertainty principle. However, one can show that it 
is not legitimate to use the Heisenberg uncertainty 
principle as a proof of one’s inability to construct a 
narrow wave packet, because the restriction AkAx 2 1 
comes about by weighting too heavily small fluc- 
tuations at large distances from the origin. There is 
no reason to believe that the physics of the problem 
is sensitive to such small fluctuations. Nevertheless, 
we have been unable to exhibit with Ak=& a suitable 
Fourier expansion for the class of potentials in which 
we are interested. 


IV. Preliminary Remarks on the d-Function 


Since we are restricted only by the number N of the 
coordinates g, and not by the particular k’s, we are at 
liberty to choose k’s other than those with Ak=hp. 
This allows a wide choice of possibilities, some of which 
may be unexpectedly effective in satisfying condition 
III. It will simplify matters greatly if we observe that 
the problem reduces itself to that of finding a repre- 
sentation of a Dirac 6 function by means of N Fourier 
components. To show this, we can write 


L/2 
V (x) (y—x)dx. 


—L/2 


V(y)= (13) 


Now for our problem, it is not necessary to employ the 
exact 5(y—x); rather, any function d(y—x) which is 
sufficiently sharp compared with V(x) will suffice as 
an averaging function. 

Now if d(x) can be expanded in the form 


d(x)=(1/L)Q) dee™, (14) 
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where WN different k’s in addition to k=0 have been 
utilized, it then follows that 


L/2 
V*())= f V (a)d(y—a)de 
—L/2 


L/2 


=> wa/D( f veremas em, (15) 


which has the desired form. We note that this also can 
be written as 


V*(y)=d deVie*. (16) 


Another important consequence of a satisfactory 
d-function is that, when buttressed by physical argu- 
ments, it provides for the treatment of condition II. 
Again, because of the lengthy analysis, we present our 
arguments in the succeeding paper. 

The problem of actually obtaining the d-function is 
a serious one and considerable analysis is required. 
This is developed at some length in the succeeding 
paper. There we shall indicate that a narrow d-function 
can be constructed by the use of gaps in Ak, and that 
its form is improved by allowing L,VN->~ such that 
n= N/L remains constant. 


ACKNOWLEDGMENTS 


One of us (G.J.Y.) would like to express his deep 
gratitude to Professor David Bohm, of the University 
of Sa6 Paulo, for providing the basic ideas behind our 
work on the many-body problem. He would also like 
to express his thanks to the National Research Council 
of Brazil for partial financial aid during the Summer 
of 1953 at the University of Sad Paulo. In addition, he 
is greatly indebted to Professor Elliot Montroll and the 
Institute for Fluid Dynamics and Applied Mechanics 
of the University of Maryland for a Research Associate- 
ship during the spring semester of 1952, at which time 
this work was begun. 


APPENDIX. ANALYSIS OF JACOBIAN WHEN Ak#1 


In this Appendix, we indicate a method, of necessity 
indirect, for analyzing the Jacobian and establishing 
the uniqueness of the collective coordinate trans- 
formation for a wave number spectrum in which gaps 
may appear. 

The evaluation of the Jacobian is readily reduced to 
that of the determinant | y;*|, where 


yi= exp (ikox,) ; (1) 


by multiplying various rows by appropriate powers, 
this may be converted into a determinant in which only 
non-negative powers exist. Computation of determi- 
nants of this type has been carried out by mathe- 
maticians‘; we merely state the final result. If C; now 
denotes the elementary symmetric function of the y,’s 


A. C. Aitken, Determinants and Matrices (Interscience Pub- 
lishers, Inc., New York, 1946), fourth edition, p. 116. 
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taken n’—j at a time, where m’ is the largest power of 
the y’s present, then 


Cr 


Cv —1 
Cn —2 


Crs Crs 
Crn —1 
ly] =IL(.—99) Coa (2) 


>i 








where the »; are the positions of the missing powers. 
(It is to be noted that the expression for the determinant 
in (1) is independent of any preliminary multiplication 
—negative powers of y, affect only the factor outside 
the determinant.) The determinant tells us the location 
of the singular surfaces. It must then be established 
that they play no physical role. 

We now present an infinitesimal analysis, which it 
would be pointless to carry out in complete rigor, for 
showing the uniqueness of the g-space transformation 
and thus the physical unimportance of the interior 
singular surfaces. No increase in complexity is oc- 
casioned if we consider generalized collective coordi- 


nates: 
Qe= Ds Bx (Xi). (3) 


To initiate the proof, let us show that, given the q 
of (3), a unique solution for the x; (to within order) 
exists in the vicinity of some point. We shall restrict 
our attention to those sets of g,(x) whose real maxima 
m, occur at a common point «=a, and for which only 
x=a has this property; further we assume that the 
Wronskian of the dg,/dx does not vanish at x=a. As 
long as the totality of k’s does not have a common 
factor greater than ko, the set {e*} is included in the 
category. Consider then the point 


(all k); (4) 
under the conditions just delineated, this highly singular 


point clearly has the unique inverse x;=%2= «+: =4y 
=a. Nearby, we have 


Qe= Nm 


Nm-+-da=5;¥ gx (a) (dx,)?/p', 
p=0 


or if o, is the sum of pth powers of the dx’s, then re- 
stricting to Nth-order infinitesimals, 


du= > ge (a)op/p!. (5) 


Since the determinant of (5) is just the Wronskian at a, 
(5) may indeed be solved uniquely for the ¢, and hence 
for the x; to within order. It is also useful to observe 
that the Jacobian at (a+dx,) is not identically zero; 
to see this, we need only note that 


| ge’ (a-+-dx;) | = | ge (a) | TT (dx:—dex,)/TI G9) !, 


to lowest order infinitesimals, and this expression 
vanishes only on the natural boundary «;= %;. 
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The remainder of the proof consists in showing that 
uniqueness of the solution of (3) at a point implies 
uniqueness along sufficiently short paths leading from 
the point, not excluding paths which cut across internal 
singular surfaces. To accomplish this, we shall base 
ourselves at a point {x;}, assume uniqueness of solution 
at {x;—}dx,;}, and try to prove uniqueness at {x; 
+-}3dx,}. Since 


ge(- ++, tet dda, «+ -)—gu(- ++, ri—Fdars, «+ +) 
= Di Lee! (ai)darr+ (1/24) ge"” (xi) (dxs)*+---]; (6) 


we must then verify unique solvability of 
dq=([g’+ (1/24) g’” (x)?+- +» jdx; (7) 


here dg and dx refer to the vectors dq, and dx;, the 
matrix of g,"”) («;) is denoted by (g.:), and the diagonal 
matrix dx,6;; by (6x;;). To analyze (7), we consider two 
cases. 

Case I.—The Jacobian |g’| +0; then, dropping 
infinitesimals higher than first order, we have at once 
the unique solution 


dx= (g’)—'dq. (8) 
This is the usual case. 


Case II.—The Jacobian | g’| =0. The rank of g’ may 
be assumed as precisely V—1, for the cofactor 


Gra’ = | g" | ab (9) 


does not contain a», so that no single relation can cause 
all cofactors to vanish; thus the rank is <V—1 only 
on surfaces of dimension <N—2, and these are of no 
consequence in assessing the connectivity of g-space. 
We now write (7) in the form 


DX |e’ + (1/24) g'" (6x)?+ + ++ |asdge 
= |g/+(1/24)g"" (6x)?+ - - - |da;. 
Since |g’| =0, the lower order terms in |g’+(1/24)g 


X (6x)?+--+-| are proportional to (dx)?; thus dg is a 
third-order infinitesimal with respect to dx. Dropping 


(10) 


ut 
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fourth-order infinitesimals and higher in (10), we then 
have 


DX Gyx'dqu= | g’+ (1/24) 9” (6x)? | dx; 


= | | g’+(1/24)g”” (6x)?| aro 





d| g’+ (1/24)g eas, 


dx; 2 
+2 (dx;) a(dx,? 
* {= (devs)®| g’-+(1/24)g"” (6x)*| as 


9 (San' + (1/24) gan’”’ (der) 
0(dx;)? 





*) 
dx;, 
dzr=0 


yielding 
DL Gye'dqe= (1/24) da; Xo (Gg) (dav)? 


the basic equation for Case II. 

Since | g’| =0 corresponds to a singular surface, we 
are interested in paths connecting points on opposite 
sides of the surface. A relation of the form }> Gj'dq,.=0 
which we have seen is nontrivial, implies that the vector 
dq is along the singular surface (dq is linearly de- 
pendent on the vectors dg/dx; which span the surface) 
and so merits no consideration. Hence > (G’g’)w 
X (dx)? in (11) does not vanish. But on squaring (11), 
we obtain 


Ds LCL Gu'dq)?(G'g"”) ii] 
= (1/24) (G’g’”")w(dae)* #0, 
so that (11) may be solved at once as 
dxj=4X34(Ls (L Guxe'dge)? 
XK (Geo }}* Lo Gix'dqe. (13) 
From the reality of x, this solution is unique, and our 


proof of the diffusion of uniqueness throughout g-space 
is now complete. 


(11) 


(12) 
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In Part A, a further analysis is made of the collective coordinate Lagrangian first introduced in a previous 
paper. This Lagrangian, which replaces the physical Lagrangian, describes a set of fictitious harmonic oscil- 
lators whose masses and frequencies are established. We accomplish this by adding a term to the physical 
Lagrangian which, however, does not affect the equations of motion. The analysis is carried out by two 
distinct methods: comparison of Lagrangians and comparison of equations of motion. Both methods yield 


identical results. 


In Part B, the difficult problem of representing the Dirac 6 function by a finite number of terms is handled 
by the introduction of the d-function. A specific representation of this function is given, along with plausi- 
bility arguments that it satisfies the requirements of Part A. A brief analysis and summary of the manifold 


properties of the d-function is presented. 





INTRODUCTION! 


N a preceding paper,? we have indicated how the use 
of collective coordinates is able to simplify the 
highly nonlinear equations of motion encountered in 
the many-body problem. The essential idea was that 
by the introduction of these coordinates, one may re- 
place approximately the usual physical Lagrangian in 
coordinate space by a simple Lagrangian in collective 
coordinate space which can be regarded as that of a 
system of one-dimensional bounded harmonic oscilla- 
tors. The requirements for the validity of this replace- 
ment were determined by a direct comparison with the 
true Lagrangian. 

In this paper we shall first re-examine the justification 
for the description of the actual motion of N physical 
particles in a one-dimensional box of length Z with 
periodic boundary conditions by means of the motion 
of N one-dimensional bounded harmonic oscillators. 
The conditions for the validity of the collective co- 
ordinate Lagrangian are fulfilled by choosing suitable 
fictitious masses f, and frequencies w; of the collective 
coordinate harmonic oscillators. Next we indicate that 
the equations of motion for the physical particles ob- 
tained from the Lagrangian of the fictitious oscillators 
are a very close approximation to the equations ob- 
tained from the true Lagrangian. Such an analysis is 
meaningful and necessary because the approximate 
identity of the two Lagrangians does not in itself imply 
the approximate equivalence of the corresponding 
equations of motion, since the differentiations required 
in the transition from the Lagrangian to the equations 
of motion may introduce inordinately large errors. 


* Portions of this Paper were first presented at the Washington 
Meeting of the American Physical Society, April 1954 [Phys. 
Rev. 95, 624A (1954) ]. 

1 This paper is a summary of a lengthy and detailed analysis 
which may be obtained at cost from the Department of Physics, 
Stevens Institute of Technology, Hoboken, New Jersey. 

2G. J. Yevick and J. K. Percus, preceding paper [Phys. Rev. 
101, + (1956) ]. This paper will hereafter be referred to as 
Paper I. 


In carrying through both the comparison of the 
Lagrangians and that of the equations of motion, use is 
again made of one’s ability to approximate suitably 
the Dirac 6 function by means of WV fourier terms. Such 
an approximation to the Dirac 6 function has been 
termed the “d-function” (see Paper I). The difficult 
problem of finding the d-function is treated in further 
detail in Part B. Highly plausible arguments for the 
existence of such a d-function, and indeed for the 
legitimacy of a specific representation which we ex- 
hibit, will be presented in Part B. 

In both Parts A and B, we are required to keep in 
mind the physical nature of the potential which we 
would like to treat. It is characterized by a repulsive 
core with a width of the order of an angstrom, a shallow 
attractive well of several angstroms, and an amplitude 
of zero thereafter. An example of this is the Morse- 
type potential. 


A. EVALUATION OF THE OSCILLATOR PARAMETERS 
I. Comparative Analysis of the Lagrangians 


In this section we shall compare the collective co- 
ordinate Lagrangian with the physical Lagrangian and 
so obtain the optimum values for the fictitious masses 
and frequencies of the oscillators. 

We assume the Lagrangian in physical space to be 
of the form 


Le=} LmtPe—} VidiinV (xi— 45). (1) 


However, for reasons which will soon be made evident, 
we desire to replace Eq. (1) by a new Lagrangian L, 
whose physical consequences are the same as those of 
L,. This can be accomplished by making use of a simple 
theorem pertaining to the Lagrangian equations of 
motion: 


If the equations of motion resulting from a Lagrangian L’ are 
a consequence of those resulting from a Lagrangian L, then except 
for certain singular values of the constant K, the Lagrangian 
L=L—KL’ and L yield equivalent equations of motion. 
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The proof is left to the reader. 

We employ this theorem in the following manner. 
As is well known, the acceleration of the center of mass 
of a system with the Lagrangian (1) is zero, i.e., 
> 4:=0. But this result may be obtained from an L’ 
given by 

Li’ = (Yi 44). (2) 


It follows then that we may replace Eq. (1) by 


L,=L.—KL, 
=} Limé?— K(X 4;)?—4 DidsinV (x;—4;). (3) 


(The reader may verify that only the value K=m/2N 
is singular.) As in previous work,’ we assert that a 
suitable Lagrangian which takes the place of Eq. (3) 
is given by 


Lq= Deno fe(| Ge|?—cx?| qe] ”) 
+LN Diwohorfe—N(N—-1)A/2], (4) 
where 
qk= be aos (5) 


It is readily seen that this is so if f;, wz, A and K can be 
chosen such that 


Li ofiP= m—2K (6) 


Dini (K+ Dod fk re* 7 )2,4;=0, (7) 
and 
V (xp — 4) =D c cown? fee #2) 4 A, (8) 


Equation (6) can be solved exactly; Eq. (8) approxi- 
mately because of the existence of N wave numbers k, 
and Eq. (7) only approximately irrespective of the 
finite number of wave numbers. As discussed in Paper I, 
the most effective method of using the finite number of 
k’s is to introduce the d-function defined by 


d(x—y)=(1/L)+(1/L) 2 enodee™*™,  — (9) 


where the &’s are integral multiples of ko=2x/L. If 
d(x—¥) is very narrow function we then have 


V (y)=Vot Lie nodeV ce, (10) 


where 


L/2 
vis(t/D) f V (x) exp(ikx)dx. 
—L/2 


Since the particles never approach each other because 
of the assumed highly repulsive core (Fermi-Dirac 
statistics accentuates this), Eq. (7) will be closely 
satisfied if 


K+ Dood feb e'**-27 & d(x;— xj). (11) 


We now observe the reason for including K in L,, for 
it provides the necessary constant term in Eq. (11). 
To within the approximations indicated, the solution 


§ See Sec. II of Paper I. 


MANY-BODY PROBLEM 1193 


to Eqs. (6), (7), and (8) now becomes trivial. We have 


m d,, aN k? Vi 
el ey een 
aN \ k? m 


(12) 


and 


K=m/2aN, A=Vo, (13) 


where a is defined by 


Did=aN. (14) 


Equation (4) now becomes, in x-space, the following: 
La= sm dD e+ (mL/4aN)> ;> ; wid (Xj— Xj) Bik; 

— (m/2aN) (x :#;)?— 

DiiX (Le vo(1/L)V edee**-*))+- const. (15) 


We observe that the coefficient of the d(x;—x,)#;4; 
term is very small. Moreover d(x;—.x;)¢,4; has an 
appreciable value only when x; is very close to 4; 
which, of course, is a rare event since the highly re- 
pulsive core forbids this. Even when x;=.2;, the con- 
tribution to Eq. (15) is only m#,#;/4a, which is still 
small. 


II. Dynamics of the Collective Coordinates 


In this section we shall analyze the equations of 
motion obtained from our modified Lagrangian L, 
[Eq. (15) ] using real particle coordinates. Utilizing the 
same masses and frequencies as in Sec. I, we shall be 
able to both minimize the effect of velocity dependent 
forces and reproduce the approximately correct forces 
acting on the real particles. 

Thus, this discussion explicitly reinforces our in- 
terpretation of the connection between the collective 
coordinate Lagrangian and the physical coordinate 
Lagrangian inasmuch as the methods of Secs. I and 
IT are distinct. 

The equations of motion resulting from Eq. (15) 
may be written, after elimination of the >°j;#; term 
which appears, as 


imi ji 1 
mi;=>, F(x;—x;))+> W5+——_ > > Wii, (16) 
i 7 N(a—1) i hei 


where 


(17) 
(18) 


W y= a7’ (x,—x))—2)U (ax—2), 
U (x)= (m/aN) (1+ d. x,0d,e***), 


and 


F (x)= — > tkV .d,e'**. (19) 


Equation (17) must be compared with the exact 
equations of motion given by 


ji 


mii=— > OV (x;—x;)/Ox;. (20) 


To within the d-function approximation, Eqs. (16) and 
(20) differ only by the W terms on the right-hand side 
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of Eq. (16). It must now be established that the ve- 

locity dependent forces which these terms represent 

are small compared to the correct interparticle forces. 
To begin with, let us compare 


V' (4-4) 947U' (x;—2;). 


(21) 


If, for the sake of simplicity, we assume that the dis- 
tribution of velocities is approximately Maxwellian, 
z? is of the order of «7/m, where «x is Boltzmann’s 
constant and 7 the absolute temperature. We must 
then investigate 


V" (x¢— xj) (xT /m)U' (x;—x;). (22) 


This comparison can be rewritten 


V' (x;—x;) xT U'(x;—x;) 
+ ) — (23) 
V (0) V (0) U(0) 

To show that the right hand side of (23) is negligible 
compared to the left hand side, we first observe that 
without loss of generality in any molecular problem we 
can make V(0)~2000 ev. Anticipating the results of 
Part B in which it is shown that we can approximate 
V (x) by a finite fourier series, it follows that «7/V (0) 
is of the order of 10-* at 7=300 degrees absolute. (For 
small T this result is strengthened.) Moreover, we 
have chosen f; and & such that 


U'(x;—2;)  d’(x;—25) 
vo) = a0) —S 





(24) 


Since d’(x) rapidly goes to zero, it follows that 


U(0) 


except for small values of the argument where, however, 
the system is unlikely to be. Thus the first term on the 
right-hand side of Eq. (17) is small compared to 
F(x;- %;). 

Next, let us consider the second term on the right 
hand side of Eq. (17) and compare it with F(x;—x;). 
This term may be evaluated by iteration of Eq. (16), 
but since only an estimate of error is required we shall 
consider just the first step in the iteration. That is, 
in the term #U(x;—x;) we may choose #;=(1/m) 
X>o1'“iF (x;—x,). Hence we compare 


ji 1 ji hj 


LY F(xi—x)o— LY F(xj—an)U(*i—x)). (26) 
i mis 
Let 


= Fle~n)uc(e), (21) 
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then (26) becomes 


G(xJo(1 [mS U («;~2)G(a): 


(28) 


We note that in the second expression j i, so that 
U(x;—x;)/m4#U(0)/m for any term. Now if x; ap- 
proaches x; then since U(0)/m=~1, it is conceivable 
that a term in the right hand sum is of the same order 
of magnitude as G(x;) itself. This, however, is not 
possible because even if x; is close enough to x; to feel 
the full effect of the repulsive core, we have already 
presumably chosen U(x)/m to be essentially zero in 
this region. 

By means of the comparisons Eqs. (21) and (28), we 
have demonstrated that 


jFt 


ji 
} Wi<d F(x;—<;). (29) 
i i 


There still remains the problem of showing that the 
rightmost term in Eq. (16) is small compared to 
>-F (x;—2;). Since 


iti 
DL WSN DL Wi, 
i 


i hi 


(30) 


(in absolute value) it will be sufficient to show that 
1/(a—1) is not large compared to 1. Clearly, if a~1, 
1/(a—1) becomes very large and the correction term 
may be enormous, whereas for a>1.5, 1/(a—1) is less 
than 2, which is quite satisfactory. It is no accident 
that K corresponding to a~1 is precisely the singular 
case which was noted following Eq. (3). 

Since the d-function obtained by choosing Ak= kp 
and d,=1 yields an a=1+1/N, we conclude that 
serious difficulties may be encountered unless one 
selects a d-function with gap frequencies. This is, in 
fact, the problem which we propose to discuss in Part B 
of this paper. 

Let us summarize this section by pointing out that 
the requirements for making the velocity-dependent 
forces negligible in the exact equations of motion, as 
well as reproducing the correct potential, are essentially 
the requirements needed to satisfy conditions I, II, 
and III in Paper I. The fundamental idea in each case 
is to make the velocity potential have a small nonzero 
value only well within the repulsive core of the physical 
potential so that it is never felt. 


B. PRODUCT REPRESENTATION OF d-FUNCTION 
I. Introductory Remarks 


We have already indicated in Part A that the problem 
of representing the physical potential as well as mini- 
mizing the velocity dependent potential depends on a 
suitable approximation for the Dirac 6 function, using 
only N Fourier terms. As a prototype for the d-function, 
although admittedly a poor one for our purposes, let 
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us write down what one would naively obtain by utiliz- 
ing the minimum mean square approximation to the 
Dirac 6 function and assuming equally spaced fre- 
quencies. This function is given by 


1 Nho/2 sinf 3(N+1)kox 
tide: x eit = [3( ) 0 J 


L, k=—Nko/2 L sin(}kox) 





We observe that the first zero of d(x) occurs at 
(N—1)kox/2=a or x=L/N. But for the case of gases 
with L=1 cm and N10" this d(x) obliterates the 
details of the potential and obviously cannot be used. 
Moreover, in Part A, the above case, which corresponds 
to a= 1, has been shown to lead to serious difficulties. 

One can show that expression (30) may equally well 
be obtained by choosing the frequencies k as having a 
random distribution between —Nko/2 and +Nk)/2. 
Following this lead, we may then assume a distribution 
of frequencies between — © and © but with a proba- 
bility distribution other than uniform. This results in 
an expectation value of the d-function which possesses 
all the desired properties. While the corresponding 
minimization of the standard deviation of the function 
does not seem to have an easy solution, evidence has 
been obtained' that this is not an insurmountable 
obstacle. 

The major conclusions to be drawn from a more de- 
tailed analysis, not presented here for lack of space, are 
the following: 


(a) It is necessary to utilize frequencies higher than 
Nk)/2 to obtain a narrow d-function. 

(b) The distribution of frequencies needed to achieve 
(a) must have a random nature which is evidenced by 
the appearance of numerous gaps since all frequencies 
must be integral multiples of o. 

(c) It is not appropriate to have equal coefficients 
for all Fourier terms. 

(d) The probability methods mentioned above 
indicate the justification for the existence of a suitable 
d-function which we shall now construct explicitly in 
Sec. II. 

II. Product Representation 


Drawing inspiration from the conclusions of the 
preceding section, we shall now indicate a plausible 
d-function which appears to be suitable for representing 
a periodic V (x). Its main characteristic is the extreme 
narrowness of its central lobe. Another advantage is 
that a1. 

Consider the case where Ak= hy; then Eq. (30) can 
be written in the following form (assuming that 
N=3'—1). 


i 1 sin[$(V+1)kox ] 
L  sin (3kox) 


1 we 


=- DL exp(ijkox) 
Lim=wnre 





(31) 


= a/DiEL [1+2 cos(3*kox) ]=d,(x). 
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Fic. 1. Development of a d-function: (a) The first state 
d,(x)=1+2 cos(kox); the next factor 1+2 cos(3kox) is indicated 
by the dashed curve. (b) The second stage d2(x) results from 
multiplying the curves of Fig. 1(a). 


The product form of the d-function [henceforth re- 
ferred to as d,(x)] is instructive from a geometrical 
point of view because it shows how the d-function 
approximates a 6 function. The first factor produces a 
peak at x=0 and is —1 at x= L/2. 

The next factor [1+ 2 cos(3kox) ] narrows the central 
lobe [this is indicated in Fig. 1(a) by a dashed line]. 
The product of these is given in Fig. 1(b). We observe 
that succeeding factors produce a more and more 
narrow central lobe and that side lobes are successively 
reduced. 

We know, however, that d,(x) cannot be a good 6- 
function for our problem because the width of the 
central lobe for a given physical situation is too wide 
and washes out the details of the potential. It now sug- 
gests itself to use the form of Eq. (31) to construct a 
modified 6 function which can be made more narrow at 
the expense of raising the side lobes to some extent. It 
is this 6 function which we believe can suitably repre- 
sent the potential. Consider the following: 


d,(x)= (/)t1 [1+ cos(3+«)kox ], (32) 


where f will be approximately 2, and by (3+6)' we 
mean the nearest integer thereto; f and «¢ are to be 
determined. 

First a few obvious remarks: 


L/2 
f d,(x)dx=1. 
—L/2 


Moreover, qualitatively the geometrical appearance 
does not change significantly from that of the preceding 
analysis, with the exception that the central lobe is 
much narrower because of the higher maximum fre- 
quency which is present. 

If 


(33) 


f= (2+8), (34) 


then the area underneath the central lobe is approxi- 
mately 1. To see this, we observe that the width of the 
principal lobe is given by 1+ (2+ €) cos(3+ €)"kox=0, 
or (3+ €)""kox=2x/3, a full width of ~2L/(3+6)'; 
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but the amplitude at x=0 is (3+-e)’/L so that the area 
of the principal lobe ~ 1. The same choice of f leads to 
d,(0)= (3+-«)"/L which is the value at zero of a d, 
whose maximum frequency is the same as the maxi- 
mum frequency in d,(x), a fact which will be of some 
importance in the sequel. 

We also note that 


a= (3+ 6)'/N’=exp(re/3). 


We further observe from the above analysis that the 
ratio of the widths of the central lobe for «#0 and e=0 
is given by 

3°/(3+ €)"=1/aSexp(—re/3). 


(35) 


(36) 


Let us now consider what happens when V, Lo 
such that the density »=N/L remains constant. The 
width of the central lobe is 2Z/(3+€)", but we have 
seen that V ~3’; therefore the width becomes 


2L/NEG+0/s — (1/m)N-«/108, (37) 


This goes to zero as N > even if ¢ is a slowly de- 
creasing function of r. 

The problem arises as to whether the side lobes de- 
crease sufficiently so that d,(x) actually approaches 
5(x) as r+. Recalling the dependence of ZL and N 
on r, we rewrite Eq. (32) as 


r—1 
d,(x)=n II [4+4f cos((3+e)'2xnx/3")], (38) 


which may be recast into the interative form 
d,1(x)=[$+43f cos(2xnx/3™) \d,((1+€/3)x). 


We note from Eq. (39) that d,,:(x) is, except for a 
slight scale shift, a multiple of d,(x); moreover, the 
multiplying factor is predominantly less than unity, 
so that all side lobes do tend to approach zero. However, 
even if the above were rigorously true, it would not be 
sufficient to guarantee the efficacy of the resulting 
d-function because there may nonetheless exist regions 
for which the total area under the curve does not 
approach zero. A detailed argument indicating that 
this difficulty does not arise is presented in the Appendix. 

We thus conclude that by the use of gaps in the 
wave number spectrum, it is possible to construct a 
suitable approximation to the Dirac 6 function employ- 
ing only N=nL Fourier terms if we allow L to become 
sufficiently large. This validates the analysis made in 
Part A. 


(39) 


III. The Nature of Fourier Coefficients and 
Frequencies of the d-Function 


We present without proof a summary of some typical 
results' emanating from various techniques for analyzing 


the d-function. 
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The Fourier coefficients of d,(x) are related to wave 
number density [normalized such that p(k)=1 when 
Ak= ko] by the reciprocal relation 


dip(b) ~1. (40) 
This can be interpreted by choosing for d,(x) a Fourier 
series with Ak=k) and constant Fourier coefficients 
between —kmax to +kmax, and then causing the Fourier 
terms to coalesce in bunches. 

Some typical forms for the density of wave numbers 
for the product representation are as follows: 


p(k) = (k/ko)-* ™, (41) 


) 1 1 ~( k \2 
~ —+ { exp—— 
' (12a)? b,_» ' 4a = 
3 fk—b,1\? 
omit 
4a by» 
3 fkt+b,1\? 
+exp| -—(— ) |}: (42) 
4a b,-2 


Otker forms involve discontinuous functions. 

Another result concerns the evaluation of gap series 
sums of the form >° 1x) /(k,d:,ox%), where {k} denotes the 
set of available wave-numbers. It can be shown that 
for slowly varying /, one may as a reasonable approxima- 
tion choose both p; and d; as constant 

pr=l/fa and d~a (43) 
for the range — Nak)/2 <k < Nako/2. 

The above results, while possessing intrinsic interest, 
are actually needed in the analytical description of 
physical phenomena by means of collective coordinates. 
As an example of what we mean, the partition function 
and the various thermodynamic quantities derived from 
it depend explicitly on d;. A further analysis will be 
presented in a succeeding paper. 


APPENDIX. LIMITING VALUE OF THE d-FUNCTION 


In this appendix we present a plausibility argument 
for the transition of the d-function into the Dirac 
6 function as r—>. Consider the expression 


1o)= fate exp(—a?x?/4)dx. (1) 


— 


If 7,(a2)=1 as r—o for any value of a then it is 
reasonably clear that d,(«)—6(x). This appears to be a 
valid criterion for a 6 function. First, we write d,(x) 
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in the following form: 
r—1 
d,(x)=m(3f)" II cos(3bix+38) cos(Zbix—38), (2) 
i=0 


where 
bs=[ (3+ 6)" ]2en/3"=([(3+€)‘]ho, (3) 
and 


cosp=1/f. (4) 


Since 
cosx= }$(expix+exp—ix)=} > .e**, (5) 


where ¢ runs over the set {—1, 1}, d,(x) is given by 


d,(x)=n(§f)" 2 expli 243 (etn; ] 


{eni} 


Xexpli Di3(e—n)8]. (6) 


Hence, 


f 
I,(a)= n(- j~ 
Xexpli Li3(e—m)8]. (7) 


Let us now define a jo such that bjp==a. Such a jo 
exists since as r >”, we may assume that bo decreases 
to zero and b,_; increases to ©. We observe that 


LX (e+1;)b;/2a P~ (b;-/a)?, (8) 


where 7’ is the highest 7 for which ¢;+;+0; the reason 
for this is that 


— 2D exp{—L2i(6+n,)b;/20F} 


{ejni} 


j'-1 j-1 
|X 3(e+ns)bj| SX bj;<b;/2+e. 
imo j-0 


If j’> jo, then exp— (b;/a)? is negligible and we can 
neglect such terms. Therefore only terms for which 
€;+n;=0 whenever 7 > jo contribute to the sum. 

On the other hand, if 7’ <jo then 


exp— (;/a)’~1. (9) 


1197 


We conclude that 


I,(a)= DY expli 233 (6—0,)8)) 


2nr/r a AG i<io 


(e.ni} 


«K(X exp(iy (2) CIT (& exp(ie8/2)) 
a 6 


{ej} G<io ¢i 


(2 exp(—in,8/2))(II X exp(ie;8)), 


J2>ho ¢i 
or 


I,(a)= (2my/x/a) (f/6)" 
[2 cos(8/2) P*[2 cosB]-*, (10) 


Recalling that cos8=1/f, it follows that cosB/2 
=[((f+1)/2f}! and a=bjo= (3+ .€)*n2x/3". Equation 
(10) becomes 


Qny/n3" fy" sft1\* 
I,(a)=————_[_ - } 2*{ —— } 2*-#fie-r 
" nti ( f ) f 


peas 


If f=2+e then /J,(a) is independent of a. Due to the 
crudity of the analysis, the value of 7,(a) is 0.6 rather 
than 1. 

The above discussion makes plausible our belief 
that by the use of gaps, we are able to construct a 
suitable representation of the Dirac 6 function, using 
only N frequencies. 

We should like to point out briefly that the specific 
choice of 6; which we have utilized is a special case of 
a more general situation in which, however, f is a 
function of j as well. It is again necessary for (6;,1/b;)>3 
in order to improve (31). With 6; subject only to this 
condition, the preceding analysis Eqs. (1) to (11) can 
be easily carried through in precisely the same manner 
providing only that one chooses 


1+ fj=bj41/bj. 


(11) 


(12) 
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The importance of a pion-pion attraction for calculating nucleon anomalous moments is emphasized. It is 
found that reasonably strong pion-pion attraction is capable of giving large enough moments, even if the 


mirror condition of Sachs is imposed. It is pointed out that many effects, such as core recoil, interaction 


currents, and excited cores offer no relief in calculating large enough moments. 





I, INTRODUCTION 


HE general failure of the meson theories to predict 
the quantitative facts regarding the properties of 
nucleons has led Sachs! to approach the problem of 
understanding these properties from another point of 
view. Rather than make assumptions about the specific 
form of the interaction which gives rise to the pion field 
presumably surrounding the core of the nucleon, Sachs’ 
efforts are directed towards correlating the data on the 
nucleon with the pionic structure of the nucleon. An 
important aspect of this approach is the hypothesis that 
the probability of the existence of the various numbers 
of pions in the cloud is finite; i.e., that the nucleon wave 
function is normalizable. 

With this approach the nucleon magnetic moments, 
the neutron-electron interaction, the pion-nucleon 
scattering data,? and the neutron-proton mass differ- 
ence® have been analyzed. The present paper is con- 
cerned with additional considerations on the magnetic 
moments. 

Since the assumptions and conclusions of Sachs re- 
garding the nucelon magnetic moments are basic to the 
work reported here, a brief discussion of them is in 
order. On the basis of a no-recoil, spin 3, isotopic spin } 
core and the assumptions of charge symmetry, Sachs 
showed that the sum of the moments is 


M,+M, =M(o)[1— (4/3) Pi], (1) 


where t(c) is the core magnetic moment and P, is the 
total probability that pions occur in the field with total 
angular momentum L=1. Equation (1) is referred to as 
the mirror theorem. For 9t(c)=1 nuclear magneton, 
P,=9%. The smallness of this number is a direct re- 
flection of the fact that the proton and neutron anoma- 
lous moments are so close together in absolute value. 

Then, to calculate the neutron magnetic moment 
Sachs argued that interaction currents are negligible and 
that the pions surrounding the core are in p-states.‘ For 

* Supported in part by the U. S. Atomic Energy Commission 
and in part by the Wisconsin Alumni Research Foundation. 

Tt National Science Foundation Predoctoral Fellow 1952-1954, 
now at Vanderbilt University, Nashville, Tennessee. 

1 R. G. Sachs, Phys. Rev. 87, 1100 (1952). Equations referred to 
in this paper are designated by an S. 


2 R. G. Sachs, Phys. Rev. 95, 1065 (1954). 


3 W. G. Holladay and R. G. Sachs, Phys. Rev. 96, 810 (1954). 


* The consideration of only p-state pions involves the assump- 
tion that angular correlation between pions is negligible. For 
simplicity, radial correlations were also omitted. 
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simplicity, he neglected altogether the kinetic energy of 
the pions, i.e., set (1/w)=1/u, where the bracket indi- 
cates the average over pion momenta, w is the total pion 
energy and uy is the pion rest mass. It was then found 
[see Eq. (S-28)] that the only way a large enough mo- 
ment could be calculated was to make the two-pion 
state much more probable than the one-pion state.® 
Even with this unusual requirement it is very difficult 
to fit the moments when pion kinetic energy is taken 
into account. From the cursory knowledge of the spatial 
extent of the pion cloud as provided by the range of 
nuclear forces, it would seem that (1/w) could not be 
significantly greater than 1/2u, in which case the 
neutron moment calculated from Eqs. (S-28) and 
(S-29) would be too small by a factor of 2. This result 
necessitates that the assumptions made by Sachs be 
reexamined for the purpose of finding a mechanism that 
will provide large enough moments when reasonable 
values of the pion kinetic energy are considered. 

The essential dilemma to be overcome is that the 
nearness in absolute value of the anomalies constrains 
P, (via the sum of the moments) to be a rather small 
number, whereas the anomalies themselves are large, 
which is expected to require rather large pion probabili- 
ties. Now from Eq. (1), P: can be made larger than 9% 
if the core moment 9)t(c) is greater than 1 nuclear mag- 
neton. In an effort to increase J)t(c) and P; we are led to 
examine the effects of core recoil, excited cores® (i.e., 
cores with spin and/or isotopic spin of 3), and inter- 
action currents. It is found that these effects increase 
the dilemma before us. Core recoil will be discussed in 
the next section and interaction currents have already 
been treated.’ With regard to excited cores we merely 
mention that the contributions from them are quite 
small, largely because the orthogonality of the excited 
core states to the ordinary core state exterminates the 
no-pion, two-pion cross term* which for the spin 3, 
isotopic spin } core gives the essential contribution. It 

* The greater effectiveness of the two-pion state to produce a 
magnetic moment resides in the fact that its contribution depends 
on. the amplitude not the probability of the state. 

6M. Sugawara, Progr. Theoret. . ‘aamed 8, 549 (1952). 
F, tis Belinfante, Phys. Rev. 92, 994 (19 
G. F. Chew (private Capenabaalion’ a R. H. Capps and 
W. G. Holladay (Phys. Rev. 99, 931 (1955), have shown that inter- 
action currents do not affect Pi and give either no anomalous 
moment or small anomalous moments of the wrong sign. 


; § This cross term will be referred to as the annihilation term. It 
involves the annihilation of a r+— 7 pair. 























NUCLEON ANOMALOUS MOMENTS 


should be pointed out that Miyazawa,’ who considered 
the effect of nucelon-antinucleon pairs on the effective 
mass of the nucleon core and hence on Jt(c), has 
shown how P; may be increased to 15-20%. This is a 
worthwhile increase, but seems insufficient to resolve the 
difficulty, for from (S-28) with (1/w)=1/2u rather than 
1/u, the probabilities that yield the correct moments 
need to be so large (a typical set being’? P:(1)=0.40, 
P(2)=0.15, Po(2)=0.15, P(O)=0.30) that the strong- 
coupling result very nearly holds, namely, that the 
nucleon moments have about the same magnitude, in 
contrast to the known fact that the anomalies have 
about the same magnitude. If we take (1/w)=1/3y, 
then no values of the probabilities can be found on the 
basis of Eq. (S-28) that yield a large enough neutron 
moment. 

Since the considerations above have proved inade- 
quate to resolve the difficulties associated with the 
magnetic moment problem, other possibilities must be 
investigated. One such possibility involves the assump- 
tion of an attraction between pions." To see that such 
an interaction can increase the moment, recall that the 
main contribution to the moment comes from the anni- 
hilation current. The probability for annihilation of two 
pions is greater if the pions tend to be near one another. 
A positive correlation” between two pions, which would 
result from a pion-pion attraction, would therefore en- 
hance the annihilation process, and would thus in- 
crease the moments. 

An investigation with an explicit form of the two- 
pion function including a pion-pion correlation is carried 
out in Sec. III. The result shows that the moments can 
be increased sufficiently to compensate for the reduction 
of the moments due to pion kinetic energy. The intro- 
duction of correlation between pions does not change 
the mirror property, and thus does not alter the value of 

1- 

For arbitrarily large correlation, the correct moments 
can be obtained with an arbitrarily small two-pion 
probability, so that the one-pion state can have a 
larger probability than the two-pion state. For this to 
happen, however, the correlation has to be so strong that 
the two pions very nearly form a single particle. More 
reasonable values of the correlation parameter are 
obtained if the two-pion state appears with a proba- 
bility comparable to or greater than the one-pion 
probability. It is interesting to note that a strong pion- 
pion attraction might lead to just this result, i.e., the 


9H. Miyazawa, Phys. Rev. 97, 1413 (1955). Because of lower 
threshold energy, it might be expected that hyperons and heavy 
mesons would be more likely to affect Dt(c) than pairs. 

10 The subscript refers to the total angular momentum of the 
= field and the other number to the number of pions present. 

otice that this set has the one-pion probability larger than the 
two-pion probability. 

11 W. G. Holladay and R. G. Sachs, Phys. Rev. 98, 1155 (1955). 

2 Such a correlation would introduce angular momentum states 
higher than f-states into the two-pion wave function. This is 
another way to see that the moments can be increased by pion-pion 
attraction. 
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interaction would tend to stabilize the two-pion state as 
compared to the one-pion state, where the attraction, 
of course, is not operative. 


II. EFFECT OF CORE RECOIL 


Since core effects do not satisfy the mirror property, 
i.e., do not cancel in the sum of the nucleon moments, it 
is of special interest to see whether the recoil of the core 
can significantly change the condition on P. To esti- 
mate the recoil effect, we consider first just the one- 
pion state. The orbital magnetic moment operator of 
the system we take to be 


1 
M,°= > lee (r,X Vz) ste(PeXVe)s], 
2c 


where the subscripts m and ¢ refer to the pion and to the 
core. The reference frame is chosen so that the total 
momentum of the pion and the core is zero, i.e., 


Px= — Pc= P, 


E,vV,= — Ewe. 


The origin of the coordinate system is taken at the 
center of inertia, i.e., 


E,ty=—Ende. 


We then have from the above equations 


c Ble fide >? & 
M.°=-(rX p)- (=+<), 
2 E,+E,.\EZ EZ 


where r is the radius vector between the two particles. 
If we add to this the spin core moment, the sum of the 
moments in nuclear magnetons is found by taking the 
expectation value of 
ME, 
o.tL 


"Ee(Ee+E.) 


since the pion terms cancel. Here M, is the nucleon 


rest energy. Hence 
ME, 
Mn +M,=1—4/3P1+2/3P:— 
E.(E,+E,) 


To make the effect of recoil and the value of P; as large 
as possible we suppose that E,=E,=M,, from which 
the probability P; is found to be 12%. 

With recoil the neutron moment in the one-pion state 
is given by [an extension of Eq. (S-24) ] 


2r M, M 
mac=—142(—— oo 


1 + 
“5 “¢c 


Since the orbital moment from the positive core is 
opposite to that produced by the negative pion, there is 
a considerable reduction in the calculated moment 
from the one-pion state when E,~ E,. 
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For states with higher numbers of pions we can still 
use Eq. (2) by supposing that all the pions act as a unit 
with total energy E, against which the core recoils. 
With this procedure recoil effects are maximized and 
Eq. (2) gives an upper limit to P;, which we have seen 
is 12%. Suppose that all this 12% is put into the two- 
pion state. The largest contribution to the moment 
comes from the annihilation term in which P; appears 
to the 4 power, so that the core recoil provides 
through the small increase of P; an even smaller 
increase in the moment. 

At the same time core recoil leads to effects that 
reduce the moment derived from the cross term. In 
addition to the reduction of the annihilation term by 
the high pion kinetic energies which large core recoil 
implies, a further decrease will occur because the over- 
lap integral in the space variables of the core will be 
less than one, the value assumed in the no-recoil 
approximation. We therefore conclude that the con- 
sideration of core recoil does not alleviate the dilemma 
associated with nucleon magnetic moments, and it is 
neglected in the remainder of the paper. 


Ill. EFFECT OF CORRELATION 


In this section we examine the results of the postulate 
of strong pion correlations, which makes the annihila- 
tion contribution to the moments larger by stimulating 
the annihilation process. To consider this effect in 
detail, it is convenient to work with an explicit form of 
the two-pion wave function, the relevant part of which 
has quantum numbers L=1, T=1, T;=0, with a xt, 2 
pair present. The functional for this state can be written 


|N=2, L=1, T=1, (+, —)) 
ew v2 OL v2 


where ®(k+,k’—) refers to a positive pion with 
momentum hk and a negative pion with momentum hk’. 
The function f(k,k’) has the general form 


f(k,k’) oO (kXk’)F(R,k”, | k+k’ | 5, (4) 


which insures that the pions have total angular momen- 

tum L=1, coupled to the core spin to give a total 

angular momentum }. Since the isotopic spin function 

for this state is antisymmetric, f(k,k’) itself must be 

antisymmetric, which requires that F be symmetric. 
For F we choose the form 


+iC(K,y) 
"(oko 7y: 





F(k,k?, |k-+k’|?)= 





SS err 
5 
K+ K°+k2) y+ (k+k’)?/kk” 


where C is the positive normalization constant, de- 
pending on the parameters K and 7, and +7 is a phase 
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factor whose occurrence may be established by time 
reversal arguments. The quantity ko= (u®+ #)!. We are 
led to this form of F by the following considerations: 
The creation operators which produce the two-pion 
state contain (koko’)~?, the energy denominators of 
perturbation theory give rise to (koko’)~!, the quantities 
containing K® are inserted as cut-off functions for the 
pion momenta, the exponent 5/4 causing F to die off 
rapidly enough that the calculation in the next paper 
on the n— p mass difference converges, and the term in y 
contains the correlation between the two-pions, a 
small y indicating a large correlation. The correlation 
disappears as 7. 

To calculate the magnetic moment of the nucleon 
in this state, it is convenient to expand the pion field 
into plane waves. Then, the pion part of the magnetic 
moment can be written 


icM 
D(x) =— f [vex v) v*—¥* (xv) le 


1 
= } * , *)i 
iM > (kek +bx-) (Qu +b_«*)i, 
‘(kX ¥,)5(k+k’) 


in units of the nuclear magneton, with M the reciprocal 
of the nucleon Compton wavelength. 

For the no-pion, two-pion matrix element of Dt, () 
(annihilation term), we have 


(0|M.(m) | 2) 
=2(N=0, x3|Mt.(4)| L=1, T=1, (+, —)x?) 


(22) a fH 


‘(kx v—k’x 0’ ]6(k+k’)x?}, 


k,k’)i. 


where P(0) is the no-pion probability, P;(2,1)/3 is the 
probability in the two-pion state of the r+, x~ pair with 
L=1, T=1. The curly bracket in the latter expression 
refers to the sum over nucleon core spin variables. Inte- 
gration by parts and the fact that f is antisymmetric 
lead to 


P,(2,1)P(0)\! 
ojmk.)|2)= a) 


x |x f f PhiPk'i,- [ice patil 


Insertion of Eq. (4) into this expression yields 


P,(2,1)P(0)\3 
(lat, =120"(—) 


kX (kxe) 
x {xt f tie “ras, 
0 
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TaBLE I. Values of the pion momentum cutoff, the correlation 
parameter and the corresponding two-pion function normalization 
constant that yield the correct neutron moment. 








K/u 





P,(2,1)=9% 


P,(2,1)=20% 


Whee | 
SSS 88s! 








where only the derivative of [.o- (kXk’) ] remains after 
the integration over the 6 function. Note, in addition 
that the correlation drops out in this integral and affects 
the moments only through the normalization of the 
pion function. When the angular integral and spin sum 
are performed and Eq. (5) for F inserted, it is found that 


16M 
(0|M.(m) | 2)= aOR. qh s2t PO), (6) 


where 
f dkk* “(= 
J Kko\ K?+? 


Ko? (3 3 g's 
=——{-—-a! tana~!+-a—-a! tana? 
Buta 


2 2 


with a=y?/(K?—y?); C’(y,K) = K°xC is dimensionless. 
In Eq. (6) the negative sign should be chosen for the 
neutron and the positive for the proton. 

Some values of the parameters and the normalization 
constant which yield —1.91 for the neutron moment 
are given in Table I. Since the effect of heavy mesons or 
considerations such as those of Miyazawa might double 
the value of P;, values of these parameters for both 
P,=9% and 20% are included for completeness. 

The evaluation of the normalization integral to ob- 
tain C’ has not been exact, but the approximation’s used 
are believed to be accurate to better than 10%. 
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Of course, other pionic states contribute to the 
moment but to a much smaller extent than the states 
considered here, so that their effect on the above param- 
eters will be minor. 

Note that the correlation parameter has values y~1. 
A correlation parameter of this magnitude implies that 
the amplitude of the two-pion function when the two 
pions are coincident is about 5 times the amplitude of 
the function when they are on opposite sides of the core. 
Therefore, the pion-pion attraction is not weak. 

The effect of the correlation can be seen from the fact 
that a neutron moment of —0.42 is calculated for 
P,=9%, K/u=7, if correlation is omitted (y->@). 


IV. CONCLUSION 


Although the mirror theorem places rather stringent 
limitations on the probability P; with which pions exist 
in the cloud surrounding the nucleon, it is still possible 
to calculate correct nucleon moments by assuming a 
pion-pion correlation such as might result from a strong 
pion-pion attraction. The positive correlation enhances 
the annihilation of a r+, ~ pair, and therefore increases 
the contribution from the annihilation term (no-pion, 
two-pion cross term). The correlation which is required 
in order that large enough moments be calculated 
seems more reasonable if the two-pion state enters with 
a probability comparable to that of the one-pion state. 
This does not necessarily imply strong coupling, but 
could result from the pion-pion attraction itself. 

The existence of a strong pion-pion attraction should 
manifest itself in other physical processes, and may 
account for some of the discrepancies that now exist 
between theory and experiments on pion-nucleon phe- 
nomena. Further evidence for the effect is presented in 
the following paper. 
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The possibility of understanding the — p mass difference by means of electromagnetic interactions among 
the particles of a structured nucleon is pointed out. The success of this approach depends on the same general 
features that seem to be necessary in understanding the nucleon moments, namely, the enhancement of the 
annihilation of a x*, x~ pair. Thus, further confirmation is provided for the hypothesis of a pion-pion attrac- 
tion. Information on the spatial extent of the pion cloud is obtained, namely that p~2.4 nucleon Compton 
wavelengths, where p~* is related to the average of the inverse cube of the distance between the pions and the 


core. 





I. INTRODUCTION 


HE possibility of understanding the neutron- 

proton mass difference by treating the nucleon 
as a structured system has already been presented.! 
The argument proceeds on the assumption that the 
mass difference results from the electromagnetic inter- 
actions among the particles (charged pions and charged 
core) that compose the nucleon structure. To calculate 
the mass difference, electromagnetic interactions are 
investigated that arise in the neutron but not in the 
proton, and vice versa. On the basis of the charge- 
independence hypothesis, the mass difference between 
the charged and neutral pion and the electromagnetic 
interactions among charged pions affect the neutron 
and the proton in the same way and, therefore, need 
not be calculated. In order to isolate the effects that 
might contribute to the mass difference, we assume that 
the charged and uncharged core particles have the 
same mass.” 

Two main effects, which are discussed in detail to- 
gether with minor effects in Sec. II, contribute to the 
difference in the electromagnetic energy between the 
two systems. These are (1) the electrostatic energy in 
the neutron between the negatively charged pion cloud 
and the positively charged core, and (2) the inter- 
action in the proton between the magnetic moment of 
the charged core and the magnetic field produced by 
the pion currents. 

The electrostatic interaction in the neutron would 
lead to a neutron mass smaller than the proton mass, 
the amount being given in Mev by 


E.= 3P(T= 1)pr, 


where P(T=1) is the total probability that any number 
of pions occur in the field with total isotopic spin T= 1, 


and p; is related to their average distance (in pion 
Compton wavelengths) from the core. The factor } 
enters because the pion cloud is negative in the T=1 
state with probability }. Since the pion probabilities 


* Supported in part by the U. S. Atomic Energy Commission 
and in part by the Wisconsin Alumni Research Foundation. 

¢ National Science Foundation Predoctoral Fellow 1952-1954, 
now at Vanderbilt University, Nashville, Tennessee. 

1 W. G. Holladay and R. G. Sachs, Phys. Rev. 96, 810 (1954). 

2 A difference in core mass can be compensated by a small change 
in the dimensions of the pion cloud. 


are small, E, is relatively small. For example, if p; is 
taken to be as small as 2 nucleon Compton wave- 
lengths, E,~ 250 kev for P(T=1)=10%. 

The magnetic interaction in the proton between the 
pions and the core contains a term that depends on the 
annihilation current.’ The corresponding term is absent 
in the neutron, since the core is neutral. This contribu- 
tion is proportional to the amplitude of the two-pion 
state, and is describable in terms of the annihilation of 
a m+—a- pair, producing virtual radiation which is 
absorbed by the charged core. An equivalent statement 
is that the current loop formed by annihilation of the 
pair produces a magnetic field with which the core 
magnetic moment interacts. The direction of the current 
loop must be such that the resulting magnetic moment 
adds to the magnetic moment of the core. This implies 
that the magnetic field at the core due to the loop is 
parallel to the core moment (in the no-pion state). The 
energy is then negative and the mass of the proton is 
thus reduced. 

An approximate expression for this energy is derived 
in Sec. II, and is found to be* 


En=—6IN (QAM pp, (1) 


where Yt(c) is the magnetic moment of the charged 
core, At, is the contribution to the proton moment due 
to the annihilation term, and p is a distance depending 
on the spatial extent of the pion cloud. 

There is, of course, a magnetic interaction in the 
neutron, and, in fact, to order g’ in a straightforward 
weak-coupling theory, such an interaction lowers the 
neutron and proton mass by the same amount. There- 
fore, on this basis the electrostatic energy in the neutron 
would make it lighter. But the increased effect of the 
annihilation current due to pion-pion attraction, which 
was postulated in the preceding paper in order to under- 
stand the magnetic moments, here leads to an increased 
magnetic energy in the proton. In fact, since most of the 
anomalous moment came from the annihilation term, 
we expect the proton magnetic energy to greatly domin- 
ate that of the neutron. Furthermore, the amplitude 

* Annihilation current was defined in the preceding paper 
[W. G. Holladay, Phys. Rev. 101, 1198 (1956) ] to be those terms in 
the pion current operator which create or annihilate x*, x~ pairs. 


‘ Note the similarity of this expression with the expression for 
hyperfine splitting of atomic levels. 
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effect and the small size of the nucleon system together 
with the p~* dependence allow the proton magnetic 
energy to be larger than the electrostatic energy for the 
neutron. Therefore, pion-pion attraction with the con- 
comitant enhancement of the annihilation current, 
which seems necessary to understand the nucleons’ 
anomalous moments, also leads in a natural way to a 
proton mass smaller than that of the neutron. 

Equation (1) can be used to get an approximate value 
of p~*. If E,, is set equal to the total n— p mass difference 
and AY, to the total anomalous moment, and if Jt(c) 
is taken to be one nuclear magneton, we find 


p=2.4h/M xc, 


where M, is the nucleon mass. The electrostatic energy 
and the other contributions to the moment anomaly will 
slightly reduce this value of p. 

So far the discussion has proceeded in rather general 
terms, i.e., without an explicit form of the two-pion 
wave function. In Sec. III the n—p mass difference is 
calculated with the specific form of the correlated two- 
pion function’ assumed in the magnetic moment cal- 
culation. It will be shown that reasonable values of the 
parameters in the function can be chosen to fit both 
the n—p mass difference and the moments. 


Il. ELECTROMAGNETIC INTERACTIONS IN 
THE STRUCTURED NUCLEON 

In this section we discuss the n—p mass difference 

without an explicit form of the pion wave function. Of 

the electromagnetic interactions to be considered, 

namely, electrostatic and magnetostatic, we now exa- 

mine the former. The operator for the electrostatic 
energy is 

1+73 rp(r) 
E.=e —d'*r, (2) 
2 r 


where p(r), the pion charge density operator, is 


- [rte #* (Ov) 
1 


in which ¥(r) is a component of the charged pion field 
and r(r) is its conjugate. For a spherical wave expansion 
of the pion field, E, becomes 

1+73 é 
E.= —> 


s,s’ 


[Ooo 
s(6)-Q)]oren eo 


- pian 


r 


5, Vm, m’ 





5 See Eq. (3), preceding paper. 
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the notation being that of Sachs,* Appendix I. In the 
one- and two-pion states, the following matrix ele- 
ments contribute to the electrostatic energy between 
the pions and the core, the energy values being ex- 
pressed in Mev: 


Neutron: 
(V=1, (—)|E.|N=1, (—))=—$Pill)or, 
(N=2, L=1, T=1, (—, 0)|E£.|N=2, L=1, T=1, 
(—, 0))=—$Pi(2,1) (1, 91,17), 
(2, 0, 1(—,0)| £.|2, 0, 1, (—, 0))= —$Po(2,1) (0, 190,174). 
Proton: 
(2,0, 0, (+, —)| £.|2, 0, 1, (+, —)) 
= + (4/3)V2[ Po(2,0) Po(2,1) }4(o, op0, 1), 
(2, 1,0, (+, —)|£.|2, 1,1, (+, —)) 
= + (4/3)V2[P1(2,0)P1(2,1) }4(1, 091, 1), 
(N=0|E,|2, 0, 1, (+, —)) 
= + (2/v3)[P(0)Po(2,1)}*(o0, 1), 


where +, —, or 0 in the parentheses refer to charge on 
the pions. P;(1) is the one-pion probability with L=1 
and P;.1(N=2, T=1) is the two-pion probability with 
total angular momentum L=1 and total isotopic spin 
T=1. The quantities denoted by p with various indices 
are distances in units of the pion Compton wavelength 
(u-') which depend on the spatial extent of the pion 
cloud. More explicitly, 


 fTEELG)+C) 


X gi(h)gi(h’)js (hr) 7j1(k’r) | ® 


cmurt= f FEE (G) +) 


X gir, 7(RyRi)ge, xe, 77 (R1’) 
Xju(kr)ju(kw’)jv (jv (kyr) 


= febel(s)-)] 


X gr, 0,1(k,R’)71(R’r)71( kr) . (5) 


The functions g are the Fourier-Bessel transforms of 
the pion radial functions. Hence if we set (w’/w)!= 


®R. G. Sachs, Phys. Rev. 87, 1100 (1952). In addition, we 
decompose the pion field into the various states as given in 
Sec. II in Sachs’ paper. 
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the function in the curly bracket in Eq. (3) is the 
square of the one-pion radial function; in Eq. (4) is the 
product of a pair of two-pion radial functions, the first 
with quantum numbers /, L, T, the second with quan- 
tum numbers /’, L’, T’, and in Eq. (5) the function in 
curly brackets vanishes. The quantities / and /’ are 
one-pion angular momentum quantum numbers. 

Note that in the proton an antisymmetric radial 
state’ is involved in each matrix element. In particular 
the radial function in the no-pion, two-pion cross term 
must be antisymmetric, since the pion charge density 
operator has antisymmetric dependence on the radial 
variables in the pair annihilation and creation terms. 
This cross term will be quite small, because to annihilate 
one another, the two pions have to be close together, 
but as we saw in the last paragraph, the antisymmetric 
radial function vanishes when the pions coincide. The 
other matrix elements in the proton should also be small, 
for they not only contain antisymmetric radial func- 
tions but also depend on the probability of the two-pion 
state. 

The electrostatic energy for the neutron lowers its 
mass as compared to that of the proton, by the amount 
estimated in the Introduction to be about 250 kev. 

We now investigate the energy of the magnetic- 
magnetic interactions between the core and the pions, 
which in the no-recoil approximation can be written® 


1+73 
En=———M@(0)-H(O), 


where M(c) is the core moment operator and H(c) the 
magnetic field produced at the core by the pions. An 
estimate of E,, may be obtained by use of the Biot- 
Savart law, 


1 erXj(r) 
H(c)=- | ——d*, 


c 


if r is the vector away from the core to d*r and j(r) is the 
current density of the pions. Hence 


l+7s PMc): ex) 
s 2c J 


We are interested in the expectation value of this 
operator in the ground state of the nucleon, which has 
total angular momentum 3. For a spin-} core, the three 
terms of the dot product in Eq. (6) give equal contri- 
butions, so that the expectation value, (E£,,) of E,, in the 
ground state of the nucleon is the same as that of the 


7 By the Bose principle an antisymmetric radial state must be 
associated with the L=0, T=1 and L=1, T=0 two-pion states. 

® It is worthwhile to point out that the A-P interaction between 
the vector potential set up by the pions and the momentum P 
of the core is quite small since A vanishes along the axis of a cir- 
cular current loop. 
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quantity 


1 + T3 1 (rXj) z 
E,'= —6—“()— [ar 
2 2¢ r 

The pion current appears in both this expression and 
in the magnetic moment operator in about the same 
way. Furthermore, the nucleon mass is independent of 
the direction of the spin, hence we are allowed to take 
it oriented along the axis of quantization ; therefore it is 
possible to use many of the results of the magnetic 
moment calculation in the calculation of (E,,’). In 
particular for those states with a charged core 


(Em')= — OM (c)(M(r))p~*, 


where (Qt.(x)) is the magnetic moment contribution of 
the pions in those states and p~ is related to the 
average of r~*, 

If consideration is limited to the one- and two-pion 
states, for the neutron the two contributing states, 
|N=1, N=2, (—,0)), provide relatively 
small magnetic moments’ and therefore a relatively 
small contribution to the lowering of the neutron mass. 

For the proton numerous states contribute, but since 
the annihilation term yields the largest moment, it also 
gives the largest magnetic-magnetic interaction energy. 
To calculate this, we make a spherical wave expansion 
of E,,’, so that 


(1+73) 
Le) 7, Sete 
8,3’ 2(Roko’)* 
xX {a,*a,— b,*by+ (— 1)”’a,*b_.*+ (— 1)"b_,a,'} 
ji(kr) jv (k'r)rdr 
X(I,m| L,|U'm’) f lane china 
p 
The annihilation term, then, is 


+e 
=0| En'(p)|N=2)= —02(0| “[POPA2,)} 


x _ [u(t+-1) (20-41) Leal, rai(k,k’) 
1,b,k’ (koks’)! 





= — 6M (DAM, p-, 


where the functions g;(k,k’) are the Fourier-Bessel trans- 
forms of the two pion radial function, AQ, is the mag- 
netic moment obtained from the no-pion, two-pion 
cross term and 


; {quantity in curly brackets} 





{quantity in curly bracket with r*= 1} 


The sign of this interaction energy is given by the sign of 
the magnetic moments and is such as to lower the pro- 
ton mass compared to that of the neutron, since, in the 


® We are assuming here a relative enhancement of the two-pion 
state over the one-pion state. 
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neutron, the annihilation term does not contribute to 
the magnetic energy. For It(c)=e/2M and AM, 
=—1.91(e/2M), the choice of p=2.4/M yields —1.3 
Mev for the magnetic energy in the proton. This value 
of p will be slightly modified by the minor effects we 
have neglected. Hence, the annihilation term which 
was so important in the magnetic moment calculation, 
also appears to be capable of accounting for the n—p 
mass difference. 


Ill. EFFECT OF CORRELATIONS 


The preceding paper emphasized the effect of a pion- 
pion correlation on the calculated nucleon anomalous 
moments. A specific two-pion wave function with a 
pion-momentum cut-off and a correlation parameter 
was used there and various values of these parameters 
giving the correct moments were listed in Table I. In 
this section the »— p mass difference is calculated on the 
basis of the same wave function.”° We shall show that 
reasonable values of these parameters can be chosen 
to fit both the »— p mass difference and the moments. 

To calculate the proton magnetic energy with a 
specific two-pion wave function, it is convenient to 
write E,, in the plane wave representation : 


1+-73 ie4r 
2 V 
(a — bi * Dg + Og *b_g* + Oyb_x)M(c) -k’ Xk 
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The no-pion, two-pion matrix element of E,, for the 
proton is 
(0| Ea(p)|2) ey] ie 
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«ff | 
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If Eq. (4) in the preceding paper is used for f(k,k’) 
(+i is appropriate for the proton), this expression 


becomes 
[—— "|: 
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10 We do not mean to impart any unusually great significance to 
this particular wave function. It merely forms a basis for orienta- 
tion. It turns out that for this particular wave function the corre- 
lation per se, which had such a profound influence on the magnetic 
moments, does not greatly affect the n— mass difference. Other 
ways of introducing the correlation into the wave function can 
lead to an equally great influence on both the moments and the 
mass difference. 
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Some approximations believed to be accurate to 
within about 5% have been used to obtain a value for 
this integral. The values of y, K/u, and P, which fit both 
the neutron anomalous moment and the »—p mass 
difference are 


Py Y K/u 
9% 0.5 6.3 
20% 1.1 5.5 
In the calculation of the n—p mass difference a 
neutron electrostatic energy of 300 kev when P;=9% 
and 700 kev for P;= 20% has been taken into account. 
Because the r~* in the operator E,, has the effect of 
introducing a correlation between the pions in the 
calculation [the (k+k’)? in the denominator of Eq. 
(7) ], the explicit introduction of correlation does not 
produce as profound an effect in the n—p mass differ- 
ence as in the magnetic moments.” For example, even if 
y= the correct mass difference can be calculated for 
K/p=7, and P:=9%. 


x 
(2kk’)8 


+[ (ykk’ +k2-+k)?— 4k”) log 


(8) 


IV. CONCLUSIONS 


The electromagnetic interaction in the proton be- 
tween the positively charged core and the magnetic 
field set up by the annihilation current has the correct 
sign to lower the proton mass. On the assumption of a 
strong pion-pion attraction, it has been shown how this 
term can dominate all other electromagnetic inter- 
actions in the nucleon which affect the mass difference. 
Further, it is possible to deduce that p=2.4h/M,c, 
where p~ is related to the average of the inverse cube of 
the distance of the pion cloud from the core. Reasonable 
parameters (pion-momentum cut-off and correlation 
parameter) can be chosen in a two-pion wave function 
from which the moments and the mass difference can 
be calculated. These parameters cannot be uniquely 
fired because of unprecise information on the pion 
pruoabilities, but their approximate values are given 
by expression 8. 
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Isotopic Spin of Antiparticles* 


JosEeru V. LEPORE 
Radiation Laboratory, University of California, Berkeley, California 
(Received October 31, 1955) 


The eigenvalues of 73, the isotopic spin operator describing protons and neutrons, are usually taken as 
+1, —1 respectively. At first sight there appears to be some arbitrariness in the corresponding assignments 
for antiprotons and antineutrons, since either +1, —1 or —1, +1 seem to be logical possibilities; however, 
it is shown that in order to construct a theory involving nucleons, mesons, and the electromagnetic field 
which is invariant under electric charge conjugation only the first possibility is allowed. 





I, NUCLEONS IN AN ELECTROMAGNETIC FIELD 


HE wave equation describing a nucleon in an 
electromagnetic field is! 


[yu(0,+ieQA ,)+M =0. (1) 
The charge operator Q is given by 
Q=}(1+73), (2) 


provided that e is the protonic charge and one adopts 
the convention 


p(7r3= +1), 


n—(t3= - 1). 


(3) 


From the wave function of a particle of charge e, one 
can construct the wave function of its charge conjugate. 
With y=y"y, one has 


y=Cy. 
The equation for y/ is 
[¥u(0.—ieQ’A,)+M ly’=0. 
The matrix C satisfies 
CWC = — Yu 


In electron-positron theory, C depends only on the 
Dirac matrices; in a theory with isotopic spin, however, 
it may also be taken to depend on the isotopic spin 
matrices, since this would in no way violate Eq. (6). 
Suppose it is taken as 

C=Cor, (7) 


where 7; is the 1-component of the isotopic spin. One 
then finds 
QO’ =$71(1+73)71=}(1—73). (8) 


The wave function y’ thus describe particles with 
charges —e or 0 according to the scheme 


p'(13= is 1), 
n'—(13=+1), 


*This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1 The 7 matrices are the usual Pauli matrices for half-integral 
isotopic spin. The notation for the Dirac matrices is that of 
J. Schwinger, Phys. Rev. 74, 1439 (1949). 


(9) 


whereas in the usual theory (C independent of isotopic 
spin) 
0’=Q, 
p’(r3 = -} 1), 


n'—(r3=—1). 


(10) 
so that 


(11) 


Thus, so far as only nucleon-electromagnetic couplings 
are concerned, the operation of charge conjugation 
applied to the electromagnetic field, 


C14,C=—A,, (12) 


shows that the theory is invariant under charge 
conjugation regardless of which alternative is used. 

To sum up the results so far we may note the following 
table. Here g is the value of the charge on the particle 
in question. 


Alternative A.— 
g=eQ=}e(1+r7;), 
q= —eQ= —3e(1+75), 
p> (r3= +1), 


n—(73=—1), 


holds for particles, 

holds for antiparticles, 
p'>(rs=+1), 
n'—>(r3= —1). 


Alternative B.— 


q=eQ=}e(1+73), 
q= —eQ’ = —je(1—73), 
p>(7r3= +1), 


n—(r3=—1), 


holds for particles, 
holds for antiparticles 
p’(7r3=—1), 
n'—(r3=+1). 


It is important to notice that in a process such as 
production of a pair by a photon there is no question of 
the violation of isotopic-spin conservation, since in a 
theory of type A the rule for composition of isotopic 
spins is 


T;=T;(particles) — T;(antiparticles), (13) 


while for the case B one has 


T;=T;(particles)+7;(antiparticles). (14) 


To see that these rules hold one needs only to observe 
that under a rotation through angle ¢ about the 3 
axis in isotopic spin space y transforms as 


yoeliny (15) 
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in either theory. The behavior of y’ is, however, 
different ; in fact, one finds 


Alternative A.— 

Ve tiney, (16) 
Alternative B.— 

p/—elitsy’, 
Thus, one sees that if a state involving particles and 
antiparticles is formed by operating on the vacuum 
state Wo with appropriate creation operators, such a 
state WV will transform, under a rotation about the 
3-axis in isotopic spin space, in a way determined by 
factors of e~4‘"8*, which appear for each particle, and 
factors of e*4'"*, which appear for each antiparticle, 
the plus sign to be taken for Alternative A and the 
minus for Alternative B. 


II. SYSTEM OF NUCLEONS, MESONS, AND 
ELECTROMAGNETIC FIELD 


Since the operation of conjugation according to 
Alternative B involves an exchange of isotopic spin 
states, one may suspect that the introduction of a 
meson field will rule out one of the two alternatives for 
nucleon charge conjugation. This is in fact the case. 
Suppose for example we deal with pseudoscalar mesons. 
This corresponds to introducing a term if Ysta@aW in 
the nucleon equation: 


[Yn (O.+ ieQA u) tifystabatM ly=0. (1’) 


The corresponding charge conjugate wave function y 
satisfies, for Alternative A, 


[ya(u—ieQA,)+ifrsra*bat MW’ =0, 
while for Alternative B one finds 


[Yu (0, te ieQ’A ») + ifystita®Tidat M Wy’ =0. (3! 


If one now demands that the theory be invariant 
under charge conjugation, the substitutions A——A 
and y’/—y leave the nucleon field equation unchanged 
provided that 


(Alternative A), 
(17) 


o:—¢1, $xr>—G2, Oss 


o:->¢1, or>¢2, os>—¢3 (Alternative B). 
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On the other hand, the electromagnetic interaction 
of mesons depends on 


A yju=te($10ub2— $201) Ay. (18) 


Thus, if A+—A, then ¢:~>—¢> is the only acceptable 
alternative. This conclusion, of course, does not depend 
on the special form of coupling chosen. 


III. CONCLUSION 


In a theory involving nucleons, mesons, and electro- 
magnetic field, the charge operator that describes 
nucleons is 


g=+4$e(1+753). (19) 


The upper sign is appropriate to particles, the lower to 
antiparticles. Thus the eigenvalue of the isotopic spin 
operator 73 associated with protons or antiprotons is 
+1, while that associated with either neutral particle 
is —1. On the other hand, because of the rule for 
compounding isotopic spins of a system of particles 
and antiparticles, one sees that the antiproton carries 
an “effective” value of isotopic spin —1, and the 
antineutron an effective value of +1. 

It is of some interest to compare Eq. (19) with the 
formula for the charge of a nucleon proposed by 
Gell-Mann’: 

Q= $e(I3+n). 
In this formula, n=1 for nucleons and n=—1 for 


antinucleons and therefore corresponds to the following 
assignment : 


(20) 


?’(13= —1), 
n’—(I3=+1). 


p-Us=+1), 
n—(I3;=—1), 


If this is compared with the foregoing results one sees 
that J; is the “effective” value of the isotopic spin 
variable 73. 
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Photovoltaic Effect in GaAs p-n Junctions 
and Solar Energy Conversion* 


D. A. Jenny, J. J. LOFERSKI, AND P. RAPPAPORT 


RCA Laboratories, Princeton, New Jersey 
(Received December 5, 1955) 


HIS Letter describes some preliminary experiments 

on GaAs p-n junctions used as solar energy 
converters and compares their operation to that 
predicted by the theory of the photovoltaic effect. 
According to the theory of solar energy conversion by 
means of the photovoltaic effect, GaAs (Eg=1.35 ev) 
is one of the materials which should potentially operate 
at a higher maximum efficiency, nmax, than Si, Se, CdS, 
or any of the other semiconductors which have been used 
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Fic. 1. Comparison of theoretical i— V curve with experimental 
points obtained from solar illumination on a GaAs /-n junction. 
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for this purpose to date.' Since this work was completed, 
Gremmelmaier has reported similar observations.” 

The p-n junctions were made by diffusing cadmium 
into an n-type single crystal wafer. Ohmic contacts 
were made to the resulting p-type surface and to the 
base. The junctions were exposed to sunlight and the 
voltage, V, which developed across a given load resistor, 
Rx, was plotted against the current i, through Rx as 
shown in Fig. 1. The maximum efficiency, nmax, was 
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determined from the ratio of the maximum power 
appearing across the load to the power received by 
the junction as measured by Eppley pyrheliometer. 
Table I shows the results obtained on some GaAs 
p-n junctions made under varying conditions. The 
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Fic. 2. Spectral response of GaAs photovoltaic p-n junction. 


highest efficiency tabulated is 6.5%, which is the same 
order as published values for Si * and CdS.‘ 

The experimental behavior of a typical GaAs cell 
is compared with theory in Fig. 1, which shows the 
current-voltage characteristic of unit No. 1. The solid 
curve was computed from the equation which governs 
the photovoltaic effect, 


i=I,—Ip(2Vi—1), (1) 


where J, is the measured short-circuit current caused 
by the proton excitation (5.0X10~ amp), Jo is the 
thermally induced reverse saturation current of the 
p-n junction, \=q/kT, and V; is the voltage across the 


junction given by 
V;=V+i0,, (2) 


where rf, is the internal series resistance. To obtain the 
best fit to the data, it was necessary to use these values 
of the parameters: 


Io=2.9X10-* amp, A=17, 1r,=200 ohms. 


Thus Jo is about 10° times greater than the value 
predicted for GaAs from the theory of p-n junctions. 
Furthermore, \ is less than 39.2 which is the expected 
value for T=300°K. Such a disagreement with the 
theory of p-n junctions is not unique with GaAs; 
Kleinknecht has observed similar deviations in the 
rectifier characteristics of grown p-n junctions of silicon.® 
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The short-circuit current, J,, should be proportional 
to the number of photons absorbed in the solid. The 
spectral response of the cells was therefore established 
by observing a quantity proportional to J, as a function 
of photon energy. The results of such an experiment,° in 
which the photons were supplied by a monochromator, 
are shown in Fig. 2. The lower curve illustrates the 


TABLE I. Efficiency of various GaAs solar generators. 
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response per unit energy while the upper curve gives 
the response per photon. As expected, the latter is 
reasonably constant for a wide range of photon energies. 
Both curves indicate a cut-off energy of about 1.35 ev 
which corresponds to the energy gap of GaAs as deter- 
mined from its optical transmission. The absolute 
quantum efficiency has not been measured, but it can 
be estimated from the ratio of J, to the potential value 
of I, if all those photons whose energy exceeds 1.35 ev 
were absorbed. This ratio is about 0.4. Some of the 
loss can be ascribed to reflection at the front surface, 
while another fraction is lost by recombination of the 
liberated carriers either at the exposed surface or in the 
bulk material. 

The units described in this letter have not been 
designed to give optimum performance, so that it is 
reasonable to expect an increase in the efficiency of such 
cells as their technology improves. 

* This work supported in part by the U. S. Army Signal Corps 
Engineering Laboratory, Fort Monmouth, New Jersey. 

1 J. J. Loferski, presented at the Conference on Solar Energy, 
University of Arizona, October-November, 1955 (to be published). 

2R. Gremmelmaier, Z. Naturforsch. 10a, 501 (1955). 

3 Chapin, Fuller, and Pearson, J. Appl. Phys. 25, 676 (1954). 

we Leies, Antes, and Marburger, Phys. Rev. 96, 533 

*H. Kleinknecht and K. Seller, Z. Physik 139, 599 (1954). 


6 We are indebted to Dr. R. Braunstein of these Laboratories 
for aid in measuring the spectral response of the cells. 


Self-Diffusion and Conductivity 
in Silver Chloride* 
W. Dae Comptont 


Department of Physics, University of Illinois, Urbana, Illinois 
(Received December 5, 1955) 


RANSPORT measurements by Tubandt! indicate 

that only the silver ions are mobile in silver 
chloride between 20°C and 350°C. The tracer diffusion 
coefficient, Dr, of the silver ion, as measured with the 
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Ag" isotope, does not agree, however, with the diffusion 
coefficient, D, calculated from the conductivity, o, by 
the Einstein-Nernst? relation 


D=(kT/N@)o (1) 


where N is the number of silver ions per unit volume. 
The ratio, D/Dr, is 1.7. 

Figure 1 shows diffusion data obtained from two 
portions of a silver chloride crystal.* The data on the 
upper curve represent the diffusion coefficients, D, as 
calculated from the measured ac conductivity by the 
use of Eq. (1). The data on the lower curve are the 
measured tracer diffusion coefficients, Dr. The measured 
intrinsic conductivities are in good agreement with 
those reported by Koch and Wagner‘ and Ebert and 
Teltow.® 

The tracer diffusion coefficient of the chloride ion has 
been measured in AgCl by using the Cl** radioisotope. 
Between 443°C and 324°C the measured diffusion 


T(°C) 
10% ee 




















aN 





DIFFUSION COEFFICIENT (cm*/sec) 





























Wire 18 20 22 CE OE BOE Ba ES 
1000 / TK) 

Fic. 1. Diffusion coefficients vs reciprocal absolute temperature 

in silver chloride. a—Diffusion coefficients calculated from the 

electrical conductivity by Eq. (1). 6, @—Diffusion coefficients of 


silver measured with Ag"® radioisotope. Two different sections 
of the same crystal were used. 


coefficient of the chloride ion is about 10~* that of the 
silver ion. The failure of the Einstein-Nernst relation 
cannot be explained, therefore, as the result of a contri- 
bution, undetected by transport number measurements, 
of the chloride ion to the conductivity. 

Figure 1 indicates that, at low temperature, the 
Einstein-Nernst relation is satisfied by the data. The 
ratio D/Dr, obtained from other silver chloride crystals, 
has been as large as 1.25 in the low-temperature region 
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where the presence of accidental impurities affects the 
conductivity and diffusion coefficient of the silver ion. 
Accidental contamination of the samples during 
measurement may be the cause of this variation in 
their low-temperature behavior. 

Since the mechanism of diffusion in the low-tempera- 
ture impurity range is believed to be primarily due to 
silver ion vacancies, the data suggest that the failure 
of the Einstein-Nernst relation in the high-temperature 
intrinsic range.is associated with the mechanism by 
which interstitial silver ions contribute to conductivity 
and diffusion.® 

I wish to thank Professor Robert Maurer for his 
advice and assistance with this work. 

* Based on a Ph.D. thesis submitted to the University of 
Illinois. Partially supported by the National Science Foundation 
and the Office of Naval Research. 

t Now at the Naval Research Laboratory, Washington, D. C. 

1C, Tubandt, Handbuch der Experimental Physik (Akademische 
Vertagsgesellschaft M.B.H., Leipzig, 1932), Vol. 12, Part 1, p. 402. 

2N. F. Mott and R. W. Gurney, Electronic Processes in Tonic 
Crystals (Oxford University Press, New York, 1950), p. 63. 

* Each of the indicated points has an accuracy of better than 
+10%. 

‘ E. Koch and C. Wagner, Z. physik. Chem. B38, 295 (1937- 
1938). 

‘I. Ebert and J. Teltow, Ann. Physik 15, 268 (1955). 


Ratio of Ionic Conductivity to Tracer 


Diffusion in Interstitialcy Migration 


C. W. McComste,* Department of Physics, University of Illinois, 
Urbana, Illinois 


AND 


A. B. Lipiarp, Atomic Energy Research Establishment, 
Harwell, Berkshire, England 


(Received December 5, 1955) 


HE experimental results of Compton! suggest 
that, for that part of the ionic migration in 
AgCl crystals which is due to the presence of inter- 
stitial silver ions, the ratio of ionic conductivity to 
tracer diffusion considerably exceeds the Einstein 
value. It will be shown here that a value of this ratio 
about three times the Einstein value is to be expected 
for migration by the interstitialcy mechanism discussed 
by Koch and Wagner* and so described by Seitz.* In 
this mechanism an interstitial ion moves by pushing a 
neighboring lattice ion into an interstitial site and 
itself taking the place of the displaced lattice ion. 
The lattice site and the two interstitial positions 
involved are supposed collinear. If the jump distance of 
each of the two ions involved in such a jump is d, the 
interstitialcy, and so the charge, jumps a distance 2d. 
Consideration of this point gives the main contribution 
to our result. A correlation effect of the type discussed 
by Bardeen and Herring‘ for vacancy diffusion also 
contributes. 
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If D; is the diffusion constant and »; the jump 
frequency for the interstitialcies, the familar device 
of comparing the results of point-source diffusion and 
random-walk calculations gives 


D;=};(2d)’. 


To obtain a corresponding expression for the tracer 
diffusion constant D;, we suppose that there are N 
silver lattice positions and J, interstitial silver ions. 
Since two silver ions are displaced in each interstitialcy 
jump, there will be 2Njv; ion jumps per second. 
Consequently a given tracer ion will make a jump 
(2N./N)v; times per second. The Bardeen-Herring 
correlation effect has to be considered here because 
successive jumps of a tracer ion, unlike successive 
jumps of an interstitialcy, are not independent. If the 
tracer has just jumped to an interstitial position the 
subsequent jump will indeed be random, but if it has 
just jumped to a lattice position the interstitialcy is 
so positioned that there is a relatively high probability 
of its causing the tracer to jump back in the direction 
from which it came. If (cos@),, is the mean cosine of 
the angle between two consecutive jumps of a tracer 
ion when the first jump is into a lattice position, we 
find 

D=4(it+ (cos0) ay) (2N,/N) va’. 
Thus 
D,/Di=} (1+ (cos) wm) (Ni/N). 


The interstitialcies will themselves satisfy the 
Einstein relation since they will distribute themselves 
in an applied field according to the Boltzmann law'°: 
that is 

o/D;=Ne/kT, 
and so 


o/D,=2(1+ (cosd)w) "Ne? /kT. 


Our estimate of (cos@),, is about —0.33. Thus, if the 
migration were entirely by the interstitialcy mechanism, 
the observed ratio would be about three times the 
Einstein value. For vacancy diffusion, a Bardeen- 
Herring type correction alone operates and multiplies 
the Einstein value by only about 1.25. If we assume 
equal numbers of interstitialcies and vacancies, and 
use the values given by Ebert and Teltow® for the 
ratio of mobilities, the expected value of ¢/D,; at 350°C 
turns out to be about 2.5 times the Einstein value; 
this is to be compared with Compton’s experimental 
factor of 1.7. Both factors decrease somewhat with 
increasing temperature. Departures from collinearity 
in the two ion displacements in an interstitialcy jump, 
or the presence of any of several other diffusion mechan- 
isms, could account for Compton’s factor being smaller 
than our estimate. It is difficult to assess how likely 
these various possibilities are. 

The effects discussed here may be useful in dis- 
tinguishing experimentally between interstitialcy and 
vacancy migration in other crystals. 
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We are grateful to Professor Maurer and Professor 
Seitz for drawing our attentions to the problem posed 
by Compton’s results and one of us (C. W. McCombie) 
is indebted to the Commonwealth Fund for financial 


support. 


*On leave of absence from the University of Aberdeen, 
Aberdeen, Scotland. 

1W. D. Compton, preceding Letter [Phys. Rev. 101, 1208 
(1956) ]. 

2 E. Koch and C. Wagner, Z. physik Chem. B38, 295 (1937). 

3 F. Seitz, Acta Cryst. 3, 355 (1950). 

4J. Bardeen and C. Herring, in Imperfections in Nearly Perfect 
Crystals, edited by W. Shockley (John Wiley and Sons, Inc., 
New York, 1952). Professor Bardeen points out that a factor 2 
is omitted from terms after the first on the right-hand side of 
Eq. (A.2) and the error persists through the paper. 

5 The correction to the Einstein relation proposed by E. Katz 
[Phys. Rev. 99, 1334 (1955)] is not consistent with this require- 
ment and must in principle be zero. 

61. Ebert and J. Teltow, Ann. Physik 15, 268 (1955). 


Photographs of the Stress Field 
Around Edge Dislocations 


W. L. Bonp AnD J. ANDRUS 


Bell Telephone Laboratories, Murray Hill, New Jersey 
(Received December 12, 1955) 


AST attempts to “see” individual dislocations in 
transparent crystals by means of polarized light 
have always been frustrated by the sheer density of 
of these dislocations. However, such perfect silicon 
crystals are now grown that the dislocation density is 
low enough to make the inspection of individual 
dislocations possible by working in the near infrared 
where silicon is transparent. If one calculates from the 
stresses around dislocations! what the intensity dis- 
tribution should be for observation between crossed 
Nicols, one gets, for an edge dislocation seen “end on” 
(assuming an isotropic medium), curves of equal 
intensity as shown in Fig. 1. Here it is assumed the 
slip vector of an edge dislocation makes an angle of 15° 
with the polarizer axis. Using measured values of the 
stress birefringence constants for the infrared, we find 


ANALYZER 


| POLARIZER 


Fic. 1. Intensity of light around a dislocation the slip plane of 
which is turned 15° to the polarizer axis. The contour intervals 
are half-values. 
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that the intensity 50 microns from a dislocation is 
about one thousandth of what it would be in the 
absence of Nicol prisms. In the absence of Nicols, a 
picture of a metal screen requires an exposure of about 


' ' i ' i 
0 10 20 30 40 
Microns 
Fic. 2. Photograph in infrared through silicon. 


one second when a carbon arc is used. Hence a disloca- 
tion could be photographed in about a quarter of an 
hour. Figure 2 is such a photograph taken on an 
Eastman I plate, sensitized for the infrared. 

Figure 3 is a picture through a twinned specimen. 
The specimen is a 110 plate so the twin boundary, a 
111, is seen “edge on.” The contrast between the two 
parts is caused by an externally applied stress. A number 
of dislocations are seen “end on” along the twin 
boundary. A number of slip planes are to be seen, each 
with dislocations_most of which are somewhat tipped. 
The slip planes make the correct angle with the twin 


Fic. 3. Array of dislocations around a twin boundary. 


boundary to be 111 planes as they should be. The 
dislocations repel each other so that the ones on the 
boundary are caused to stand erect, in which position 
they are most readily seen. 

Computations also show that screw dislocations 
cannot be photographed along the axis and perpendic- 
ular photographs of either kind should take exposures 
of many days. 


1W. T. Read, Dislocations in Crystals (McGraw-Hill Book 
Company, Inc., New York, 1953), p. 116. 
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Electric Monopole Transitions in C’* and O'* 


J. P. Extiorr 
Atomic Energy Research Establishment, 
Harwell, Berkshire, England 
(Received November 18, 1955) 


CHIFF' has considered the 0*-0* electric monopole 
transitions between the 7.68-Mev state and ground 
state of C” and between the 6.06-Mev state and ground 
state of O'*, from the point of view of both the alpha- 
particle and the individual-particle models of the 
nucleus. He found that the a-particle model gave a 
value four times too large for the matrix element 
> >? of the monopole operator whereas his independent- 
particle calculation for C” gave a value six times too 
small. In this Letter we point out that his shell-model 
configurational assignment for the excited 0* state is 
not a reasonable one, and that if one takes a configura- 
tion consistent with the results of intermediate coupling 
the value for > ,7? could quite easily agree with 
experiment. 

Although the spectra drawn by Inglis* were derived 
by interpolating between the L—S and j—j coupling 
extremes, subsequent exact calculations have shown 
that his results are qualitatively reliable. In the 
configuration s*p* for C” Inglis shows no 0* level in 
the first 15 Mev of excitation for any degree of coupling. 
The 0* state observed at 7.68 Mev should therefore 
come from some excited configuration. This argument 
is confirmed from the 0* state in O'* at a similar excita- 
tion 6.06 Mev, which must come from an excited 
configuration since the lowest configuration sp” for 
O"* is a closed shell having only one level, the 0+ ground 
state. The excited 0* state in O'* must therefore be 
composed of some mixture of the configurations 


(i) — (1s)* (1p)” (2s), 

(ii) — (1s)* (1p)" (2p), 

(iii) — (1s)* (1p)" (1d)’, 

(iv)  (1s)* (1p)” (2s)?, 

(v)  (1s)* (1p) (1d,2s), 
each of which is doubly excited above the ground 
configuration (is)* (1p)" if one assumes an oscillator 
well. The excited 0* state in C” will consist of similar 
configurations with four less 1 particles. In its present 
form, the individual-particle model only predicts the 
relative positions of levels within a configuration. It 
does not predict the position of one configuration 
relative to another since this would be analogous to a 
binding energy calculation for which the model is 
inadequate. It is admittedly unsatisfactory that the 
individual-particle model has not yet explained why 
these excited configurations are so low, but since they 
are observed we must introduce them in an empirical 
way. A detailed study of the low excited configurations 
in and around O"* is being carried out at Harwell to 
try to answer this question. 

Since configurations (iii), (iv), and (v) differ in two 
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particles from the ground state they cannot contribute 
to the £0 transition. The configurations (i) and (ii) do 
contribute, and, putting in oscillator wave functions 
with their parameter fitted to the nuclear size, we find 
the values 6.8X10-* cm? and 8.8X10-** cm?, respec- 
tively, for the matrix element >>”. The observed 
value, measured by Devons, Goldring, and Lindsey,’ 
is 3.8 10-*6 cm’, so that if the mixture of configurations 
contains a total of about 50% of configurations (i) and 
(ii), which is a reasonable requirement, the matrix 
element calculated on the individual-particle model 
will be in agreement with experiment. 

'L. I. Schiff, Phys. Rev. 98, 1281 (1955). 

2D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 


3 Devons, Goldring, and Lindsey, Proc. Phys. Soc. (London) 
A67, 134 (1954). 


Ratio of K~- Mass to K+ Mass* 


Francis H. WEBB, WARREN W. Cuupp, GERSON GOLDHABER, 
AND SULAMITH GOLDHABER 
Radiation Laboratory, University of California, 
Berkeley, California 
(Received December 14, 1955) 


EASUREMENTS on the mass of the positive K 
particle have recently been carried out by direct 
comparison of the ranges of K+ and 7+ mesons and by 
comparison of ranges of K*+ mesons and protons of the 
same momentum.'~ For negative K particles no such 
direct comparison is possible. Hornbostel and Salant*® 
determined the K~ mass by a range-momentum method 
as 931424 m,. 

In order to compare the negative K-meson mass 
with the positive K-meson mass, we have exposed stacks 
of nuclear emulsions to the focused K+ and K~ beams!” 
of the Bevatron, maintaining the geometry constant 
and reversing the magnetic field® in the focusing 
spectrometer. 

The stacks were exposed with the plane of the 
emulsions in the vertical direction. The horizontal 
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Fic. 1. Exposure geometry. 
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momentum dispersion in the analyzing magnet gives 
rise to a momentum spread across the stacks. The 
momentum in the Kt stack (forty 600-y Ilford G.5 
pellicles) varies from about 315 Mev/c to 335 Mev/c, 
and that of the K~ stacks (one hundred and thirty-two 
600- pellicles) from about 280 Mev/c to 355 Mev/c. 
Immediately behind the stacks, a copper absorber and 
wedge were placed to stop the positive and negative r 
mesons in the respective exposures. The geometry of 
the exposure is shown in Fig. 1. 

The scanning method used in this experiment was 
“scanning along the track.” Tracks were picked on 
the basis of their ionization (grain density) at the 
entering edge of the emulsion in the negative stack and 
1 cm from the edge (i.e., after the region in which the 
protons of the same momentum stop) in the positive 
stack. The limits of the grain density at which a particle 
was selected were chosen so as to include particles 
between the mass of 700 m, and 1300 m,. All K mesons 
that underwent a nuclear scattering (scattering 
>20° for Ex>30 Mev) were eliminated from the 
sample chosen for the K~-mass determination. Three 
K~ mesons and two K+ mesons were eliminated in this 
fashion. The method employed for the K~-mass deter- 
mination was as follows: 


1. The ranges of the positive K mesons were used to 
determine the momentum of the positive channel. 
The mass of the K* used for the momentum determina- 
tion is Mx+=M,=965.4 m,. It should be noted that 
the Mx-/Mx* ratio is not sensitive to this assumption. 
Figure 2 shows the range distribution of the positive 
K mesons. 


2. Both the positive and negative mesons were 
stopped with a copper absorber and wedge (under the 
same geometry), permitting us to determine the a+ 
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Fic. 2. Range distribution of positive K mesons. 
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Fic. 3. Range distribution of positive and negative pions. The 
mesons traversed the stack and the copper absorber and wedge. 
The equivalent emulsion range is given by p emulsion=3.85 
g/cm?, 


and w~ range difference. This was accomplished by 
observation of stopping 7 mesons in pellicles placed 
in the wedge. The knowledge of the momentum in the 
positive channel and of the difference in the x+ and x 
ranges permits us to calculate the momentum in the 
negative channel. This calculation was carried out by 
integrating the function dp/dR, by use of Aron’s 
tables.’ The difference in the momenta obtained from 
the pion range difference (R,+—R,-=1.46 cm in 
emulsion) is 9 Mev/c. This method is not affected by 
the over-all accuracy to which the range-energy relation 
is known since it uses dE/dx to bridge across only a 
small momentum difference. The range distribution of 
the positive and negative 7 mesons is shown in Fig. 3. 


3. The range of the negative K mesons, and the 
momentum in the negative channel obtained by 
Method 2, permitted us to determine the K~ mass.® 


For the K~-mass determination we used the ranges of 
42 K~ mesons found in the central part of the stack. 
Any error in the mass due to the error in the measure- 
ment of the momentum dispersion is thus negligible. 
The momentum dispersion was measured by wire 
trajectories' and checked by us with the range of 
protons in the positive channel. The uncertainties that 
contribute to the error in the K~ mass are (a) statistical 
errors; (b) alignment errors, which are of the same order 
as the statistical errors; (c) errors in range measure- 
ments, which are negligible compared with (a) and (b). 
As all our measurements were carried out relative to 
the K* range, systematic errors would tend to cancel. 
A mass histogram for these 42 mesons is shown in 
Fig. 4. 

The ratio of the negative K-meson mass to positive 
K-meson mass thus obtained is 


Mx-/Mx+=0.998+0.013. 
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Fic. 4. Mass histogram of the negative K mesons (assuming 
M x+=M,+=965.4 m,). 


The mass of the K-, if we assume Mx+=M,=965.4 
Me, iS 
Mx-=963412 m,. 


The above mass determination corresponds to the 
mass of K mesons present, after a time of flight of 
1.4X 10-* sec in the proper system of the K mesons. 

We are greatly indebted to Dr. E. J. Lofgren and 
the Bevatron crew for their assistance in carrying out 
the exposures. We also wish to thank Mr. H. H. 
Bayona, G. M. Wike, and Mrs. C. Toche for their 
help in scanning the emulsions. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
1 Birge, Haddock, Kerth, Peterson, Sandweiss, Stork, and 
Whitehead, Phys. Rev. 99, 329 (1955). 
( 2 Birge, Peterson, Stork, and Whitehead, Phys. Rev. 100, 430 
1955). 
3 Fung, Pevsner, and Ritson (to be published). 
* Heckman, Smith, and Barkas, University of California Radia- 
tion Laboratory Report No. UCRL-3156, 1955 (unpublished). 
5 J. Hornbostel and E. O. Salant, Phys. Rev. 99, 338 (1955). 
® The stray field of the Bevatron increases the magnetic field 
of the strong-focusing spectrometer for exposures to positive 
particles and decreases it for exposures to negative particles. 
A compensation for the stray field was made which almost 
cancelled this effect. 
7Aron, Hoffman, and Williams, University of California 
Radiation Laboratory Report No. UCRL-121, 1949 (unpublished). 
8 Range-energy tables of W. H. Barkas and G. Hahn [ University 
of California Radiation Laboratory Report No. UCRL-2579 
(unpublished) ] were used in this work. 


Heavy Meson Fluxes at the Cosmotron* 


G. Harris, J. OREAR, AND S. TAYLOR 


Columbia University, New York 27, New York 
(Received December 12, 1955) 


MOMENTUM-analyzed K-meson beam was 

obtained at the Brookhaven Cosmotron using a 
combination of two strong-focusing magnetic quad- 
rupoles followed by a deflecting magnet, as shown in 
Fig. 1. The quadrupoles were of 6-inch aperture by 
12-inch length with a minimum possible spacing of 
15 inches. The deflecting magnet had a 3-inch gap with 
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9X18 inch polefaces, giving a maximum possible 
deflection of 32° for 290 Mev/c. With the system at 
60° to the beam direction the following beam fluxes 
were obtained from 5.6X 10” protons of 2.9 Bev incident 
on a }X}X} inch copper target : 3.6X 10° protons/cm’, 
1.7X10* light tracks (mainly pions)/cm’, and 280+40 
Kz-mesons/cm*. This particular exposure took 15 
minutes of beam. 

In the 114-Mev Bevatron K-meson beam,! the proper 
time between target and emulsion is 1.27X10-* sec. 
In this experiment the proper time is 1.9X10- sec. 
The x/K ratio in our emulsions was (600+90) as 
compared to (70-+7) in similar-type Bevatron exposures 
to 6.2-Bev protons. Assuming a K-meson lifetime of 
10-* sec and correcting the observed 1/K ratios for 
decay in flight only, the x/K ratio at the Bevatron 
target is then about 20 compared to about 90 for the 
Cosmotron at the respective laboratory energies and 
angles. 

Scanning was by means of following gray tracks 
picked up at a heavy meson residual range of 2cm. A 
total of 328 heavy mesons was found; of these 304 had 
a single lightly ionizing secondary (in 19 cases the 
secondary could not be found, so the primary had 
to be determined by grain-counting), 21 were taus, and 
3 had a secondary heavier than ~1.7 times minimum. 
The latter three were all alternate taus and none were 
K,s. In spite of the handicap of large r/K ratio, by 
restricting ourselves to certain angle, grain density, 
and visual scattering criteria, 80% of the tracks followed 
turned out to be heavy mesons. About 35% of the heavy 
mesons were missed when this fast scanning was used, 
but this does not affect the relative frequencies. 
Scanning rates of 18 heavy mesons per 8-hour day 
were achieved. Our K to tau ratio (304: 21) is the same 
within statistics as that obtained in the Bevatron 
K-beams which are at 90° from a copper target bom- 
barded by 6.2-Bev protons.?* 

According to the Bevatron ratios, we should have 
found about 4 alternate taus and about 2 K,,;’s. Our 
results of 3 and 0, respectively, are not inconsistent 
with mean values of 4 and 2. Lifetime measurements 
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Fic. 1. Experimental setup for 80-Mev K-meson beam 
at the Cosmotron. 
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made at flight times of ~10-® sec from the target 
yield the same lifetime, within statistical errors, for 
the K,2, Ky2, and r mesons.” These facts, together with 
the fact that the tau should not decay into two pions,° 
suggest either that there is a single kind of K-meson 
with lifetime ~10-* sec which decays to L-mesons and 
has a significant branching ratio for gamma decay to a 
slightly lighter K-meson of shorter lifetime,® or that 
there are two or more kinds of K-mesons with lifetimes 
~10-° sec but such that the ratio of the number 
decaying into 3 pions to the sum of the number decaying 
into 2 pions and (u+-y) is fairly constant. The agreement 
between our results and those at Berkeley on the 
relative frequencies of the K-mesons is very striking 
and taken together with the well-known similarities of 
lifetimes and masses, probably is indicative of some 
close relationship between the various K-mesons.’ 

We wish to thank Mrs. Enid Bierman for helping to 
develop and carry out the fast scanning. We are grateful 
to Professor J. Rainwater for loan of the strong focusing 
magnets. We are indebted to the Cosmotron staff and 
in particular to Dr. Wm. Moore, Dr. R. Madey, and 
Dr. V. Fitch for helping to set up and develop this 
preliminary K-meson beam. 

* This research was supported in part by a National Science 
Foundation research grant and the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1 Kerth, Stork, Birge, Haddock, and Whitehead, Phys. Rev. 
99, 641(A) (1955). 

? Harris, Orear, and Taylor, Phys. Rev. 100, 932 (1955). 

8 Birge, Peterson, Stork, and Whitehead, Phys. Rev. 100, 430 
(1955); and Ritson, Pevsner, Fung, Widgoff, Zorn, Goldhaber, 
and Goldhaber, Phys. Rev. 101, 1081 (1956). 

4V. Fitch and R. Motley, Phys. Rev. 101, 496 (1956); Alvarez 
Crawford, Good, and Stevenson, University of California Radia- 
tion Laboratory Report UCRL-3165 (unpublished). 

®R, Dalitz, Proceedings of the Fifth Annual Rochester Conference 
on High Energy Physics (Interscience Publishers, Inc., New York, 
1955), Feld, Odian, Ritson, and Wattenberg, Phys. Rev. (to be 
Published) ; ‘Orear, Harris, and Taylor (to be published). 

Lee and J. Orear, Phys. Rev. 100, 932 (1955). 

? Note added in proof. —T. D. Lee and C. N. Yang [Phys. Rev. 
(to be published) ] have proposed that strong reactions be in- 
variant with respect to a parity conjugation operator which 
operates only on particles of odd strangeness. In this scheme the 
production ratio of the + and @ must be a constant under all 
conditions. 


Heavy-Meson Decays and the 
Selection Rule |A/J|<1/2 


GREGOR WENTZEL 


The Enrico Fermi Institute for Nuclear Studies, 
University of Chicago, Chicago, Illinois 
(Received December 15, 1955) 


4 | ‘HE validity of the selection rules,’ 


AI,=0 for fast transitions, 


AI,=+}3 for slow transitions, 


is well established in the domain of hyperon and - 


heavy-meson physics. Whether there exists an inde- 
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pendent selection rule for the éotal isotopic spin J, viz., 


AI=0 for fast transitions, (1) 
AI ==} for slow transitions, 
is still debatable. We want to point out that various 
features of the @ and r meson decays may be interpreted 
as favoring the rule (1). 

Takeda? has already shown that the branching ratio 
R of the , decaying into r°+-7° or r++-27~ respe tively, 
should be 3 or 0, for even or odd parity of the 8, if (1) 
is valid. The explanation is simply that, for a 6 of 
isotopic spin 4, the final two-pion states cannot have 
I=2, according to (1). Then, for a @ of even [odd] 
parity, only J=0 [1] is possible; therefore the & 
decays as though it were a particle of isotopic spin 0 
[1]. This leads immediately to Takeda’s R-values. 

With regard to the 6+ which decays into r*++7°, we 
observe that, because of the charge +1, the final states 
can only be J=1 or 2, the latter value being forbidden 
by (1). It follows that the decay rates of 6* and #& 
should be roughly equal if the @ parity is odd [J=1], 
whereas an even @* can disintegrate only in violation of 
the rule (1). The fact that the lifetime of 6+ is about 
100 times that of 6° may be cited as evidence in favor of 
the second alternative, viz., even parity of the 0, and 
validity of (1). 

A stronger argument results from the study of the 
7 disintegrations: 


2at+a- 
27°+-at 


The branching ratio r/r’ has been observed to be as 
large as 4 (average values 4.1 and 4.6 are quoted in the 
literature*). Dalitz* has shown that, if the final three- 
pion state is an eigenstate of J, the branching ratio 
t/r’ is } for J=3, and 1 for 7=2, whereas 


1<r/r’<4 for J=1. (2) 


Thus, the only single J value compatible with the 
observations is J=1. This may either mean that the r 
meson has isotopic spin 1 and decays with isotopic spin 
conservation’; but this interpretation would reopen 
the question why the lifetime of the 7 is so long. It is 
much more natural today to assume that the 7 has 
isotopic spin } and that the selection rule (1) is effective, 
leading to the same limitation for the branching ratio, 
viz. (2). 

We observe further that the upper limit 4 for 
t/r'[I=1] is obtained only if the state function of the 
three pions hasa particularly simple symmetry property : 
it has the form «(pi pops)x (i12t22432) where each factor is 
totally symmetric in the three particles, namely u with 
respect to the three momentum vectors, and x with 
respect to the three charge numbers. Specifically : 


= (15)-#{2[ (111)+ (111) + (111)] 
—[(100)+ (010)+ (001) ]} 


(“‘r decay”) 
(“‘r’ decay”). 


(writing 1 for —1). 
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It is clear that with mixtures of eigenfunctions of 
various J-values arbitrary r/r’ values can be obtained. 
However, if the experimental value 4 is confirmed, 
the most plausible explanation would be that the final 
pion state is a pure J=1 state of the special form ux. 
Besides supporting the selection rule (1), this would 
indicate that the interaction responsible for the r+ 
decay is symmetric in the momenta, or coordinates, of 
the three pions. This implies no restriction for the spin 
and parity of the r meson. (It may be mentioned, 
though, that for a r of type 1+ the simplest interaction 
gives u=0 because of momentum conservation,® 
but by inserting suitable relativistic invariants as 
factors, nonvanishing symmetric functions u can be 
constructed even in this case. Particularly simple 
functions can be set up if the 7 is 0, or 3+.) 

As a consequence of the symmetry of u, pions of all 
charges must have the same energy spectrum and the 
same angular correlations. The density distribution in 
the Dalitz circle’ should be invariant under rotations by 
120° (besides being by definition symmetric about the 
vertical axis). Insofar as the experimental data presently 
available indicate a more or less isotropic distribution,® 
our conclusion is not contradicted by the observations, 
but with improved statistics a more sensitive test will 
become possible. 

1M. Gell-Mann and A. Pais, Proceedings of the Glasgow Con- 
ference, 1954 (Pergamon Press, London, 1955). 

2 G. Takeda (to be published) 

*R. W. Birge ef al., Proceedings of the Pisa Conference, 1955, 
Nuovo Cimento (to be published); D. M. Ritson, ef al. (to be 
published). 

*R. H. Dalitz, Proc. Phys. Soc. Grate) A66, 710 (1953). 

* Introduce field operators: ¥, (v=1---4) for the pseudovector 
7, and gq (a=1,2,3=isotopic spin iedex’ for the x. A simple 
interaction yielding a final state /=1 would be {dxy1d,(¢i:—t¢2) 
X Lava’, but this is not symmetric in the 3 pions; actually 
7/r’'=1 in this case. Straight symmetrization gives zero because 
aw, =0. 

6 The corresponding interactions are: 


0: fdxv(er—ies) Lave’, 


Jf d2trwan(e1— ign) Zady Pa8r Ge 


(y Symmetric in all 3 indices). 
TR, Dalitz, Phil. Mag. 44, 1068 (1953); Phys. Rev. 94, 
1046 (1954). 
®R. H. Dalitz in Proceedings of the Fifth Rochester Conference on 
High Energy Physics, 1955 (Interscience Publishers, New York, 
1955); B. T. Feld ef al. (to be published); J. Orear, private 
communication. 


Method for Determining Spins of Hyperons* 


S. B. TREIMAN 
Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received December 9, 1955) 


HE purpose of this note is to point out an experi- 
mental method which may be used to determine 
the spins of the A° and = hyperons. It consists in study- 
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TaBLeE I. Angular correlation function. 
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5/2 1—2 cos¥®+5c 
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ing angular correlation effects in the decay of hyperons 
produced in the capture of negative K-mesons by 
protons. The capture reactions are 


K-+poz++rnre, 
K-+poA"+2°; 


and the angle in question, denoted by 8, is the angle in 
the hyperon rest frame between the line of flight of 
the decay products and the line of flight of the hyperon. 

Although the present remarks may be generalized to 
more complicated cases, we consider in detail here only 
the simplest possibility: namely, that the spin of the 
K-meson is zero (there is some evidence that this is so 
for the r meson!). We also assume that the K-meson is 
captured from an S-state, as in the analogous case of 
capture of x mesons by protons.? The angular correla- 
tion function f;(@) (probability per unit solid angle) is 
then uniquely determined by the hyperon spin, denoted 
by J. 

The theoretical analysis involved here is identical 
with that which is used to study angular correlation 
effects in nuclear reactions which proceed through a 
single compound-nucleus state of definite angular 
momentum and parity. Similar applications to the new 
unstable particles have been discussed by Adair,’ who 
considers angular correlation effects in the process 
™+p-Y+K; and Gatto,‘ who considers such effects 
in the chain of decay processes: Z-—A°+a7 ; A> p+-2-. 

Let y;" be the wave function of the system 
hyperon plus pion, where the index } denotes the total 
angular momentum and M’= +3 is the z-component of 
angular momentum. We can decompose this into 
products of eigenfunctions representing the orbital 
angular momentum state of the reaction products and 
the spin state of the hyperon, yy” 


Ww= YL ACU; Mym)V is". 


m+M=M’ 


(1) 


The quantities C are the usual Clebsch-Gordan coeffi- 
cients; and A, is the amplitude of the orbital state Yr. 
Note that no sum over L is involved in the above 
expression. This is because in the example under 
consideration (K-meson of spin zero) the orbital angular 
momentum L is fixed by the relative parities of the 
particles involved in the capture reaction; depending 
on the parities, Z may have either of the two values 
L=J+4, but not both. For K-mesons of spin greater 
than zero, more than one orbital state is possible and 
one must then know the relative values of the ampli- 
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tudes A;—something which could be obtained only 
from a detailed theory. 

We now choose the quantization axis along the line of 
flight of the hyperon, so that only the term m=0 
enters into the sum of Eq. (1). The angular distribution 
function f;(0) is obtained then by averaging the 
expression |y,;”’|? over all values of M’=M. Thus 


fa (60)~Xim|CU,L,3; M,0) |? |yo|?. (2) 


But M can take on only the values +3, which give 
identical contributions; so we obtain the result (choos- 
ing, Say, M= +4) 


fr @)~|ys3|*. (3) 


Finally, we decompose yy} into products of eigen- 
functions representing the orbital state of the hyperon 
decay products and the spin state of the nucleon. 
Again, because the hyperon has definite parity, only 
one orbital state / is involved (I=J+}3 or J—}4). The 
angular correlation function is however independent of 
the parity. 

Results for several low values of J are given in 
Table I, where the correlation function f;(@) is normal- 
ized such that the constant term has the value unity. 
For J=} the angular distribution is of course isotropic 
(f;=1). It can be seen that the angular correlation 
effects are quite appreciable and so could be easily 
detected.° 

We may also note that quite generally the angular 
distribution in hyperon decay must have the form 


1 


A, cos”"6. (4) 


2J~— 
fy (6) = x 


n=0,2,4-++ 


This holds for hyperons produced in any manner, for 
example by K-meson capture in complex nuclei or by 
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high-energy nuclear interactions. One may suspect, 
however, that the degree of anisotropy will in general 
be small in complicated interactions, so that simple 
reactions like K-meson capture by protons should 
provide the best possibility of determining the spins of 
hyperons. In particular, the coefficients in the above 
expression are uniquely determined when the spin of 
the K-meson is zero.® 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Report by E. Amaldi, International Conference on Elementary 
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5 The general expression for f7(@) is most compactly written 


fi@~ “S Pe@)CUS,.K;—4h) 
K~=0,2,4,°+° 


XCULI,K ; 0,0)W JL; 4,K), 


where the Px are Legendre polynomials and the quantities W 
are Racah coefficients; the same results are obtained for both 
l=Jx+}4. 

6 In the case where the K-meson has spin 7 greater than zero, 
the total angular momentum can have the values j=/+}4. For 
given j the wave function of the system hyperon plus pion can 
be decomposed : 

yM= ZZ 


L m+M=M' 


ArC(J,L,j7; M,m)Yr™ys™, 


where the Az are amplitudes of the various orbital states. For 
given j L ranges from |J—j| to J+ but with fixed parity. The 
angular correlation function corresponding to given 7 can be 
written 


f;@)~(—1)4# ZB AzAz'[(2L+1)(2L’+1)}* 
K,L,L* 


XC(L,L’,K ; 0,0)C(U1,K ; 0,0)WJ,L,J,L'; 7,K) 
XWLS LJ; 4,K)PK@). 


Since the particles involved in the capture reaction are assumed 
to be unpolarized, the net angular correlation function is given by 


f10)~ (21 +2) fj 2144+ (2I) fj _1-}. 




















